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Bravais lattices crystalline (cubic) system

fce bce SC
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Disordered closed packing monosized spheres

RCP: f ., = 0.64;
¢,=0.36
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Disordered packing bimodal spheres with small size ratio u
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Blmodal dlscrete (saturated)

Py= P42

OF
¢f=(1-f)f |
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Bimodal dlscrete (saturated)

®,= 9,2 @,=05->9,=0.25
f,=0.5
o.f=(1-f)f - CS:(l—fl)fl _ 9
2-fHf, 1+,
f2= (2 _f1) f1 CS= 1/3
f,=0.75 ¢ =1
f, / 2-1)f, 1+o,
c . =2/3
r'=1/(p1=C|_/CS=2
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Blmodal discrete (saturated)
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Bimodal discrete (saturated)
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Blodal dlscrete (u — 1)
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h(c ,u)=0¢, —4po,(1-,)c, (1—c )(u-1)
h(c ,u)=9, - ; Bo,(1—¢,)c (1- CL)(U’3 —1)

B | dh
¢, (1-0,) du u=l,¢, =0.5

B=

r=c/cg =1
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Volume fractlon"ofoptlmum packing
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Volume ratio of optimum packing

2.0 ¢ CL/CS =
° /@, =2

r=g(u)
18

1.6 -

1.4 -

12 e Furnas (1928, 1929)
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B | dh
¢, (I-¢,) du

B=

u=l,c  =0.5

¢, and [3 depend on:

- particle shape

- mode of packing (loose, dense)
only
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Values of ¢,and 3

Material Mode Shape 0, B
Steel rcp spherical 0.375 0.140
Simulation rcp spherical 0.360 0.204
Steel rlp spherical 0.500 0.125
Plastic cp cubical 0.433 0.134
Quartz cp fairly angular 0.497 0.374
Feldspar cp plate-shaped 0.503 0.374
Dolomite rcp fairly rounded 0.505 0.347
Sillimanite rcp distinctly angular 0.531 0.395
Flint rlp angular 0.55 0.160
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1. Polydisperse geometric packing
1. Bimodal discrete random
2. Polydisperse discrete random
3. Continuous random

2. Amorphisation
1. Bimodal discrete random
2. Bimodal discrete crystalline
3. Cross-over
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Polydlsperse dlscrete (saturated)

(pn= (p1n .
C fl _fl—l (Pl (1_(P1)
\ P = = -
fn 1—(P1
1=1,2,...n
f,=1-(1-1f,)
Bimodal (n = 2):
1— 1
) ¢, = (P; _
f, I-¢; 1+
c o (1-9) o
Po1—g 149
r=c/c,, = 1/, : :
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Polydisperse saturated discrete packing is
geometric:

- diameter/size ratio of subsequent fractions
IS constant: u

- quantity/population ratio of subsequent
fractions is constant: r
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" Polydlsperse geometric
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C.
i c¢,+c,, +...tC, +C,

1+1

¢, +Cy+...+C_, +C,

C.

1

>
F(d) =~
>
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Polydisperse discrete geometric

=u" =>n="logy= “log{ddl }

n+l n+l

n—i+l= “log{ d }
dn+1

I,n—i+1 1 r“log(di/dnﬂ) 1 d:x _d¢

F(di) = — — o
"t —1 r log(d,/dy.1) —1 d? — dﬁﬂ
o ="'logr Saturated rlp: =2 (= 1/¢9,),u= 10
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Polydisperse discrete geometric (void fraction)

n—1 n—1
h(u,r 2
¢ = (Pl( (®, )j = (P{ﬂj saturated
®, 0,
“logo,
n 1o d
=P =0 '(Pll B (Pl(_lj
dn
n—1
h(u,r)
¢=0, 0 unsaturated
1
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1. Polydisperse geometric packing
1. Bimodal discrete random
2. Polydisperse discrete random
3. Continuous random

2. Amorphisation
1. Bimodal discrete random
2. Bimodal discrete crystalline
3. Cross-over
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Polydisperse geometric (n — «; u — 1)

1

n

1
y=—1% —y" S u=y"~1+

min

Iny+ O(Lz)
n

o ="'logr

o

r=y5z1+%1ny+0(nl—2)
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Polydisperse geometric (u — 1)

Lim Lim dr
o= logr =—
u—1 u—1 du

u=l1

d*—-d>
Fd — min
(d)=——q a#0

max min

Ind—Ind_
ln dmax B ln dmin

F(d) =

a=0
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Polydlspersegeometrlc (N —> ~;u—1)
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Polydlspersegeometrlc (N —> ~;u—1)

0
1 ;ln Yy
1 >
r
-
Y
COSY = :
1+ o
1 - B(1-9,) @,
—Iny
n
h(u.r) = h(1, 1)+ S8 ¥y dh
u . n du N
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Polydisperse geometric continuous

n—1

h(u,r

<p=q>1( (<|> )] ¢; <h<g,
1

Caquot (1937)
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1. Polydisperse geometric packing
1. Bimodal discrete random
2. Polydisperse discrete random
3. Continuous random

2. Amorphisation
1. Bimodal discrete random
2. Bimodal discrete crystalline
3. Cross-over
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Bravais lattices (u = 1) cubic system

fce bce SC
Al, o A2, B
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Bimodal random discrete spheres

n(u, Xp) =
1 -h(u, X))

0.74

0.72 -

0.70 -

0.68 -

0.66 -

0.64

0.62

———-rcp,u=1.207

fce

rcp

0.4

0.6
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1. Polydisperse geometric packing
1. Bimodal discrete random
2. Polydisperse discrete random
3. Continuous random

2. Amorphisation
1. Bimodal discrete random
2. Bimodal discrete crystalline
3. Cross-over
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u = 1: monosized crystalline (cubic)

fce bcc SC

T b T T T 13 T 13
474> 4rd C2rd 2] o4 4d

6

f — = f = =
R (WV2) 7 2d/\3) AR &

:Qz0.74 :ﬁz().ég =—~0.52
6 8
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Bmldlng block fcc

Tetrahedron (n = 4)
1=0and 4 (n)

¢ Graph —

14

Vi = 20| (1) XE X0 (1] AL ) SR+ =X )

=

V= 3| (1) X=X 4 w0 -]
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Blmodal bundlng block fcc

V= £[ ()X a-x0 e A ) - )]

1=0

=0, y;=0

Va=(4)Xi0 =xi0
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Blmodal bundlng block fcc

Vo= 3| (1) XX A L v (-
i=1;y,=3C/6=CP2

Vo= (1) XL X0G A #5545 -1 =

AX (1=X)G 0+l +5 (0= 19)
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Blmodal bundlng block fcc

Vo= 3| (1) XX A L v (-
i =2y, = 4C/6 = 2C/3

Vo =(3 ) XE-X0PG A 4 8¢ )=

6X (1-X )G Ly +5 s+ 5 (1= £5)
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Bimodal building block fcc

1=0

V= £ (XU X0 - )]

> (?)Xi_i(l—XL)i(“T_ifi +%€3S)} =X, /1 +(1-X, )/ Retgers
i=0|_
> [?)Xi‘ia—xaiwi(ﬁi—eb 20X (=X )£ — 1)

v

cell

=X, 00 +(1=-X ) +2CX, (1=-X )07 =1)



&

University of Twente

The Netherlands

9
. “Rattle in cage”

[ 14 ] 84+ s ———==== —
dVCCH :O KS 7 | C_ 1/2 ’/,/
dX, | N e

> ./"Retgers (1889)
—-C=1/2 4 7

3 7
gL/gszu:2% 2 ’/_/‘

1 ’/ | | | |
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Blmodal fcc ceII volume (C =

3 3 3 3 3
Vcell_g _XLgL+(1_XL)€S+XL(1_XL)(€L_KS)
cL ‘. 2 u XL measured model £ Re tgers
(nm) | (nm) (nm) (nm) | (nm)
0.500 414 375 | 1.104 | 0.426 403 402 393
0.901 472 375 | 1.259 | 0.048 385 386 381

Colloidal crystallization data: Luck, Klier & Wesslau (1963)
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Packing fraction bimodal fcc

v

cell

=0’ = XL€3L + (1_XL)€3S +XL(1_XL)(€3L _638)
d’=X,d} +(1-X,)d}

:u;fszdsﬁ;ﬁdeLﬁji—Lzu

S S

_4d . X, (u’-1)+1
X, @ -D+1+X, 1-X, )W’ -1)

(@R
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1=0and 4 (n)

S O—O
\ [} / Graph —
\/ H—O

14 14

Vi = 20| (1) XE X0 (1] L3 AL = )| -AKE + 0= X "L )

=

V= 3| (1) X=X 4 w0 -]
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Vo= 3| (1) XX L) - )|

1=0

i=0;y.=0 O O
Vo =3 )Xt =X
O—O
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Blmodal bmldlng block bcc

Vo= 3| (1) XX A L v (-

1=0

i=1;y,=2C/4=C/2

Vo= (1) XL X0G A #5545 -1 =

AX (1=X)G 0+l +5 (0= 19)
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Blmodal bmldlng block bcc

Vo= 3| (1) XX A L v (-

1=0

1=2;y;=C (2/3x2/4+1/3 x4/4)=2C/3 ‘_‘ ’___Q
Vo = Oxza X GO +2 0+ (0 —13) = O—C)O“‘

6 Xy (1-X )5 +5 b+ 5 (L= 19) p=2/3 p=1/3
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Blmodal bmldlng block bcc

V= £| (1) X=X A B - )|

1=0

B (1) a-X0' e+ L) | =X +a-X)8

1=0

B0 X - X0 (e - )| 20X, - X )0 - £4)

1=0

v

cell

=X, 00 +(1=-X ) +2CX, (1=-X )07 =1)
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Packing fraction bimodal bcc

dV

cell

dX,

=0=C=1/2

Vcell =0’ = XL€3L +(1_XL)€3§ +XL(1_XL)(€3L _638)

& =X d+(1-X,)d j—L:u;KS:ZdS/ﬁ;EL:ZdL/ﬁ:i—Lzu
S S
B 22d° _¢ X, (0’ =1)+1
Moee =73 = el X3 Z 414 X, (1=X, (@ —1)
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Bmldlng block SC
1=0and 8 (n)

Q O

n=2g

I Graph —

¢ / @, O

Vi = 20| (1) XE X0 (1] L3 AL = )| -AKE + 0= X "L )

=

V= 3| (1) X=X 4 w0 -]
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Blmodal bundlng block sc

V= £[ ()X a-x0 e A ) - )]

1=0

=0;y;=0 C\ f)

( )x g =X e

v

cell —
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Blmodal bundlng block sc
Vo= 3| (1) XX A L v (-

Q

N\

1=1;y,=C/4

Vo =(1) XL0-XOG AL+ 1654 C0 - ) -

BXL(U=X (gl + 505 +5 (0= £5)
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Blmodal bundlng block sc

Vo= 3| (1) XX A L v (-

1=0

1=2;y,=C 3/7x4/12 +4/7 x 6/12) = 3C/7

v

cell

Oxm X V(EE 20425 1)) =

28X (1= X, )C 03 + 103 256 - 3))
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Blmodal bundlng block sc

Vo= 3| (1) XX A L v (-

1=0

1=3;y.=C3/7x5/12+3/7x7/12+ 1/7 x9/12) = 15C/28

p=23/7
Oxs(l X, PCLR 42045503 —phy) =

V

cell —
56X (1-X ) £y +5 05+ 5 (L1 = 7))
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n

Vo= 3| (1) XX A L v (-

1=0

1=4; y.=C (4/35x4/12 +2/5x 6/12 + 16/35 x 8/12 + 1/35) =4C/7

Y e P

p=4/35 p=2/5 p=16/35 p=1/35
Ve =3 XLO-XO)* G0+ B+ 5 (0 - =

7033 (1-X, )L 63 + L3+ (13 = 1))
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Blmodal bundlng block sc

V= £| (1) X=X A B - )|

1=0

B (1) a-X0' e+ L) | =X +a-X)8

1=0

B0 X - X0 (e - )| 20X, - X )0 - £4)

1=0

v

cell

=X, 00 +(1=-X ) +2CX, (1=-X )07 =1)
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Packing fraction bimodal sc

dV

cell

dX,

=0=C=1/2

Vcell =0’ = XL€3L +(1_XL)€3§ +XL(1_XL)(€3L _638)

de _ .
dS gS

B %d3 _f XL(u3—1)+l
Msc /3 X, (0 -D+1+X, 1-X,)(u’ -1)

d’=X,d; +(1-X,)d;
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General equation for bimodal graphs?

v

cell

=X, 0 +(1=-X )i +2CX, (1-X (0] =13%)

dVeoy =0=>C=1/2

dX

v

cell

=0 =X 0+ (=X )0+ X (=X )0 = £5)
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True for n =4 and n = 8 graphs

Q @,

O—O
O—O & O

Tetrahedron Hexahedron
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Octahedron
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Five platonic solids

v i BO O

Tetrahedron Hexahedron Octahedron Dodecahedron  Icosahedron

4 faces 6 faces 8 faces 12 faces 20 faces
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1. Polydisperse geometric packing
1. Bimodal discrete random
2. Polydisperse discrete random
3. Continuous random

2. Amorphisation
1. Bimodal discrete random
2. Bimodal discrete crystalline
3. Cross-over
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Crystalline and amorphous packing fraction
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Crystalline and amorphous packing fraction
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Amorphous-crystalline (fcc) crossover

] X, (0’ =1)+1 _
Neee = e X (u —1)+1+X (1 X )(u _1) —

(1-X, (1-X,)(u’=1))+0((u’ -1)%)

fcc

nrcp _f + B 1rcp(1 rcp)X (1 X )(u _1)
T]rcp = T]fcc
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Amorphous-crystalline crossover

fr.(1=X, (1- XL)(u3 —-1))=

frcp + ;Bfr (1 o fr(:p))<L (1 o XL )(u3 o 1)

cp

1

u -1

Bf (1-f )+f
=Z:(1—XL)XL[3B rcp( rCp) fce

froe = frep

fcc
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—--—- numerical models

model
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Amorphous;crystalllne (bcc)
crossover

X, (v’ -1)+1
T]bcc fb(:(:( ( ) j:

X, (W -D)+1+X, (1-X, )(u® -1)
(1-X, (1-X, )1’ =1)+O((u’ =1)%)

bcc
nrcp _f + B rcp(1 rcp)X (1 X )(u _1)

n rcp = T‘lbcc
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Amorphous-crystalline crossover

foee (1= X (1= XL)(U3 —1)) =

frcp + ;Bfr (1 B fr(:p))<L (1 B XL )(u3 o 1)

cp

1
u —1

Bf (1-f )+f
ZZZ(I—XL)XL[3B rcp( I‘CP) bccj

free = Trep

bce
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Map of closest packing bcc-rcp
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The onset of the monosized to bimodal packing
of particles can be used to:

- study packing fraction of polydisperse
geometric packings
- study amorphisation of crystalline materials

“Simple” hard particle/sphere packings can be
applied to real and complicated systems.
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Conclusion
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