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Onset of unimodal to bimodal
random packings; with application to

1. Polydisperse geometric packing
1. Bimodal discrete random
2. Polydisperse discrete random
3. Continuous random

2. Amorphisation
1. Bimodal discrete random
2. Bimodal discrete crystalline 
3. Cross-over
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Concrete: granular mix with size range nm to mm
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Amorphous (glassy) metal alloys
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Bravais lattices crystalline (cubic) system
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Disordered closed packing monosized spheres

RCP: frcp = 0.64;
φ1 = 0.36
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Disordered packing bimodal spheres with small size ratio u 
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Onset of unimodal to bimodal
random packings; with application to

1. Polydisperse geometric packing
1. Bimodal discrete random
2. Polydisperse discrete random
3. Continuous random

2. Amorphisation
1. Bimodal discrete random
2. Bimodal discrete crystalline 
3. Cross-over



9

Bimodal discrete
u-1

cL

h(u, cL)

φ1

Furnas (1928, 1929)



10

Bimodal discrete

u

cL

φ1

h(u, cL)



11

Bimodal discrete (saturated)
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Bimodal discrete (saturated)
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Bimodal discrete (saturated)
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Bimodal discrete (saturated)
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Bimodal discrete (saturated)
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Bimodal discrete (u → 1)
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Bimodal discrete (u → 1)
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1. Bimodal discrete (u → 1)
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Volume ratio of optimum packing
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Bimodal discrete (u → 1)
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φ1 and β depend on:
- particle shape
- mode of packing (loose, dense)
only
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Values of φ1and β
Material Mode Shape φ1 β

Steel rcp spherical 0.375 0.140

Simulation rcp spherical 0.360 0.204

Steel rlp spherical 0.500 0.125

Plastic rcp cubical 0.433 0.134

Quartz rcp fairly angular 0.497 0.374

Feldspar rcp plate-shaped 0.503 0.374

Dolomite rcp fairly rounded 0.505 0.347

Sillimanite rcp distinctly angular 0.531 0.395

Flint rlp angular 0.55 0.160
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1. Polydisperse geometric packing
1. Bimodal discrete random
2. Polydisperse discrete random
3. Continuous random

2. Amorphisation
1. Bimodal discrete random
2. Bimodal discrete crystalline
3. Cross-over 
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Polydisperse discrete (saturated)
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Polydisperse discrete (saturated)
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Polydisperse saturated discrete packing is 
geometric:

- diameter/size ratio of subsequent fractions 
is constant: u

- quantity/population ratio of subsequent 
fractions is constant: r
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Polydisperse discrete geometric
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Polydisperse discrete geometric
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Polydisperse discrete geometric (void fraction)
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1. Polydisperse geometric packing
1. Bimodal discrete random
2. Polydisperse discrete random
3. Continuous random

2. Amorphisation
1. Bimodal discrete random
2. Bimodal discrete crystalline
3. Cross-over 
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Polydisperse geometric (u → 1)
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Polydisperse geometric continuous
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Andreasen and Andersen (1930)
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Mix design tool
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Mix design tool
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Slump flow with/without J-Ring 
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1. Polydisperse geometric packing
1. Bimodal discrete random
2. Polydisperse discrete random
3. Continuous random

2. Amorphisation
1. Bimodal discrete random
2. Bimodal discrete crystalline
3. Cross-over 
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Crystalline structure elements
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Bravais lattices (u = 1) cubic system
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1. Polydisperse geometric packing
1. Bimodal discrete random
2. Polydisperse discrete random
3. Continuous random

2. Amorphisation
1. Bimodal discrete random
2. Bimodal discrete crystalline
3. Cross-over 
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u = 1: monosized crystalline (cubic)
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Building block fcc
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Bimodal building block fcc
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Bimodal building block fcc
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Bimodal building block fcc
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Bimodal building block fcc
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Bimodal cell volume
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Bimodal fcc cell volume (C = ½)
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Packing fraction bimodal fcc
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Building block bcc
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Bimodal building block bcc
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Bimodal building block bcc
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Bimodal building block bcc
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Bimodal building block bcc

∑ ⎥⎦
⎤

⎢⎣
⎡ −ψ++−⎟

⎠
⎞⎜

⎝
⎛=

=

−−
n

0i

3
S

3
Li

3
Sn

i3
Ln

ini
L

in
Li

n
cell ))(()X1(XV llll

3
SL

3
LL

n

0i

3
Sn

i3
Ln

ini
L

in
Li

n )X1(X)()X1(X llll −+=∑ ⎥⎦
⎤

⎢⎣
⎡ +−⎟

⎠
⎞⎜

⎝
⎛

=

−−

))(X1(XC2)()X1(X 3
S

3
LLL

n

0i

3
S

3
Li

i
L

in
Li

n
llll −−=∑ ⎥⎦

⎤
⎢⎣
⎡ −ψ−⎟

⎠
⎞⎜

⎝
⎛

=

−

))(X1(XC2)X1(XV 3
S

3
LLL

3
SL

3
LLcell llll −−+−+=



66

Packing fraction bimodal bcc
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Building block sc
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Bimodal building block sc
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Bimodal building block sc
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Bimodal building block sc
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Bimodal building block sc
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Bimodal building block sc
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Bimodal building block sc
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Packing fraction bimodal sc

ud;d;u
d
d

S

L
LLSS

S

L =⇒===
l

l
ll3

SL
3
LL

3 d)X1(dXd −+=

))(X1(X)X1(XV 3
S

3
LLL

3
SL

3
LL

3
cell lllll −−+−+==

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−++−

+−
==η

π

)1u)(X1(X1)1u(X
1)1u(Xf

d
3

LL
3

L

3
L

sc3

3
6

sc
l

2/1C0
dX
dV

1XL

cell

L

=⇒=
=



75

General equation for bimodal graphs?
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Tetrahedron Hexahedron

True for n = 4 and n = 8 graphs 
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Also true for n = 6 graphs 

Octahedron
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Five platonic solids

Hexahedron

6 faces

Tetrahedron

4 faces

Octahedron

8 faces

Dodecahedron

12 faces

Icosahedron

20 faces
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1. Polydisperse geometric packing
1. Bimodal discrete random
2. Polydisperse discrete random
3. Continuous random

2. Amorphisation
1. Bimodal discrete random
2. Bimodal discrete crystalline
3. Cross-over 
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Amorphous-crystalline (fcc) crossover
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Amorphous-crystalline crossover
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Amorphous-crystalline (bcc) 
crossover

bccrcp η=η
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Amorphous-crystalline crossover
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Conclusions
The onset of the monosized to bimodal packing 

of particles can be used to:

- study packing fraction of polydisperse 
geometric packings

- study amorphisation of crystalline materials

“Simple” hard particle/sphere packings can be 
applied to real and complicated systems.
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Questions?
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