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Abstract

The challenges of dealing with cohesive powders during storage, handling and transport
are widely known in the process industries. Numerical simulations of such systems with
the Discrete Element Method (DEM) provides further insight into the local micro structure
of bulk materials. We present results of various deformations of dense packings of polydis-
perse frictionless spheres in a triaxial box and the consequences for bulk flow behaviour.
We propose an objective definition for deviatoric stress and structure (anisotropy) for all
deformation modes in a triaxial box and present a constitutive relation for the evolution of
deviatoric stress as a function of deviatoric strain and structure according to this relation,
which contains the possibility of different evolution rates.

1 Introduction and Background

The bulk behaviour of dense granular materials depends on the behaviour of their constituents
(particles) interacting through contact forces. To get an understanding of the deformation be-
haviour of these materials, laboratory element tests can be performed. Element tests are (ide-
ally homogeneous) macroscopic tests in which the experimentalist can control the stress or
strain response path. Different element test experiments on packings of bulk solids have been
realised experimentally in the biaxial box [7, 8] while other deformations modes, namely uni-
axial and volume conserving shear have also been reported in [10]. While such macroscopic
experiments are important in developing constitutive relations, they provide little information on
the microscopic origin of the bulk flow behaviour of these complex packings. Luding et al. [5]
listed four different deformation modes (0) isotropic, (1) uniaxial, (2) deviatoric (volume con-
serving) and (3) biaxial deformations. The former are purely strain-controlled, while the latter
(3) are mixed strain-and-stress-controlled either with constant side stress [5] or constant pres-
sure [6]. In this study, various deformation paths for aggregates of polydisperse packings of
non-frictional particles are modeled using the DEM simulation approach. We study the evolu-
tion of pressure (isotropic stress) and deviatoric stress as functions of deviatoric strain, as well
as structural properties like anisotropy. The final goal is to predict the macroscopic behaviour of
these packings by studying their microscopic properties. We also report the evolution of devia-
toric stress and deviatoric fabric as functions of deviatoric strain and will compare the evolution
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Figure 1: (a) Random positioning of particles at very low volume fraction φ = 0.3; (b) particles
after isotropic compression at φt < φJ ; (c) particles during the deviatoric (D2) loading at strain
εd = 0.10; (d) particles during the same loading at strain εd = 0.40. The color code indicates
particle contact strength (red: high contact, blue: no contact).

of both microstructural and stress anisotropy under deviatoric deformation with the constitutive
model for volume conserving deformations proposed in [5, 6].

2 Simulation method

The Discrete Element Method (DEM) [4, 9] helps to better understand and model the consti-
tutive behaviour of particle systems. For the sake of simplicity, the linear visco-elastic contact
model for the normal component in the contact interaction between particles has been used
and friction is zero (and hence no tangential component is present). The simplest normal con-
tact force model, which takes into account excluded volume and dissipation, involves a linear
repulsive and a linear dissipative force fn = kδ + γδ̇, where k is the spring stiffness, γ the
contact viscosity parameter and δ̇ is the relative velocity in the normal direction. In order to
reduce dynamical effects and shorten relaxation times, an artificial viscous background dissi-
pation force fb = −γbvi proportional to the moving velocity vi of particle i is added, resembling
the damping due to a background medium.

Typical simulation parameters are, N = 9261(= 213) particles with average radius 〈r〉 = 1

[mm], density ρ = 2000 [kg/m3], elastic stiffness k = 108 [kg/s2] (which determines the fastest
response time scale tc = π/

√
k/m = 0.2279 [µs] of particles with mass m), particle damping

coefficient γ = 1 [kg/s], background dissipation γb = 0.1 [kg/s], and restitution coefficient e =



0.804 for two average particles. It should also be noted that the polydispersity of the system
is quantified by the width (w = rmax/rmin = 3) of a uniform distribution defined in [1, 3] where
rmax and rmin are the radius of the biggest and smallest particles respectively.

3 Preparation and test procedure

For DEM simulations, the preparation step is as important as the main experiment itself. The
initial configuration is such that spherical particles are randomly generated in a 3D box at a
very low volume fraction φ = 0.3 (ratio of the solid volume to the total volume V ). This system
is shown in Fig. 1(a). The system is then isotropically compressed to a target volume fraction
φt below the jamming volume fraction φJ , shown in Fig. 1(b). Isotropic compression is realized
by a simultaneous inward movement of all the periodic boundaries of the system, with strain
rate tensor Ė = −ε̇v1, with unit tensor 1, where ε̇v (> 0) is the strain rate amplitude applied to
all the walls until the target volume fraction is achieved. This is followed by a relaxation period
at constant volume fraction to allow the particles to fully dissipate their energy. The system is
then isotropically slowly compressed to maximum volume fraction φ = 0.82 and decompression
back to the volume fraction φt with small strain rate maintaining the quasi-steady of the system
and this provides many possible initial configurations, both from the loading and the unloading
branch.
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Figure 2: Evolution of volume fraction as a function of time. Region A represents the initial
isotropic compression until the jamming volume fraction. B represents relaxation of the system
and C represents the subsequent isotropic compression till νmax = 0.820 and the decompres-
sion. The dots represent the initial configuration chosen for the deviatoric modes. Cyan dots
represent the loading cycle and blue dots represent the unloading cycle.

During the previously defined isotropic ‘preparation’ step, we choose different initial config-
urations from the unloading part (represented by blue dots shown in Fig. 2) for the deviatoric
simulations to test the dependence of quantities of interest on volume fraction. since it is much
less sensible to the protocol and rate of deformation [1]. Then, we choose two different ways
of deforming the system deviatorically. The deviatoric modes D2 and D3 have the strain rate
tensors

Ė = ε̇D2

 1 0 0

0 0 0

0 0 −1

 , Ė = ε̇D3

 1/2 0 0

0 1/2 0

0 0 −1

 ,



where ε̇D2 (> 0) and ε̇D3 (> 0) are the strain rate amplitudes applied for D2 and D3 modes
repectively. We use the nomenclature D2/D3 since the wall motion is happening in two/three
directions. In case D2, one wall moves outside as much as the other wall moves inside. In this
case, D3 signifies that all the three walls are moving. In mode D3, all the three walls move with
one wall twice as much as the other two (in opposite directions such that volume is conserved
during deformation).

4 Results

For any deformation, the isotropic part of the infinitesimal strain tensor εv is defined as: εv =

(εxx + εyy + εzz) /3 = 1
3tr(E), where εxx, εyy and εzz are the diagonal elements of the strain

tensor E in the Cartesian-x, y and z reference system.
The average isotropic stress (pressure) is defined as: p = (σxx + σyy + σzz) 3 = tr(σ)/3, where
σxx, σyy and σzz are the diagonal elements of the stress tensor in the x, y and z reference
system and tr(σ) is its trace.

Besides the stress of a static packing of powders and grains, the next most important
quantity of interest is the fabric/structure tensor. For disordered media, the concept of the
fabric tensor naturally occurs when the system consists of an elastic network, or a packing
of discrete particles. The expression for the components of the fabric tensor is given as:
Fαβ = 〈F p〉 = 1

V

∑
p∈V V p

∑N
c=1 n

c
αn

c
β , where V p is the particle volume which lies inside the

averaging volume V , nc is normal vector of particle p to contact c. Fαβ are the components of
a rank two 3x3 tensor like the stress tensor.

An objective definition of the deviatoric strain defines it in terms of the diagonal compo-
nents (eigenvalues εd

1, εd2 and εd
3) of the (deviatoric) tensor in its eigen system. Checking

the magnitude of the off-diagonal components in the Cartesian triaxial box, one observes that
those elements are negligible compared to the diagonal components, so we stick to the simpler
approximate diagonal deviatoric stress definition for convenience. The results for the eigen-
system orientation and analytical prediction of their magnitude will be presented elsewhere. We

define the deviatoric strain magnitude as: εd =

√(
(εxx − εyy)

2 + (εyy − εzz)
2 + (εzz − εxx)

2
)
/2

where εxx, εyy and εzz are defined above. We define the deviatoric part of the stress (similar for
deviatoric strain) as:

σdev =

√(
(σxx − σyy)

2 + (σyy − σzz)
2 + (σzz − σxx)

2
)
/2. To quantify the anisotropy mod-

ulus in the system, we define a scalar similar to deviatoric stress and strain equation as:

Fdev =

√(
(Fxx − Fyy)

2 + (Fyy − Fzz)
2 + (Fzz − Fxx)

2
)
/2, where Fxx, Fyy and Fzz are the

three diagonal elements of the fabric tensor.
In the following, we present the evolution of the deviatoric stress as a function of the de-

viatoric strain and also the evolution of the structural anisotropy. The deviatoric stress ratio
(sdev = σdev/p) quantifies the (stress) anisotropy. The loading response of the deviatoric stress
for the deformation mode D2 as function of the deviatoric strain is shown in Fig. 3(a) for differ-
ent volume fractions between ν1 = 0.671 to νmax = 0.819 are shown. It is seen clearly that, the



stresses grow initially linearly with applied strain until an asymptote (of maximum anisotropy) is
reached where it remains fairly constant. The asymptote reached is a critical state of saturation
and fits the constitutive model for volume conserving deformations in the biaxial box proposed
in [5, 6]. Interestingly, the stress response observed from mode D3 (not shown) follows an
identical path to the observations from mode D2 [3].
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Figure 3: (a) Deviatoric stress plotted against deviatoric strain for the D2 deformation for dif-
ferent volume fractions. The legends gives the different initial volume fractions from which the
simulations were performed. The normalized deviatoric stress increases until the saturation
point is reached where additional strain does not lead to any corresponding stress response.
(b) Deviatoric fabric plotted against deviatoric strain for the D2 deformation

It is noteworthy that the slope (G/p) of the normalized deviatoric stress function against de-
viatoric strain reduces as the volume fraction is increased, unlike the classical shear modulus
G, which increases with volume fraction as consistent with findings from macroscopic experi-
ments with shear testers. This means that the pressure increases with volume fraction faster
than the shear modulus, dG/dν < dp/dν.
The evolution of the deviatoric fabric as a function of deviatoric strain for mode D2 is shown in
Figure 3(b) for the same simulations. The deviatoric fabric builds up from different initial points
to different maximum values. It also can be observed that the deviatoric fabric builds up faster
for lower volume fractions. All the configurations reach then a saturation point where further
deformation does not lead to an increase of the anisotropy. The evolution of the deviatoric fabric
for the D3 mode is not shown since it is identical to the D2 mode implying that it is insensitive
to the two deformation protocols employed.

5 Conclusion

We have presented simulation results from strain controlled deviatoric (pure shear) deformation
of frictionless polydisperse spheres. For different deviatoric modes, the normalized stresses
grow with strain until they reach an asymptotic value. The structural anisotropy behaves qual-
itatively similar but with different rates and asymptotic value. For higher volume fractions, the
normalized stress values reached are smaller. Similar data can be measured from experi-



ments with the true biaxial tester which is work-in-progress, since both deformation modes
are especially simple to realise experimentally. The interplay between deviatoric strain, stress-
anisotropy, and structural anisotropy is discussed in more detail in [2] and will be studied further
in the future.
For further work, more realistic contact models to incorporate friction and cohesion need to be
implemented. We also show results for the two different deviatoric modes.
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