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ABSTRACT: Rheological properties of granular fluids are probed via event-driven simulations of the inelastic
hard-sphere model. We find that granular fluids support large normal stress differences for the whole range
of densities, clearly indicating their non-Newtonian rheology. Interestingly, both first (

���
) and second (

���
)

normal stress differences undergo sign-reversals with density. While
���

changes its sign in the dense limit,
���

changes its sign in the dilute limit. The origin of such sign-reversals is tied to the microstructural reorganization
of particles and to anisotropy in general. We briefly outline a viscoelastic constitutive model for granular fluids
which allows the sign-reversals of both first and second normal stress differences.

1 INTRODUCTION
Granular materials behave like a fluid under strong
external driving. Unlike normal fluids, however, gran-
ular fluids possess prominent non-Newtonian proper-
ties, like the normal stress differences. For a simple
fluid (e.g. air and water), such normal stress differ-
ences are of infinitesimal magnitudes, but they can be
of the order of its isotropic pressure in a dilute granu-
lar gas (Jenkins & Richman 1988; Sela & Goldhirsch
1998; Alam & Luding 2003, 2003a). Since the nor-
mal stresses are known to be responsible for many in-
teresting flow-features (e.g. rod-climbing, secondary
flows, etc.) in non-Newtonian fluids (Bird et al. 1979),
it is of interest to understand the non-Newtonian char-
acteristics of granular fluids.

Moreover, prior knowledge of rheology is needed
to make meaningful progress in developing constitu-
tive models. The major objective of the present work
is to understand the non-Newtonian rheology and the
microstructural features of a granular fluid. Another
objective is to test and validate the available constitu-
tive models against the rheological data obtained from
simulations.

We simulate the uniform shear flow configura-
tion using the standard smooth inelastic hard-sphere
model. The details of the simulation technique and
the relevant macroscopic quantities are described in
section 2. The simulation results on the normal stress
differences in both 2D and 3D are discussed and com-
pared with relevant theory in section 3. Possible mod-
elling approaches to incorporate the normal stress dif-

ferences are briefly discussed in section 4. Conclu-
sions are provided in section 5.

2 HARD SPHERES: UNIFORM SHEAR FLOW
We use the inelastic hard-sphere model for which the
collisions are instantaneous and the simulation moves
in time from one collision to the next and so on. The
pre- and post-collisional velocities of two colliding
particles are related by the expression:

k �	�c 
�
��������� k ���c�
����� (1)

where �c�
� � �c� � �c � is the pre-collisional velocity of
particle � relative to � ( �c 
��� being the corresponding
post-collisional relative velocity), k �
� � k the unit
vector directed from the center of the particle � to that
of particle � , and � is the coefficient of normal restitu-
tion, with � � � �"! . We drive a collection of smooth
inelastic hard-spheres in a cubic box of size �# by the
uniform shear flow, using the Lees-Edwards boundary
condition (Allen & Tildesley 1989). Let �$ and �% ( �& )
be the streamwise and transverse directions, respec-
tively, with the origin of the coordinate-frame being
positioned at the centre of the box. In the following
we restrict to a monodisperse system of particles of
diameter, �' , and material density �( .

The macroscopic stress and the related transport
coefficients (pressure, shear viscosity, and the normal
stress differences) are calculated from the simulation
data. Defining �# , �)+* � and �) �# as the reference scales
for length, time and velocity, respectively, the relevant



dimensionless variables are:' � �' �# � � c � u � C � � !�) �# � �c � �u � �C �,� (2)

where �u is the mass-averaged velocity, �C � �c � �u the
peculiar velocity of particles. The total stress and the
granular energy are rescaled by the average momem-
tum flux density and kinetic energy, respectively:

P � �P�( �' � �) � �.- � �-�' � �) �0/ (3)

The nondimensional total stress is calculated from

P � P 132 P 4� 5 6 798:��; � C ��< C � 2 '=?> :4A@CBDB �	E�� @GF E � I �H�I< k �KJL� (4)

where P 1 and P 4 are the kinetic and collisional con-
tributions to the total stress P, respectively, and I �H� is
the collisional impulse. For the collisional stress, the
sum is taken over all collisions during the averaging
time window =?> . Note that the trace of the kinetic part
of the stress tensor is used to calculate the granular
energy.

Now we decompose the total stress, defined in the
compressive sense, in the following way:

P � P 1 2 P 4 ��M 1 2ON � (5)

where M is the pressure, N the pressure deviator and
1 the unit tensor. (Note that the off-diagonal compo-
nents of the pressure deviator, N�P,Q , is related to the
shear viscosity, see Alam & Luding 2003, 2003a.)
The diagonal components of the pressure deviator
could be different from zero, giving rise to normal
stress differences:��� � � NRP,P � NRQ�Q �M � (6)��� � � NRQ�Q � NRS
S �M / (7)

The former is called the first normal stress differ-
ence, and the latter the second normal stress differ-
ence. Note that we have scaled these quantities by
pressure to discern their relative magnitudes with re-
spect to pressure. For a Newtonian fluid,

�T� � � and��� � � . Hence non-zero values of
�T�

and
�U�

are in-
dicators of the non-Newtonian character of the fluid.

The spheres are initially placed randomly in the cu-
bic box, and the initial velocity field is composed of
the uniform shear and a small Gaussian random part.
An event-driven algorithm (Allen & Tildesley 1989)
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Figure 1. Phase diagram delineating the regions of positive and
negative VXW in the ( Y[Z�\ )-plane in 2D.

is then used to simulate instantaneous binary colli-
sions. At the steady state, the uniform shear flow at-
tains a constant granular energy due to the balance
between the shear work and the collisional dissipa-
tion, After reaching this steady-state, the simulation
was allowed to run for at least another ]^�_�_� collisions
per particle to gather data to calculate the rheologi-
cal and microstructural quantities. The total number
of particles was fixed at ` � !a�b�_� .
3 RESULTS AND DISCUSSION
3.1 Two dimensions (2D)
Before presenting results for 3D, we briefly recall our
earlier results (Alam & Luding 2003a) for the first
normal stress difference,

�c�
, in two-dimensions (2D).

It was found that the granular fluid is non-Newtonian
with a measurable

���
which is positive (if the stress

is defined in the compressive sense as in the present
work) in the dilute limit. Interestingly, however,

�T�
changes from positive to negative at a critical density
in the dense regime. By decomposing

�T�
into the ki-

netic and collisional contributions,
�c� � � 1� 2 � 4� ,

we found that while
� 1� is always positive and decays

to zero in the dense limit,
� 4� has a non-monotonic

variation with density. In particular,
� 4� increases

from zero in the dilute limit as d increases, reaches
a maximum at some value of d and then decreases,
eventually becoming negative in the dense limit. The
density at which

� 4� � � ( dfegd � ) depends crucially
on the level of micro-scale dissipation; in particular,d � increases as the coefficient of restitution decreases.
This is evident from Fig. 1 where we have displayed
the phase-diagram in the ( d � � )-plane by identifying
the regions where

���
is positive/negative.

The behaviour of the first normal stress difference
in the dense limit is tied to shear-induced collisional
anisotropies (Alam & Luding 2003a). In particular,
the topology of the collision-angle distribution h �ji � ,
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Figure 2. Variations of VXW and Vlk with solid fraction, for resti-
tution coefficient \nmpoaqsr . The arrow indicates critical solid frac-
tion at which V k changes sign.

where i is the polar angle, changes drastically, with
collisions occurring at certain preferred angles on the
upstream-faces of the colliding pairs. The origin of
the sign-reversal of

�c�
is, thus, correlated with a

preferred value of the average collision angle, iut�vl�5xw^y�z{5xw_| , averaged over the upstream-faces of the
colliding particles.

3.2 Three dimensions (3D)

Figure 2 shows the variations of two normal stress dif-
ferences (

���
and

���
) with the solid fraction; the resti-

tution coefficient is �}� � /�~ . The first normal stress
difference

���
is positive and maximal in the Boltz-

mann limit ( d�� � ) and decreases in magnitude with
increasing density. For the parameters used here,

�T�
did not undergo a sign-reversal even at d � � / ] | . But
increasing the value of the restitution coefficicient to��� � /�~_~ , we found that the sign-reversal occurred at a
critical density d �I� � / ] | . This obsevation mirrors our
results in 2D (Alam & Luding 2003a), except that the
value of the critical density d � is lower than that in 2D
(as expected). The microstructural origin of the sign-
reversal of

���
is again tied to the anisotropic structure

of the collision-angle distribution as in 2D.
We observe in Fig. 2 that the second normal stress

difference
���

is negative in the Boltzmann limit ( d}�� ), increases with increasing density, becomes pos-
itive at a critical density d �X� � / !a��] , and increases
monotonically thereafter. The second normal stress
difference is of the order of about seven per-cent of
the total stress at the highest densities examined here.
Note that the sign-reversal

���
is also apparent in the

work of Campbell (1989).
At very low densities, the collisional components

of the stress tensor are much smaller than their ki-
netic counterpart. At moderate densities, the colli-
sional contribution becomes more important and at

higher densities it is dominant. The increase of
���

with density thus links it to the collisional contribu-
tions to stress. Preliminary results indicate that the
distribution of the mean free paths (along three direc-
tions) changes with increasing density. This is con-
nected to the collision angle, as in 2D, and is respon-
sible for the sign-reversal of

���
. A detailed investiga-

tion of this issue will be taken up soon.
Finally, we compare our results with the work of

Sela & Goldhirsch (1998) who derived constitutive
expressions for the stress tensor upto the Burnett-
order for a dilute granular fluid ( d�� � ). For uniform
shear flow, it can be verified that the expressions for
normal stress differences take the following forms:��� � � ! / 6_� ��]b� � � / � y ��!u]b� � �� ! / | ~_~ 6 2�� / � ~ 6_6 � � (8)

�U� � � � � / ! y ![� ~ � � � / �_�_� 6 ] ~ � � �� ! / | ~_~ 6 2O� / � ~ 6_6 � � (9)

where � ��� ! ��� � � is the degree of inelasticity.
Clearly, for a given inelasticity �f�� � , �c��� � and���L� � in the Boltzmann limit. For example, the val-
ues of normal stress differences are

�c�R� � / |^y and��� � � � / � | �_� for �f� � /�~ ; the corresponding re-
sults from our simulation are

�c��� � / | � | and
�U���� � / ��! ~ 6 at a solid fraction of d � � / ��! . We should

mention here that the perfect elastic limit ( � � ! ) is
non-trivial, and the normal stresses in the elastic limit
remain non-zero (but of infinitesimal magnitude). The
effect of inelasticity is merely to amplify the magni-
tudes of both

���
and

�U�
, making the normal stresses

of order � � � � for granular fluids.

4 RELAXATION TYPE MODELS
Here we attempt to describe the normal-stress be-
haviour of a granular fluid using relaxation-type con-
stitutive models. Prior literature on the dense-gas ki-
netic theory indicates that such a stress relaxation
mechanism does also exist in granular fluids (Jenkins
& Richman 1988; Sela & Goldhirsch 1998). More-
over, the recent work of Zhang & Rauenzahn (1997)
suggests that such viscoelastic stress relaxation mech-
anism exists even in dense granular flows.

Let us first consider the viscoelastic relaxation
model of Jin & Slemrod (2001) who have regular-
ized the Burnett order equations of Sela & Goldhirsch
(1998) for a low-density granular fluid. Their pro-
posed equation for the pressure deviator can be writ-
ten asN�2 = ���9� N�p� � L ����N � N�� L 2 �� �
� � N � L � 1 ¡

2 = ��¢ S �?NO2ON � S � �� �
� � N{� S � 1 £ � N�¤j¥ � (10)

whereN�¤j¥ � � |^¦ S �{�j§©¨ � u � 1 2�N � 2ON � �
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S � �� ¢
L 2 L �9£ � �� �j¨ � u � 1 � L � �G¨ u � �

= � � � / � | !_!Xª ¦M�« � = � � � / ]^� �_� ]}ª ¦M�« /
Here = � and = � are relaxation times, L is the velocity
gradient, S the deviatoric part of the strain-rate tensor,¦ the shear viscosity, § the bulk viscosity and 1 the
identity tensor; N � and N � are higher order terms. In
the limits of = � , = � � � and N � , N � � � , we recover
the standard Newtonian model for the stress deviator:N¬e­N ¤j¥ ��� |^¦ S �{�K§©¨ � u � 1 /

Neglecting the higher-order terms, an expression
for the first normal stress difference can be obtained
for the steady uniform shear flow:��� � 7 6 ) � = ���2 ) � | = � � = � � � !®2 ) = � 2 | ) = � � J ª ¦M¯« �

(11)
where ) is the shear rate. This quantity is positive
since the denominator remains positive (i.e. | = �L� = �
in the Boltzmann limit), as in our simulation results
for dilute flows. Similarly, the expression for the sec-
ond normal stress difference is�U� ��� 7 � ) � � | = � � = � ���2 ) � | = � � = � � � !®2 ) = � 2 | ) = � � J ª ¦M « /

(12)
This is negative as in our simulations for dilute flows.

As pointed out in our recent work (Alam & Luding
2003a), the above stress evolution equation (10) does
not satisfy the principle of material frame indifference
(MFI) which states that the constitutive laws should
be invariant under rigid-rotation.

An interesting question is to look for the possibility
of modelling normal stress differences using the stan-
dard frame-indifferent relaxation type models. In this
regard, we had suggested an evolution equation:NT2 = �^° N° � �­� |^¦ ª S 2 ±|^¦ �j¨ � u � 1 2 = �_° S° � « (13)

with ° w ° � being the Jaumann derivative (Bird 1979).
Here the two relaxation times, = � � = � � d � � � and = � �= � � d � � � , are, in general, functions of both density
and restitution coefficient. This is similar to the two-
parameter Jeffrey’s model, but the relaxation times
should be interpreted carefully. It can be verified that
the expressions for the first and second normal stress
differences can be positive/negative depending on the
values of = � and = � . Thus, the frame-indifferent re-
laxation models can be used to predict positive and
negative normal stress differences.

5 CONCLUSION
Granular fluids support large normal stress differ-
ences for the whole range of densities, clearly indi-
cating their non-Newtonian rheology. One of the most

important features of both rapid and quasi-static gran-
ular flows is anisotropy. Any anisotropic deformation
will typically lead to anisotropic stress response but
also to anisotropic change of structure or collision an-
gle distribution. Normal stress differences are related
to anisotropy, however, a vanishing normal stress dif-
ference does not imply vanishing anisotroy, it rather
corresponds to anisotropy oriented in ²´³ � 5xwµy di-
rection in the corresponding plane. A sign reversal
corresponds to the rotation of the anisotropy from²¶³ � 5xw^y to ²¶³ � 5xw^y , or vice-versa.

We showed that both the first (
�c�

) and second
(
�U�

) normal stress differences undergo sign-reversals
with density. While the first normal stress differ-
ence changes its sign in the dense limit, the second
normal stress difference changes its sign in the di-
lute limit. The origin of the sign-reversal of

�T�
is

tied to a preferred value of the average collision an-
gle, i[t�v}� 5xwµyXz·5xw_| , averaged over the upstream-
faces of the colliding particles. We have outlined a
frame-indifferent constitutive model for granular flu-
ids which allows the sign-reversals of both first and
second normal stress differences, and thus allows for
constituve modeling of arbitrary anisotropy.
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