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ABSTRACT: Event driven simulations of smooth inelastic hard-disks are
used to probe the transport properties and the microstructure of bidisperse

granular mixtures. A generic feature of such mixtures is that the two species
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have different levels of fluctuation kinetic energy (7; # Ts) in contrast to
their elastic counterpart. The microscopic mechanism for this energy non-
equipartition is shown to be directly tied to the asymmetric nature of colli-
sional probabilities between the heavier and lighter species, compared to their
purely elastic counterpart. The degree of collisional asymmetry increases
with both increasing inelasticity and mass-disparity, thereby increasing the
energy ratio 7;/7 in the same limit. A phenomenological constitutive model,
that incorporates energy momn-equipartition, captures the non-monotonic be-
haviour of the transport coefficients, in agreement with simulation results,
whereas the standard constitutive model with equipartition assumption pre-
dicts monotonic variations. The sheared granular mixture readily forms clus-
ters, having striped-patterns along the extensional-axis of the flow. The
microstructural flow-features are extracted by measuring the cluster-size dis-
tributions, the pair correlation function and the collision-angle distribution.
While the inelastic dissipation is responsible for the onset of clustering, we
have found that the mass-disparity between the two species enhances the
degree of clustering significantly in the sense that the size of the largest clus-
ter increases with increasing mass-disparity. At the microscopic-level, the
particle motion becomes more and more streamlined (i.e. ordered along the
streamwise direction which is also a signature of enhanced short-range corre-

lations) with increasing dissipation and mass-disparity, which is responsible



for the enhanced first normal stress difference in the same limit.



1 Introduction

The majority of the rheological studies on granular materials are confined
to monodisperse systems, where the particles are of the same density and

(1,233,495 1y practice, however, a granular system is rarely monodis-

size
perse, but is always characterized by some degree of polydispersity in density
and size. An associated phenomenon in a driven granular mixture is the
spontaneous segregation of an otherwise homogeneous mixture which could
be a nuisance in many processing industries. For example, a granular mix-
ture, under vertical-vibrations or in a rotating drum, segregates according to
size and/or massl0 7 8,9, 101 e bulk-rheology of a homogeneous mixture
is likely to differ from that of a partially segregated-one, and hence it is of
interest to study the rheology of granular mixtures.

From a more fundamental viewpoint, prior understanding of the rheology
is important to make meaningful progress in developing constitutive models.
The major objective of the present work is to understand the bulk-rheology
and microstructural features of granular mixtures and the influence of various
control parameters on them. Another objective is to propose a simplified con-
stitutive model and validate the same against the rheological data obtained
from simulations.

Drawing an analogy with the dense-gas kinetic theory of mixturest s 12; 13],

several constitutive models for bidisperse granular mixtures have been proposed[14’ 15,16, 17, 18



All these models are first-order in inelasticity, meaning that they are valid
for nearly elastic particles. Another important assumption in these models is
that the fluctuation energy is equally partitioned between two species. One
way to validate these theories is to perform simple rheological experiments via
particle-level simulations. Some effort in this direction has been made by the
present authors! 7 19 200 \who carried out event-driven simulation of bidis-
perse granular mixtures, characterized by both size- and mass-disparities,
under uniform shear flow. The overall effect of such bidispersities is to en-
hance the non-Newtonian character of the fluid in the sense that the first
normal stress difference (i.e. the diagonal components of the stress tensor
are not equal) increases as the degree of bidispersity increases.

It has been recently found8: 19, 20, 21, 22,23, 24, 25, 26, 27) {pa the
granular energy is not equally partitioned between the two species, an exam-
ple of which is shown in Fig. 1 for a sheared binary granular mixture (see

Appendix A for simulation details). This figure shows the time evolution of

the granular energy, T, of species «, defined as:
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T, =< maC2% >=< my(c, —u)? >, with a=1s. (1)

Here u is the mass-averaged velocity of the mixture, c, is the instanta-
neous velocity of particles of species a and C, is the peculiar velocity. Note
that the subscript [ (or s) is used to denote a species which is larger (or

smaller) in mass and size. For this plot, the particles are of the same size



(R = Ry;s = d;/ds = 1.0) with a mass-ratio of R,, = m;/ms = 9.0, the mean
volume fraction is v = v, + v, = 0.05 with v, = v, and the coefficient of resti-
tution is e = 0.9. The granular energies of two species are clearly unequal
with the energy ratio being Ry = T;/T, = 1.67 + 0.12. Thus, the princi-
ple of equipartition of energy does not hold for a granular mizture and this
adds another peculiar property to granular fluids in contrast to their molec-
ular counterpart. Even though the inelasticity is responsible for the onset
of energy non—equipartition[l& 22], it is the mass-disparity which strongly
amplifies this energy non—equipartition[lg’ 20],

The microscopic mechanism for energy non-equipartition is unveiled in §2
by probing the collision probabilities between different species. We use the
well-known smooth inelastic hard-disk model for event-driven simulations/2%)
of the uniform shear flow, the details of which are described in Appendix
A. The simulation results on the rheological properties, along with their
comparisons with the predictions of a phenomenological constitutive model,
are presented in §3. The phenomenological constitutive model 19 which takes
into account the non-equipartition of granular energy is detailed in Appendix
B. The effect of mass-disparity on the non-Newtonian behaviour is presented
in §3.2. The microstructural features of bidisperse mixtures and their impact

on the macroscopic rheological fields are described in §4. In §5 we summarize

our findings, and close with suggestions for possible future work.



2 Mechanism for energy non-equipartition

As mentioned in the Introduction, the inelastic dissipation is responsible for

(18, 19, 20, 21, 22, 23, 24, 25] 5q the mass-disparity

energy non-equipartition
between the two species amplifies the magnitude of this non-equipartition
significantly 19, 207, However, it is not clear how the energy dissipation at
the particle-level leads to the breakdown of the equipartition principle.

To probe the underlying microscopic mechanism for energy non-equipartition,

we meassure the following quantity from our simulations:

_ Number of collisions between species o and 3

Qup =

Total number of collisions

such that >, > 53€.,3 = 1. Note that €,5 is nothing but the probability
of collisions between species o and 3. Figure 2 shows the variation of (1,3
with the mass-ratio for a low-density mixture with parameter values set to
v=0.05 v =v, e=0.9and R = 1. Note that for this case both the species
have equal number of particles (N; = Ny), and it is straightforward to verify
that €y = Q. = Qs = 0.25 at R,, = 1. We observe that while both €,
and (), remain relatively uniform with increasing mass-ratio, €); decreases
sharply in the same limit. The collision probability can be identified with
species granular energies in the following way: the larger the value of €2,,,
the larger is the collisional energy dissipation rate among the particles of

species «, which in turn would lower the granular energy of species a. Since



the number densities of the two species are equal in Fig. 2, the effect of the
cross term (2,3 on increasing/decreasing the species granular energy would be
the same for both species. For this case, we can define the effective collision

probability of species a as
Qo = Qo + Qap, with o # S, (2)

whose variation with mass-ratio, R,,, is plotted in the inset of Fig. 2. (In this
definition, we do not take into account the difference of energy loss of each
species after their collision.) It is observed that while the effective collision
probability of the lighter particles increases with R,,, that of the heavier
particles decreases in the same limit. This implies that the lighter particles
will lose kinetic energy (through collisional dissipation) much more rapidly
than the heavier particles as the mass-ratio is increased, and this clearly
yields T} > Ty, leading to the non-equipartition of granular energy.

Now to understand the departure from a purely elastic hard-disk mixture
(for which the equipartition principle holds, i.e. T} = Ty = T'), we derive an
analytical expression for €0,5. In the dilute limit, the number of collisions

per unit area and time between pairs of elastic disks of species v and ( is

[11]
2T
Nip = nanpdag, | =, (3)
Hop

where n,, is the number density of species «, fio3 = Mmams/(Mma + mg) the

given by

reduced mass and d,3 = (d, + dg)/2. Thus, the probability of collisions

8



between species a and [ is

. ~1/2
gF _ Nas _ dagpg"NaNs 4
af — ST N¢ - —1/2 ( )
af Za:l,s Zﬂ:l,s daﬁuaﬂ NaNﬁ

where the superscript E is used to denote the purely elastic mixture (e,g =
1). Note that for mechanically equivalent particles (R = 1 and R, =

my/ms = 1), this expression reduces to

NN
O%(R=1,Ry=1) = —5°. (5)

We can normalize our simulation data for the effective collision probability,

Q,, (see inset of Fig. 2) by its theoretical value (4) for the elastic case:

* Qa
Qa = ﬁ (6>

This normalized quantity is unity for a binary mixture of purely elastic par-
ticles. Now we define the effective collision ratio (between species [ and s)

as the ratio between the two normalized effective collision probabilities of

B/ o

Note that Rgq is also unity for a binary mixture of elastic particles and its

species [ and s:

departure from unity will signal the breakdown of the equipartition principle.
The departure of R from unity can also be thought of as the collisions being
asymmetric in the sense that one species collides more frequently than the

other, compared to their elastic counterparts.

9



The variation of the effective collision ratio, Rq, with the mass-ratio, R,,,
is shown in Fig. 3 for two different values of the restitution coefficient. The
other parameter values are as in Fig. 2. It is observed that R increases with
increasing R,, and decreasing e. In other words, the asymmetry between
27 and €2} increases as the mass-disparity and inelasticity increase. The
inset of Fig. 3 displays the variation of the granular energy ratio, Ry =
T,/Ts, with R,,. Similar to Rq, the energy ratio Ry increases with both
increasing mass-ratio and inelasticity. This observation suggests that the
departure of the effective collision ratio R, from unity is directly tied with the
breakdown of the equipartition principle (Ry # 1). Thus, we can conclude
that the microscopic mechanism for energy non-equipartition is directly tied
to the asymmetric nature of collision probabilities between the two species,

compared to their elastic counterparts.

3 Rheological properties of uniform shear flow

For the steady (0/0t(.) = 0), fully developed (9/0z(.) = 0) plane shear
flow of a binary mixture of granular material, it is easy to verify that a
linear streamwise velocity profile along with constant density and constant
granular energy satisfies the balance equations[QO}. Thus, the mean fields

(in dimensionless form, see Appendix A for the reference non-dimensional

10



quantities) are given by
vV = Ya-isVa = const.
T = Yoos&Ta = const. (8)

u = (u,v)t = (y,0)

where £, = n./(n; + ng) is the number fraction of species a and n,, is its
number density. Note that we nondimensionalize the granular energy and
the stress by the species-averaged kinetic energy and momentum flux density,
respectively, as in eqn. (A.4). An expression for the dimensionless species
granular energy T, is obtained from the energy balance equation, by equating
the production term due to shear-work (—P:Vu) with collisional dissipation

(D):

. 2B=ls \/;jifz@\//;z;
(0%

B ) V a=1s
S ()" foa (4) " (2) 7 50 2, (82

9)
where X, = vo/(v + ) is the relative volume fraction of species o. The

dimensionless expressions for pressure and shear viscosity are
da\ 2
La=ts fraTa 2p=is %Xﬁ (f)
p = Z Do = - . /
a=l,s 2p=ls o X8 (dT)
e d 2
VT Zacte [ 2T \/Zﬁ:l,s “xs ()
/’L — Z lL[/a = dﬁ | (11>

. 2 gms 2x (%)

where fi4, foo and fs, are functions of the mixture parameters v,, Mg,

etc., as defined in Appendix B. Simulation results on pressure, viscosity and

11



granular energy will be compared with the above expressions.

3.1 Comparison between simulation and theory

From the event-driven simulations of smooth inelastic hard-disks under uni-
form shear flow, we measure pressure, shear viscosity, granular energy and
the first normal stress difference. The simulation details and the definitions
of different transport coefficients are provided in Appendix A. There are five
dimensionless control parameters in this problem: the total solid volume frac-
tion (v), the relative volume fraction of heavier/larger particles (x = v;/v),
the size ratio (R = d;/ds), the mass ratio (R, = m;/ms), and the coefficient
of normal restitution (e). Note that y = 1 corresponds to the monodisperse
limit with all the heavier particles and xy = 0 to the same limit but having
only lighter particles. Here we mainly focus on the bidisperse mixture of equal
size particles (R = d;/ds; = 1), characterized by density or mass-disparity,

with the goal to understand the effect of mass-disparity on its rheology.

3.1.1 Pressure, viscosity and granular energy

Figure 4 shows the variations of pressure, viscosity and granular energy with
the mass-ratio for a dilute mixture (v = 0.01) of equal-size particles; other
parameters are set to x = 0.5 and e = 0.9. The model predictions are

denoted by lines and the simulation data by symbols. In the limit of e — 1 the

12



predictions are almost perfect (data not shown here) so that we rather provide
data for e = 0.9 to visualize the discrepancy. We observe that both pressure
and viscosity vary mon-monotonically with the mass-ratio. Looking at the
variations of the partial components of pressure (p; and p,) and viscosity (y
and p), we find that in the limit of large mass-ratio the transport coefficients
are primarily determined from the respective contributions due to the heavier
species. On the whole, our phenomenological model provides reasonable
predictions for both the total and partial components of these transport
coefficients. Note that the variation of the granular energy with R, is also
non-monotonic as predicted by our model. In contrast, however, the model
predictions with the equipartition assumption suggest a monotonic decay of
T with R,, 17 200 a5 shown by the dashed line in Fig. 4(c).

The variations of pressure, viscosity and their partial components for a
wide range of solid fractions are displayed in Fig. 5. Panels in the top row
corresponds to a mass-ratio of R,, = 9 and those in the bottom row corre-
sponds to a mass-ratio of R,, = 25; other parameters are R = 1, y = 0.5 and
e = 0.9. For both mass-ratios, the simulation results are well captured by
our model over the range of solid fractions studied. It is observed from Fig.
5(a-b) that the model predictions for both pressure and viscosity are a little
higher than our simulation data for v < 0.5, as expected. However, for high

densities v > 0.7 the model underestimates the simulation data. This may

13



be attributed to our choice of the radial distribution function (B11) which di-
verges at v = 1.0. Another choice of the radial distribution function[22] that
diverges at v = Upqr (Where vyq, = m/ 23 corresponds to the maximum
regular packing limit) yields better agreement in the dense limit. Note, how-
ever, that the modified function shows deviations from the original function
only at very large volume fractions v > 0.6.

To understand the non-monotonic behaviour of the pressure and viscos-
ity with the mass-ratio, we need to recall their variations with density for a
sheared monodisperse granular system. As described in the previous para-
graph, the variations of both p and p with density follow U-shaped curves,
with minima occuring at a density of v ~ 0.3. Since at large enough mass-
ratios (R,, >> 1), the lighter particles contribute little to transport prop-
erties due to their lower mass and lower fluctuation velocities, the mixture
would behave as if it were composed of only heavier particles with an effec-
tive lower density, depending on the relative volume fraction y. Hence both
pressure and viscosity would eventually increase with increasing mass-ratio.
Thus, the reason for the non-monotonic variations of p and p is tied to the
non-equipartition of granular energy, i.e. the two species have different levels
of fluctuation velocity.

Next we show a set of results for a mixture with different size particles,

R = d;/ds = 2, in Fig. 6. The total solid fraction is set to v = 0.3, with

14



other parameters as in Fig. 4. The overall variations of p, p and T" with
the mass-ratio R,, and their comparison with the model-predictions mirror
those in the dilute case of equal-size particles. For a comparison of these data
with a constitutive model with equipartition assumption, we refer to Fig. 15
of Alam & Luding[2o]. We remark that the quantitative agreement between
theory and simulation at a given mass-ratio improves as e — 1 and becomes

worse with decreasing e.

3.2 Non-Newtonian Behaviour: First normal stress dif-

ference

Here we probe the first normal stress difference,

N, = W’ (12)

of sheared granular mixtures. Note that a non-zero N; is a measure of the
non-Newtonian flow behaviour; A, also measures the deviation of the orien-
tation of the major principal stress away from 135°, the compressive shear
direction.

The variation of N7 with the mass-ratio is shown in Fig. 7(a). The total
solid fraction is set to v = 0.3, and the restitution coefficient is e = 0.9; other
parameters are Yy = 0.5 and R = 1. It is observed that N; increases with

increasing both the mass-ratio and the dissipation-level. In particular, the

15



latter observation is similar to its monodisperse counterpart[QO].

The variation of N with solid fraction is shown in Fig. 7(b), with other
parameters as in Fig. 7(a). Focussing on the dilute limit, we observe that
N, varies non-monotonically with the mass ratio as seen from the inset in
Fig. 7(b). This is simply due to the fact that we have scaled N; with
pressure which varies non-monotonically with R, (e.g., see Fig. 4). For
mass-ratios R, < 25, we observe in Fig. 7(b) that N; is large for dilute
flows and decreases sharply in the dense limit. For large enough mass-ratios
(R,, > 50), we observe a non-monotonic variation of N; with solid fraction.
For all mass-ratios, N7 becomes negative at some critical value of the solid
fraction in the dense limit (v > 0.7) as in the monodisperse casel30.

Decomposing N7 into its kinetic and collisional contributions

ok — gk ¢ —of

M = NF+ N7, where N =22 ¥ apnd NE= 22 W (13)
p p

we have found (data not shown here for the sake of brevity; see, for exam-
ple, Fig. 14 of Alam and Luding[ZO]) that the relative kinetic contribution,
NEF /N1, increases with increasing R,,. For example at v = 0.5 and e = 0.9,
the values of NF /N, are 0.442, 0.473, 0.491 and 0.517 at mass-ratios of 1, 9,
25 and 100, respectively. This suggests that the kinetic mechanism of mo-
memtum transport is more important for the enhanced normal stress differ-
ence with the mass-ratio for the range of volume fractions studied (v < 0.7).

This observation is similar to our earlier findings for a bidisperse mixture of

16



particles having both size- and mass—disparities[m].

For the monodisperse system (see Fig. 2 in ref. [30]), it has been found
that the kinetic contribution NF is maximum at v = 0 and decreases mono-
tonically to zero with increasing v. On the other hand, the collisional contri-
bution NT is zero at v = 0 and increases with v, remaining relatively constant
over a substantial range of v (0.2 < v < 0.65); it decreases sharply with fur-
ther increasing v and becomes negative at some value of v. Our preliminary
work suggests that the critical solid fraction at which N; changes its sign
increases with increasing mass-disparity. Essentially, this sign-reversal of Ny
is tied to the appearance of long-lived force-chains along the compressional

axis of the Aow!30!

. Thus, in a bidisperse sheared granular mixture, the onset
of force-chain formation would be delayed to a relatively higher density com-
pared to its monodisperse counterpart. A detailed study of the dense-phase
rheology of a bidisperse mixture is relegated to a separate study. For the
monodisperse C&SGBO}, it has also been shown that the behaviour of the first

normal stress difference is tied to the microstructure which we will discuss in

§4.3.
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4 Microstructure

Here we probe the microstructural features of bidisperse mixtures. In par-
ticular, we present results on cluster-formation and the influence of various
system parameters on it in §4.1. Certain features on cluster-formation can
be explained by looking at the pair correlation function as detailed in §4.2.
The collision-angle distribution and its relation to the first normal stress dif-
ference are probed in §4.3. All the results presented in this section involve
particles with both size- and mass-disparities.

Figures 8(a-b) show snapshots of particle distributions at the steady state
for a mixture of equal-density particles for two different values of the restitu-
tion coefficient. Parameter values are set to v = 0.3, x = 0.5 and R =4 (i.e.
the mass-ratio is R,, = 16). Analogous snapshots for a mixture of equal-
mass particles (R,, = 1) are shown in the bottom-row (c-d) of Fig. 8. For
both mass-ratios, we observe that the particles tend to form agglomerates by
grouping themselves with increasing dissipation level. Such particle-clusters
appear to have striped-patterns, mainly oriented along the extensional axis of

331, This preferred orientation of

the flow as in the monodisperse case 31, 32,
clusters is simply due to the pure-straining motion of the imposed shear field
(see below for details). Clearly, these are dissipation-induced clusters since

the particle distribution remains homogeneous in the elastic limit. Note that

within a cluster the particles of both species are reasonably well-mixed (see,
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for example, subplot 8b), and this will be quantified in the next subsection.
Another important point is that the maximum cluster size never reaches the
system-size, unlike in the free cooling case of granular fluids (34, 3]
Comparing Fig. 8(b) with Fig. 8(d), we find that the degree of clus-
tering is relatively weaker for an equal-mass mixture than the equal-density
case. This noteworthy effect of the mass-ratio on clustering becomes clear
in Fig. 9 where we have shown the grey-map of the coarse-grained density
fluctuation, v/(x,y) = v(z,y) — Vay, in the (z,y)-plane for both mass-ratios
at e = 0.5. (We have subdivided the computational box into 30 x 30 smaller
bins, and then calculated v(x,y) in each bin by the standard procedure.)
On the grey-scale, the particle-rich regions are denoted by a darker-shade
and the particle-depleted regions by a lighter-shade. We note a large cluster,
positioned around (z,y) = (—0.2,0), for the larger mass-ratio case in Fig.
9(a). Clearly, the particle-rich regions (i.e. clusters) are more prominent
at R, = 16 (Fig. 9a) than at R,, = 1 (Fig. 9b). Changing the size-ratio
or the mean volume fraction does not appear to influence this qualitative

observation. Thus, for a given size ratio and other parameters being fixed,

decreasing the mass-disparity reduces the clustering tendency of the mixture.
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4.1 Cluster size distribution

To obtain quantitative information on the sizes of clusters and their dis-
tributions, we used a ‘burning-type’ algorithm as in the work of Luding &
Herrmann®4. In this method, two particles ¢ and j are assumed to be in
contact (i.e. they belong to a specific cluster) if the following criterion is
satisfied:

|7 — 73] < Se(di + dj) /2 (14)

with the distance factor S. > 1. Initially, each particle i is assigned to the
cluster ¢ of size M; = 1, with the maximum number of clusters, 7,,q., being
the total number of particles. After sorting all the particles in a linked-cell
structure in order to enhance neighbourhood search, the cluster-identification
algorithm is started by checking all particle pairs (7, j) according to the above
distance-criterion. If any two particles belong to two different clusters ¢; and
19 but satisfy the distance-criterion, then these two clusters are merged and,
at the same time, the total number of clusters i,,,, is reduced by one. After
examining all particles pairs (i, 7), we obtain quantitative information about
the size M; of every cluster i, the number of clusters N, = 1,,,, and the size
of the largest cluster M,,... One can extract further information about the
mean cluster-size, defined via

1 Qe
<M>:ﬁZMi (15)

€ i=1

20



and its higher-order moments, defined in a suitable way.

Before presenting results, a brief remark about the choice of the distance
factor S, > 1 is necessary. A low value of S, (say, 1.01) can detect only
a dense cluster whose local packing fraction is almost equal to that of the
regular close packing limit, while a high value (say, 1.5) will detect even a
well-dispersed packet of particles as a cluster. For all the results reported
herafter, the distance factor S. is taken to be 1.1, which corresponds to a
cluster whose local density is about v ~ 0.65. While this choice of S. is
arbitrary, the qualitative nature of results is not influenced if we choose a
different value of S.. Note that in the present scheme the size of a cluster is
the number of particles in it, which can also be tied to a length scale for the
largest cluster using an approximate relation: L, = d (7 Ma./ yc)l/ 2

The time evolutions of the maximum cluster size, M,,,., and the mean
cluster size, < M >, are shown in Fig. 10(a) for a mixture of equal-density
particles, and those for a mixture of equal-mass particles are shown in Fig.
10(c¢), with other parameter values as in Fig. 8. We observe that there is a
well-defined average value for both M,,,, and <M >. The variations of the
time-averaged values of M,,,, and < M > with the restitution coefficient
are shown in Fig. 10(b) and Fig. 10(d) for equal-density and equal-mass
particles, respectively. For both cases, the cluster size (M,,q, and < M >)

increases with increasing dissipation level. Comparing Figs. 10(b) and 10(d),
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we find that the cluster-size also increases with increasing mass-disparity
which confirms our earlier visual observations in Fig. 8. This is an interest-
ing finding since the mass-disparity between the two-species can be used to
control the clustering process in a granular mixture.

We had noted in Figs. 10(a, ¢) that both M,,,, and < M > show con-
siderable fluctuations about a well-defined mean value. For example, the
maximum cluster size is M,,.. = 129.4 £ 57.6 for the equal-density mixture,
and M,,., can thus vary by a factor of about 3 for this case. Such large
fluctuations in the cluster size are known to be generic for shear flows, aris-
ing due to the dynamic nature of cluster-cluster interaction process[?’l] as we
discuss below. To better understand this process, we decompose the stream

function for the uniform shear field, v (z,y) = y?, into

W(w,y) =+t = 56— 7)) + 5 +9) (16)

The first stream function, ¥y (z,y) = y? — x? = const., represents a pure
straining motion, while the second, 1(z,y) = 2? + y? = const., represents
a rigid rotation, as shown schematically in Fig. 11. Note that the above

decomposition is equivalent to decomposing the shear-field into

u(wy) = () = 0,07 = o[ + -2 ()

The former will stretch a given cluster along the extensional axis of the flow

and compress it along the compressional axis, while the latter will rotate
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the cluster in the clockwise direction. In a local frame of reference about
the geometric center of a cluster, the cluster would rotate in the clockwise
direction; hence two clusters will collide if they lie close to each other. By
visualizing the snapshots of particle configurations at close time-intervals,
we have observed that two nearby clusters indeed collide with each other
and can merge together to give birth to a large cluster. This larger cluster
subsequently gets stretched due to the straining motion of the shear field,
before fragmenting into two or more smaller clusters. The combined effects
of these processes, along with the kinematic advection of clusters due to the
mean flow, give rise to a continuous cycle of collision, merging and breakup
of clusters in the whole system as in the monodisperse case[31], leading to
fluctuations in the maximum cluster size, as seen in Figs. 10 (a) and 10(c).
Hence the maximum cluster size will show large fluctuations over a well-

defined mean-value, and will always remain much less than the system size.

4.2 Pair correlation function

In order to connect our earlier observations on clustering with the microstruc-
tural informations at the particle-level, we present results on the pair corre-
lation function, g.3. The effects of dissipation-levels and mass-disparity on
Jap are shown in Fig. 12. The parameter values are as in Fig. 8 except that

restitution coefficients for the first and second columns are e = 0.9 and 0.5,
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respectively. The crossed circle in each subplot represents the corresponding
contact value for a homogeneous system (see Eq. B11). While the simulation
data for the contact values of g,g, are rather well predicted by the theory at
e=0.9 and R =1 as seen in Fig. 12(a), the theoretical predictions are well
below the simulation results as we increase the dissipation levels as seen in
Fig. 12(b). Another interesting feature is the emergence of a strong second
peak with increasing dissipation as indicated by the respective arrow in each
curve in Figs. 12(b) and 12(d). This is a consequence of the clustering pro-
cess since the probablity of finding a second particle near the test particle
increases as the mixture becomes more clustered with increasing dissipation.

Increasing the mass-ratio to R,, = 16, however, the peak values of both
gss and g;s are underpredicted and that of g, is overpredicted by the theory
at e = 0.9 as seen from Fig. 12(¢). Comparing subplots in the top row
with those in the bottom row, we find that the effect of mass-disparity is
to increase the contact values of gss and g;s and decrease g;. This overall
feature is consistent with the change in collision probabilities (as described
in §2) and holds at other values of the size-ratio, e.g. at R = 5 as shown in
Fig. 13. The decrease of g; with increasing R,, implies that the probability
of finding a pair of two large particles is lower and hence the larger particles
are better-mixed in an equal-density mixture as compared to an equal-mass

mixture. This effect would, in turn, further increase the contact value of g
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as confirmed in these plots.

4.3 Collision angle distribution and the normal stress

difference

We have monitored another measure of microstructural caveats, namely,
the collision angle distribution function, C,g(f), which is defined such that
Cap(0)d0 is the probability that a collision between particles o and [ occurs
at an angle lying between (0,60 + df), with 6 being measured counterclock-
wise from the positive z-axis. This quantity provides information about the

6[3017 and thereby links the mi-

collisional anisotropy of the microstructur
crostructure with the first normal stress difference as we shall see below. For
the uniform shear flow, it can be shown that C,z(#) is directly proportional
to the pair correlation function at contact 30, 361 and also depends on the
volume fraction and the granular energy. In general, C\,3(#) is an anisotropic
function of 8, depending on external driving.

Figure 14 shows the variations of C,z(#) with 6 for different values of the
restitution coefficient for an equal-density mixture, with parameter values
v =0.3, x =0.5 and R = 4. It is observed that the probability of collisions
is higher on the upstream-faces (that contains the compression direction)
of the colliding particles, i.e. for § € [r/2,7] and 6 € [—n/2,0]. This is

simply a consequence of the imposed shear-field which compresses the flow-
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structure along the 37 /4-direction and stretches it along the m/4-direction
as in Fig. 11. With increasing dissipation levels, the probability of collisions
on the upstream faces increases and that on the downstream-faces decreases.
Another noteworthy feature is that the position of the peak in each curve
shifts towards lower values of # with decreasing e, suggesting the possibility
of more head-on collisions in the same limit. This implies that for a given
mass-ratio the particle motion becomes more streamlined (i.e. ordered along
the streamwise direction) with increasing dissipation level.

We note in Fig. 14(a) that the collision probability for the downstream
faces (extensional direction) decreases with increasing dissipation and for
the [l-collisions this practically vanishes for e < 0.9. This means that the
larger species cannot communicate with each other anymore in this direction.
Comparing Figs. 14(a) and 14(b), we find that the larger particles are more
likely to collide on their upstream faces compared to the smaller particles at
any dissipation level. This is presumably due to the fact that the smaller
particles can move around much more freely than their larger counterparts
since their fluctuating velocities are relatively higher. For example, the ratio
of the mean-square fluctuation velocities, < v? > / < v? >, is 1.51, 2.38, 6.34
and 13.46 at e = 0.5, 0.7, 0.9 and 0.99, respectively.

The effect of mass-ratio on C,z3(6) is shown in Fig. 15 at a restitution co-

efficient of e = 0.5, with other parameter values as in Fig. 14. It is observed
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that the collision probability between the smaller particles, Cj,, is little af-
fected by changing R,, as in panel b, but that between the larger particles,
Cy, gets affected considerably as in panel a. In particular, Cj; becomes more
asymmetric with increasing R, in the sense that larger particles now collide
more often on their upstream faces and their collisions on downstream faces
become more rare. We observe in Fig. 15(c) that the collisions between
large and small particles tend towards the regime of head-on collisions. This
again implies that the particle motion becomes more streamlined/ordered
with increasing mass-disparity. Thus, at a given dissipation-level, the effect
of mass-disparity is to further enhance the microscopic-ordering of particles.

Now we relate our findings on the microscopic-ordering of particles with
the behaviour of the first normal stress difference. We recall from §3.2 that
it is the kinetic component of N; which increases with increasing dissipation
levels and mass-disparity (see also, Figs. 9 and 14 of Alam & Luding[QO]).
Hence we focus on the kinetic component of the stress tensor:

P" =Y <p.C,C, >,
a=ls

where C, = (c, — u) is the peculiar velocity of particles of species «, c,
is its instantaneous velocity, and u is the mean velocity field. The kinetic

component of the first normal stress difference N is

NF~[<C,C, >, — <C,C, >, (18)
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Associated with the microscopic-ordering of particles (along the streamwise
direction) is an overall increase and decrease in the streamwise and transverse
components of particle’s fluctuating velocity, respectively. Hence <C,C,>,
and <C,C,>, will increase and decrease, respectively, with increasing mass-
ratio and dissipation. This clearly leads to an enhanced value of the first
normal stress difference Nj.

Thus, we can conclude that the macroscopic manifestation of streamlined
(i.e. ordered along the streamwise direction) microscopic motion of particles is
to increase and decrease the streamwise and transverse fluctuating velocities
of the particles, respectively, leading to an increase in the magnitude of the
first normal stress difference with increasing mass-disparity and dissipation.

Of course, such microscopic-ordering of particles is a clear signal of short-
range correlations as well. It has recently been established, both via theory

and simulation(30; 37, 38]

, that the effect of dissipation is to induce short-
range correlations in a monodisperse granular fluid. Therefore, the present

work suggests that the added effect of mass-disparity is to further enhance

such short-range correlations in sheared bidisperse granular mixtures.
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5 Summary and Conclusion

We have investigated the rheology and microstructure in a bidisperse gran-
ular mixture via event driven simulations in two-dimensions. The granular
mixture is modelled as a collection of inelastic disks interacting via the hard-
core potential. A generic feature of such mixtures is that the two species
possess different levels of fluctuation kinetic energy (7; # T5) in contrast to

18, 19, 20, 21, 22, 23, 24, 25, 26, 271 \We have shown

their elastic counterpart |
that the microscopic mechanism for this energy non-equipartition is directly
tied to the asymmetric nature of collisional probabilities between the heavier
and lighter species, compared to their purely elastic counterpart. The degree
of this collisional asymmetry increases with both increasing inelasticity and
mass-disparity, thereby increasing the energy ratio 7;/T; in the same limit.
For the rheological study, we have looked at the effect of mass-disparity
on the behaviour of transport coefficients in a bidisperse granular mixture in
which the two species are of the same size but having different density. This
complements our earlier work on the equal mass and equal density mixtures
with different size particles[w’ 201 We reported results on pressure, shear
viscosity, granular energy and first normal stress difference in a wide param-
eter space. A phenomenological constitutive model, allowing energy non-

equipartition, is proposed which captures the non-monotonic behaviour of

the transport coefficients, in agreement with simulation results, whereas the
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standard constitutive model with equipartition assumption predicts mono-
tonic variations. The reason for such non-monotonic behaviour is tied to the
non-equipartition of granular energy. At large enough mass-ratios, the con-
tributions of the lighter particles to the transport properties are very small
because of their much smaller fluctuation velocity than the heavier species,
and hence the mixture behaves like an effective lower-density system (com-
posed only of the heavier particles).

In general, the bidisperse granular fluid is non-Newtonian with large nor-
mal stress differences as in the monodisperse case. The first normal stress
difference increases with increasing both mass-disparity and dissipation. We
have shown that, at the microscopic-level, the particle motion becomes more
and more streamlined (i.e. ordered-motion along the streamwise direction)
with increasing dissipation and mass-disparity. This clearly results in a de-
crease in the transverse component of the fluctuating velocity-field which, in
turn, is responsible for the enhanced first normal stress difference. We have
detected the microscopic-orderding of particles by monitoring the angular
distribution of collisions between the colliding pair over the entire simulation
time. Since such ordered particle-motion is also a signature of short-range
correlations, we conclude that both the mass-disparity and the dissipation-
level will enhance the short-range correlations in a sheared granular mixture.

The sheared granular mixture readily forms clusters, having striped-patterns
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along the extensional-axis of the flow. This preferred orientation of clusters is
simply due to the pure straining motion of the imposed shear field. We have
extracted the microstructural flow-features by measuring the cluster-size dis-
tributions, the pair correlation function and the collision-angle distribution.
The signature of clustering is tied to the emergence of a second peak in
the pair-correlation function g,g (refer to Figs. 12b and 12d) that becomes
stronger with increasing dissipation levels.

While the inelastic dissipation is responsible for the onset of clustering,
we have found that the mass-disparity between the two species enhances the
degree of clustering. For example, the size of the largest cluster can increase
by a factor of two or more if the particles are made of equal material density
as compared to equal-mass particles for e < 0.9. This further suggests that
the mass-disparity can be used as a manipulator to control the clustering
process in a granular mixture. This issue needs further investigation in the

future.
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Appendix A: Details of simulations

For the hard-core potential, the collisions are instantaneous and the sim-
ulation moves in time from one collision to the next and so on. The pre-
and post-collisional velocities of two colliding particles are related by the
expression:

k-¢); = —eij(k-€;i), (A1)
where ¢;; = ¢; — ¢; is the pre-collisional velocity of particle j relative to i (¢},
being the corresponding post-collisional relative velocity), kj; = k the unit
vector directed from the center of the particle j to that of particle ¢, and e;;
is the coefficient of normal restitution for collisions between particle ¢ and j,
with e;; = ej; and 0 < ¢;; < 1. We used e = ¢;; for all simulations. The
expression for the collisional impulse is
Lj = m(€; — &) = miM;i(1+ eji)(k-¢;)k, (A2)
where M;; = m;/(m; + m;). We drive a collection of smooth inelastic hard-
disks (with d; and m; being the diameter and mass of species i) in a square
box of size L by the uniform shear flow, using the Lees-Edwards boundary

Condition@& 39].

This represents an extended doubly-periodic system where
the periodicity in the transverse direction is in the local Lagrangian frame.

Let  and y be the streamwise and transverse directions, respectively, with

the origin of the coordinate-frame being positioned at the centre of the box.
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The macroscopic stress and the related transport coefficients (pressure,
shear viscosity, and the normal stress differences) are calculated from the
simulation data. For the uniform shear flow (with the overall shear rate 7),
all these quantities (except the streamwise velocity which varies linearly with
the transverse coordinate) are uniform in the computational box, and hence
the averaging is done over all the particles. Defining L, ¥~ and L as the
reference scales for length, time, velocity and mass, respectively, the relevant

dimensionless variables are:

| S

1 ~
da = ) (CCU u, Ca) = 7(6057 ﬁ7 Ca)7 (A3>
yL

where u is the mass-averaged velocity, C, = ¢, — u the peculiar velocity
of particles of species . As in our previous work [20], the total stress and
the mixture granular energy are rescaled by the species-averaged momemtum

flux density and kinetic energy, respectively:

P=- P T =- T _ (A4)

72 Za:l,s Xaﬁadg ’ 72 Za:l,s Xamada

where X, = v, /v is the relative volume fraction of species a.
The ‘time-averaged’ bulk stress, in non-dimensional form, is calculated

from

P = ) (P,+P;)

a=l,s

> 7 Yot Y @ ®¢«A})
= Ma i i 5 i i)\ Lij

a=l,s 4 Zﬁzlﬁ %XBR,%I i=1 274 collisions ’ !
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where PX and P¢ are the kinetic and collisional contributions to the partial
stress P, respectively. Note that for the collisional component of the bulk
stress the sum is taken over all collisions during the averaging time window
74. In the above equation, the sum over the index (3 in the denominator is
due to our adopted scaling (A4), and Rz = dg/d,; is the size ratio. Now we
decompose the total stress, defined in the compressive sense, in the following
way:

P =Y (Pi+P)=pl+1I, (A6)

a=l,s

where p is the pressure, IT the pressure deviator and 1 the unit tensor. The
off-diagonal components of the pressure deviator can be related to the shear

viscosity via

du
= _H:ry /dy ) (A7>

where u is the streamwise velocity. Note that this is the effective viscosity
of the granular mixture which is defined as the ratio of the (x,y)-component
of the bulk stress to the shear rate[5, 40]. The diagonal components of the
pressure deviator could be different from zero, giving rise to the first normal

stress difference, defined as:

N, = M (A8)
p

Note that this is not the standard definition of the first normal stress dif-

ference since we have scaled this quantity by pressure which, in turn, helps
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to discern its relative magnitude with respect to pressure. For a standard
Newtonian fluid, N; = 0 and thus N; is an indicator of the non-Newtonian
character of the fluid.

The species granular energy is calculated from the following expression:

T, = ! lm“NZC C] (A9)
[e 2(112 Zﬁ:l,s %X,@Rgl Na = 7 7

The total granular energy is T = - ;&aTa, where {, = N,/N is the
number fraction of species a. Note that the granular energy may be obtained
from the trace of the kinetic part of the stress tensor.

The disks are initially placed randomly in the central box, and the initial
velocity field is composed of the uniform shear and a small Gaussian random

29

part. An event-driven algorithm[%’ I is then used to simulate instanta-

17,20, 301 At the steady state, the uniform shear

neous binary collisions!
flow attains a constant granular energy due to the balance between the shear
work and the collisional dissipation (see Fig. 1). After reaching this steady-
state, the simulation was allowed to run for at least another 4000 collisions
per particle to gather data to calculate the rheological and microstructural
quantities. The total number of particles was varied between 1024 and 5100.
The simulations are carried out for the coefficient of restitution e > 0.2 and
upto a maximum mass ratio R, of 100. For the range of parameters studied,

we found that the system-size dependence|20, 32] of the rheological quantities

is negligible if N > 500 as in our earlier study[20].
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Appendix B: A phenomenological constitutive

model for inelastic disks

The balance equations for a binary granular mixture and the correspond-
ing constitutive relations[16, 17], with equipartition assumption, are docu-
mented in our previous paper[20]. Here we incoporate the breakdown of
energy nonequipartition in these constitutive expressions in a phenomenolog-
ical way. Assuming that the single particle distribution function of species
a is a Maxwellian at the species granular energy 7, an expression for the

collisional dissipation rate of hard-disks can be obtained as[18]:
.~ -\ 32
- N T, Tp
D = Z D, = Z Z V2 mananﬁgagd BMﬁa(l —e ﬁ) — + —(B1)
a=l,s a=l,s B=l,s Mg mp

Vi > f5aT3/ZR2 T (B2)

mldlals pl

where d;ﬁ = (Ja + Jg)/Q, Ry, = Jl/cza, Mpso = mg/(Ma + mg) and f54 is a
non-dimensional function of the form:

f5a 4\/_V01

3/2
a1
V3Gap 1+Rﬁa)R (1 )M o (1 + ) . (B3)
,les 7 mg T

The constitutive relation (B.1) is exactly equal to that of Willits and Aranson[16]:

2T 12
D=3 > flaipgosdasMaa(l =€) ( = > , (B4)
a=l,s B=l,s g maMﬁa

with the equipartition assumption, 7, = Tjs. Note further that the exact

expression (B.1) can be obtained from eqn. (B.4) by simply replacing 7" with
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(ma'Ty + m5'Ts)/(my" + mj5"'). This can be thought of as modifying the
inter-species collision rates for two species.

The total stress tensor, P, is of the standard Newtonian form:
P = j1 — 2jiS, (B5)

where p is the pressure, ;1 the shear viscosity, and A = ¢ — 2/ /3, with ¢ being
the bulk viscosity; the rate of shear tensor (i.e., the deviatoric part of the

deformation tensor), S, is given by

Following the expression of the collisional dissipation rate in eqn (B.1), the
constitutive expressions for p and p (as detailed in ref. [20]) are modified to

have following forms:

ﬁ - *dl Z floz a (B6>
a=l,s
o= Vi S g0 (B7)
a=l,s
where the non-dimensional functions f;, and fs, are given by
1
fia = vl Y [1 + (1 + €ap) (L + Rap)*VsgasMsa (1 + Tﬂ%)
B=l,s mg
f _ ELO 1—{—1]/ (1+R )M3/2 1+maTﬁ 1/2
2 9 = 2 B9as af Ba mﬁT
v, 5 e Ts\
+— > VgasRoa(1+ Rag) Mo 1+ —222) (B9
2\/%5259ﬂ ga 8) B( mﬁTa> (B9)
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with

T - Mpa (l/a/l/k)R,%aK&Ba + K} Mo My,
V2(1 + Rya)gak BBy, — M2, M, ]
Rik Uk ik [ Mok 12
(1+ Rok) Va Jak <Mkk:>
Ko = 14 555-05v5(1 + Rap)*gapMpa,

Boz - Mak(Mozk + 2Mka) +

with k£ # «. The functional form of f;, can be understood by decomposing

the total pressure into its kinetic and collisional contributions:
p=p"+p"
Again with the assumption of an Maxwellian distribution function (at species

granular energy), an expression for the kinetic part of the pressure can ob-

tained as

8 4 -
=3 k= fio T, = —d-*v, T, fdl > R2v,T,. (B10)
™

a=l,s

This is the first term within the square-bracket in eqn (B.8). The corre-
sponding collisional contributions to both fi, and f5, are simply obtained
by modifying the original expressions in ref. [16, 17] by following the ex-
act expression for D in eqn. (B.1). With the equipartition assumption, the
expressions for fi, and fs, boil down to those in [16, 17].

The radial distribution function at contact g.g is taken as that of Man-

soori et al.[4l] for disks:

1

- (VlRal + VsRozs)
ol =1 —0)

(1+ Rap)(1—v)?

9
- B11
+ s (B11)
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Note that gng should diverge in the close packing limit (v = Vy4,), (rather
than at v — 1) which corresponds to Vpap = 7/2v/3 = 0.9069 for a monodis-
perse system with triangular packing; for a bidisperse system, v, is also
a function of the mass and size ratios?2l. A better choice for the radial
distribution function does not, however, influence the theoretical predictions
for pressure and viscosity if v < 0.55. Corrections to Eq. (B11), as reported
by Luding & Santos[42], are disregarded here since they are mostly less than
one percent.

The granular energy ratio, Ry = T;/Ts, is calculated from the relation

given by Barrat & Trizacl29)

M 3/2 M 1/2
a1R§,/2 + a2 (1 + 7m RT) + as (1 + mRT) (RT — 1) + a4 = O’ (B12)
l l

where the non-dimensional functions a; are

ms

2 2 3/2
ay ( ew)vil5gu (ml>
as = V2(1—el)(1+ Ry) (VSMSZI - Vlelei) Gis
as = 2\/5(1 + 615)(1 + Rsl)Msl (VsMsl + VlelMZS) Jis

a; = —2(1—e2)vRggss

Even though this model is based on the assumption of a randomly (homo-
geneous) excited granular mixture, it provides good agreement with the MD

simulation results of a sheared granular mixturell9).
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LIST OF FIGURE CAPTIONS

FIG. 1. Variations of species granular energies, T; and T, with time for
v=20.05 x=05¢e=09 R=1, R =9 and N = 1024. The inset shows

the temporal variation of the granular energy ratio Ry = 1;/Ts.

FIG. 2. Variations of collision probabilities with the mass-ratio for v = 0.05,
x = 0.5 and R = 1 at a restitution coefficient of e = 0.9. The lines are
drawn to guide the eye. The inset shows the variation of effective collision

probability, €, with R,,.

FIG. 3. Variation of the effective collision ratio, Rq, with the mass-ratio;
parameter values as in Fig. 2. The inset shows the variation of the energy

ratio, Ry = T;/Ts, with R,,. The lines are drawn to guide the eye.

FIG. 4. Variations of (a) pressure, (b) viscosity and their partial compo-
nents, with the mass-ratio R,, = m;/mg for a mixture of equal-size particles
(R=d;/ds = 1) with v = 0.01, x = 0.5 and e = 0.9. Symbols denote simu-
lation data and the lines the model predictions. (¢) Comparison of granular
energy between simulation and theory: solid line is the model prediction, T7¢,
with non-equipartition of energy, and the dashed line, T, with equipartition

assumption. The inset shows the granular energy ratio and its comparison
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with theory [25].

FIG. 5. Variations of (a, ¢) pressure, (b, d) viscosity and their partial com-
ponents, with the volume fraction v at R = 1, x = 0.5 and e = 0.9; (a-b)
R, =9, (¢-d) R,, = 25. Symbols denote simulation data and the lines the

model predictions.

FIG. 6. Same as Fig. 4, but at a moderate solid fraction (v = 0.3) with

different size particles R = d;/ds = 2.

FIG. 7. Variations of the first normal stress difference, N, with (a) the
mass-ratio at v = 0.3, and (b) the volume fraction at e = 0.9; x = 0.5 and

R =1 for both subplots. The lines are here merely a guide to the eye.

FIG. 8. Effects of dissipation and mass-ratio on clustering in a bidisperse
sheared granular fluid: v = 0.3, x = 0.5 and R = 4. For panels on the
top-row, the mixture is of equal-density particles (i.e. R,, = 16), and for the
bottom-row R,, = 1. The coefficient of restitution is (a,c) e = 0.99; (b,d)

e =0.5.

FIG. 9. Maps of fluctuating solid fraction, v/(x,y) = v(z,y) — Va4, after
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1.5%x107 collisions: v = 0.3, x = 0.5, R =4 and ¢ = 0.5. (a) R,, = 16.0 and
(b) R,, = 1.0. On the grey-scale, black represents maximum solid fraction

and white maximum; v/(z,y) varies from —0.3 to 0.4 in these plots.

FIG. 10. Variations of mean and maximum cluster sizes: v = 0.3, x = 0.5
and R = 4. For an equal-density mixture: (a) time evolution of < M > and
M e at e = 0.5; (b) variations of the time-averaged < M > and M,,,, with
the coefficient of restitution. For an equal-mass mixture: (¢) time evolution
of < M > and M,,,, at e = 0.5; (d) variations of the time-averaged < M >

and M,,.. with the coeflicient of restitution.

FIG. 11. An sketch of streamline patterns for pure rotation and pure strain-

ing motion of the uniform shear flow.

FIG. 12. Effects of dissipation and mass-disparity on the pair correlation
function: v = 0.3, x = 0.5 and R =4. (a) e =09, R,, = 1; (b) e = 0.5,

Ry, =1:(c) e=009, R, =16; (d) ¢ = 0.5, R,, = 16.

FIG. 13. Effect of mass-disparity on the pair correlation function at a size
ratio R = 5: (a) R,, = 1; (b) R,, = 25. The coefficient of restitution is

e = 0.5 and other parameters are as in Fig. 12.
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FIG. 14. Effect of dissipation-levels on the collision angle distribution for an

equal-density mixture: v = 0.3, x = 0.5, R =4 and R,, = 16.

FIG. 15. Effect of mass-disparity on the collision angle distribution: v = 0.3,

X =0.5, R=4and e = 0.5.
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