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SUMMARY

External forces lead to granular flow under the condition that the applied shear stress
reaches the yield (shear) stress while an(other) stress must be maintained for continuous
flow in steady state. Most studies in granular physics focus on dry granular materials and
their flow rheology. However, wet granular materials are ubiquitous in geology and many
real world applications where interstitial liquid is present between the grains. There are
several proposals for flow rules of dry and wet granular materials available in the litera-
ture. These flow rules differ in complexity and in the number of parameters, which are
combined in the equations. The main focus areas of my research are (i) the formulation
of suitable constitutive equations for the hydrodynamic density-stress-strain relations,
specifically for wet granular materials, (i) the deduction of the constitutive equations
from discrete element simulations, and (iii) the validation of the micro-macro transition
with numerical, theoretical and experimental results. The geometrical set-up of split-
bottom shear cell used in my research is most appropriate for assessing the shear band
originating from the split position that widens near the free surface. The velocity profiles
exhibit tails that decay as an error function.

In partially saturated systems, in the pendular regime, the formation of liquid bridges
between particle pairs leads to the development of microscopic tensile forces, result-
ing in cohesion at macroscopic scale. For this, macroscopic quantities consistent with
the conservation laws of continuum theory, are obtained by time averaging and spa-
tial coarse graining of the discrete constituents. Initial studies involve understanding
the effects of liquid content and liquid properties on the macroscopic quantities. One
research goal is to understand the essential phenomena and mechanisms, which deter-
mine the rheology of dry and wet granular flow under a different complex conditions.
The rheology is described in terms of different dimensionless numbers that relate the
time scales of significant phenomena, namely, the time scales related to confining pres-
sure Iy, shear rate ty, particle stiffness #; and cohesion #, respectively. Those phenom-
ena collectively contribute to the rheology, entering as multiplicative corrective func-
tions (that turn out to be first order linear). Thus, my research proposes a modified gen-
eralized flow rule/rheology to close the fundamental conservation laws for mass and
momentum. Subsequently, a correlation is developed between the micro parameters
and the steady state cohesion in the limit of very low confining pressure. The macro-
scopic torque measured at the walls, which is an experimentally accessible parameter, is
predicted from simulation results and from the model in dependence on the steady state
cohesion.

Another aspect of studying unsaturated granular media is the movement of intersti-
tial liquid due to the rupture of existing and formation of new liquid bridges. Shearing a
wet granular system causes a re-distribution of the interstitial liquid. This can strongly
change the materials’ bulk behavior. I study the transients of this liquid re-distribution,
using the Discrete Element Method (DEM) for different initial wetting conditions. The
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liquid is then re-distributed under shear. For small shear strain, the interstitial liquid is
locally re-distributed to a quasi-steady state almost independent of the initial condition,
while for larger shear strain, liquid is transported diffusively away from the shear zone. It
is observed in earlier studies that depletion of liquid is observed in the shear band dur-
ing shear. A front of high density of liquid content is observed moving outwards to the
tails of the shear band, demarcating the sheared depleted zone from the relatively sat-
urated zone. This front is propagating towards the boundaries, possibly drying out the
entire system, but the boundaries in the long run. This liquid transport can be modeled
by a diffusion equation with a space-dependent diffusive coefficient in the split bottom
geometry. Alternatively, it is shown here that this is an advective-diffusive process with
constant diffusivity coefficient and a space-dependent drift, when transformed to a ap-
propriate set of variables that can be solved analytically.

The final chapter of this thesis concerns the experimental work exploring the surface
flow profile for different dry and wet granular materials. The novel experimental tech-
nique used is a combination of Particle Tracking Velocimetry (PTV) and Coarse Graining
(CG) to obtain continuum velocity fields of granular flow.
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Externe krachten kunnen ertoe leiden dat granulaire materialen beginnen te stromen
indien de opgelegde afschuifspanning de vloeigrens bereikt. Bij de meeste granulaire
studies wordt gefocust op droge materialen en hun reologie. Echter zijn vochtige gra-
nulaire materialen alomtegenwoordig in geologie en industriéle toepassingen wanneer
er een vloeistof aanwezig is tussen de korrels. In de bestaande literatuur zijn er enkele
regels hoe droge en natte granulaire materialen zich gedragen als ze stromen. Echter,
deze regels verschillen in complexiteit en de hoeveelheid stromingsparameters als deze
zijn vertaald naar vergelijkingen. De gebieden waar ik op focus in mijn onderzoek zijn
(i) het formuleren van geschikte constitutieve vergelijkingen voor de hydrodynamische
dichtheid-spanning-rek verhoudingen, specifiek voor vochtige granulaire materialen,
(ii) het afleiden van de parameters voor deze vergelijkingen uit discrete element me-
thode simulaties, en (iii) de toetsing van de micro-macro overgang door numerieke, the-
oretische en experimentele resultaten. De kenmerkende geometrische opstelling split-
bottom shear cell is hiervoor het meest geschikt. Deze heeft een afschuifband beginnend
op de split positie waar deze uitwaaiert richting het oppervlak waar het materiaal vrij kan
stromen.

Ik onderzoek gedeeltelijk verzadigde systemen in het pendulum regime, waar de vor-
ming van vloeistof bruggen tussen de korrels leidt tot de vorming van microscopische
trekkrachten. Deze trekkrachten gevormd door vloeistofbruggen bij contact tussen kor-
rels van op de macroschaal leiden tot cohesie. Het doel van ons onderzoek hier is het
vinden van de micro-macro correlaties die geldig zijn voor zowel natte als vochtige gra-
nulaire materialen. Hiervoor zijn macroscopische grootheden nodig die verenigbaar zijn
met de behoudswetten van de continuiim theorie. Deze worden verkregen door de dis-
crete waarden te middelen over tijd en coarse grainen over ruimte. De begin studies be-
treft het begrijpen van het effect van het vloeistof gehalte en de vloeistof eigenschappen
op de macroscopische grootheden. Een van de doelen van het onderzoek is het begrij-
pen van de essentiéle verschijnselen en mechanismen die de reologie van de vochtige
granulaire stroming bepalen onder verschillende en complexe omstandigheden. De re-
ologie is beschreven door middel van dimensieloze grootheden die de tijdschalen van
de belangrijke verschijnselen met elkaar verbindt. Hierbij worden de tijdschalen met
betrekking tot de lithostatische druk 7, , afschuif snelheid #; , korrel stijtheid #; zwaar-
tekracht 7 en de cohesie 7 meegenomen. Ik laat zien dat deze verschijnselen geza-
menlijk bijdragen aan de reologie doordat deze als multiplicatieve correctie functie wor-
den toegevoegd (welke eerste orde lineair blijkt te zijn). Dus geven wij als voorstel een
aangepaste gegeneraliseerde stromingsregel/reologie om alle belangrijke relaties tussen
de stromingsvariabelen te omvatten welke nodig zijn om de fundamentele behoudswet
van massa en impuls te sluiten. Vervolgens is er een correlatie afgeleid tussen de micro-
parameters en de steady-state cohesie inclusief de limiet met lithostatische druk van
nul. De macroscopische koppel gemeten aan de wand, een parameter die experimen-

Xiii
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teel gemeten kan worden, is voorspeld doormiddel van mijn simulatie resultaten met
afhankelijkheid van de micro-parameters.

Een ander aspect van het onderzoek naar niet gesatureerde granulaire materialen is
de verplaatsing van de vloeistof tussen de korrels door de afschuiving doordat bestaande
vloeistofbruggen worden verbroken en nieuwe worden gevormd. Door een afschuiving
aan te brengen op een vochtig granulair systeem herverdeeld deze vloeistof zich. Dit
kan leiden tot een sterke verandering in het gedrag van het bulkmateriaal. Ik onder-
zoek de overgang van deze vloeistof herverdeling door middel van de Discrete Element
Methode (DEM) voor verschillende initiéle bevochtiging condities. Voor kleine afschui-
vingen, wordt de vloeistof tussen de korrels lokaal herverdeeld. Voor grotere afschuivin-
gen wordt de vloeistof weg getransporteerd uit het afschuif gebied. Vloeistof migratie
is een interessant verschijnsel in afschuivende granulaire materialen. In eerdere stu-
dies is waargenomen dat er uitdunning van vloeistof optreedt in de afschuif band ge-
durende afschuiving. Een front van hoge concentratie van vloeistof beweegt zich naar
buiten naar de randen van de afschuif band, waardoor er een scheidslijn ontstaat tus-
sen het uitgedunde gebied en het relatief verzadigde gebied. Dit front verplaatst zich
richting de randen, wellicht kan dit het hele systeem uitdrogen met uitzondering van
de randen op een groter tijdsinterval. Voorgaande studies laten zien dat deze vloeistof
verplaatsing kan worden gemodelleerd door middel van een diffusie vergelijking met een
ruimte-afhankelijk diffusie coéfficiént in de split-bottom geometrie. Echter laten wij een
alternatief zien dat het een advectie-diffusie proces met een constante diffusie coéffici-
ént en ruimte-athankelijk drift coéfficiént als deze wordt omgeschreven naar een andere
set variabelen.

In het laatste hoofdstuk van deze thesis, focussen wij op het experimentele werk.
Ik verken het oppervlakte stroom profiel en afschuifband eigenschappen met verschil-
lende condities in droge en vochtige granulaire stromingen. De nieuwe experimentele
techniek die ik gebruik is een combinatie van Particle Tracking Velocimetry (PTV) en
Coarse Graining (CG) om continuiim snelheid velden te krijgen.



INTRODUCTION

1.1. INTRODUCTION

Matter is usually classified into solids, liquids and gases. Granular material is a collection
of distinct macroscopic particles, such as sand in an hourglass or peanuts in a container.
They behave differently than solids, liquids, and gases which has led many to character-
ize granular materials as a new form of matter. One of the biggest challenges is when we
try to model granular material flow i.e. the “hydrodynamics of granular matter” as major
goal of this thesis. For example, if we look at the top section of an hour glass as shown in
Figure 1.1, we see that the grains are stationary, behaving like solids. In the center and
close to the bottom of the top section, near the nozzle, the grains flow and thus behave
like a liquid. When we move to the bottom section of the compartment, the grains form
a conical heap signifying that the materials can support their own weight, unlike a stan-
dard liquid. In fact when we look at the downstream and where the stream hits the top
of the cone, we might be able to see that the grains are actually colliding and bouncing
around much like we expect in a gas. Yet, in contrast to what is seen in atomistic gases,
the collisions between the grains are inelastic and dissipative in nature, leading to energy
loss due to mechanisms like friction between the grains. Thus, in this one geometry, we
see that what appears to be granular solid, liquid and gas co-existing at the same time,
yet they do not behave like ideal solids, liquids or gases.

Judging from the ease with which granular matter flows through the orifice of an
hourglass, or forms sand dunes like waves on the ocean, dry sand could be called a fluid,
very much resembling regular liquids, like water. However, when some liquid like water
is mixed into dry sand, a pasty, more viscous material emerges which loses its fluidity
partially. Thus, the addition of liquid forming capillary bridges between the adjacent
grains plays an important role in the transition from liquid- to solid-like behavior [1-5].
Another example is a sandcastle, see Figure 1.2. With a sandcastle, the wet sand can be
held together like a solid, but it can also fall apart as it dries, breaking off the walls of an
inclined surface in an avalanche, in “wedges”, or in other patterns.

Even though sand may appear liquid-like, and wet sand may appear solid-like, it is
not yet clear if any standard fluid dynamics principle can be applied, especially in the
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Solid

Liquid

Solid

Figure 1.1: Hour Glass demonstrating the behavior of granular materials (Copyright Walls Cover).

transition from fluid to solid when going from dry to wet flow. The need for bulk predic-
tions has restricted the studies of granular materials mainly to real systems which are far
too complex for a microscopic approach. One rather uses continuum models, with em-
pirical material laws as input which exhibit effects similar to those observed in the real
systems of materials. Continuum constitutive relations for bulk granular flow, forming
the basis for a hydrodynamic theory are mostly derived and verified from small scale rep-
resentative micro-scale simulations. Several studies have been done on the constitutive
relations for dry granular materials within the last decade, mostly based on simulations
and experiments. The presence of interstitial liquid for wet materials adds further com-
plexity to that. Several constitutive models for the stress strain behavior of partially sat-
urated soils are proposed [9, 10]. An extension of the Mohr Coulomb failure criterion is
presented to include partial saturation, through a new angle of friction and by including
cohesion [11]. From the soil mechanics perspective, special attention has been paid to
the use of effective stress. The basic information like the degree of saturation for finding
the equivalent fluid pressure in unsaturated soil is given by Bishop-type formulations. It
is suggested that this effective stress should be related to the soil microstructure [6-8].

When one takes a closer look on the characteristics of liquid, one might notice that
liquid flows readily; yet it can adopt extremely stable shapes when the volume is very
small. Aliquid surface can be thought of as a stretched surface characterized by a surface
tension that opposes its distortion. In fact, a liquid molecule near the surface looses
halfits cohesive interactions with the surrounding molecules, thus resides under tension
causing surface tension and resulting in capillary forces in presence of other materials.
Capillary forces are truly remarkable. They enable insects to walk on water. As we will
see later, the two aspects of surface tension energy and force will be a recurring theme.
The capillary force in unsaturated granular media originates from the attractive forces
due to the surface wetting property of the liquid between the particles, see Figure 1.3.
The liquid meniscus between the two particles is concave and has a negative radius of
curvature, showing a pressure difference between the liquid and the vapor phase, i.e.
pressure in the liquid is lower than in the vapor phase. However, this holds true for most



1.1. INTRODUCTION 3

Figure 1.2: Sand castle demonstrating the behavior of wet granular materials (Copyright Sandscapes).

generalized cases when the liquid is wetting and liquid/ solid/ vapor contact angle is
less than 90°. The capillary bridge will exhibit a convex meniscus with positive radius
of curvature if the liquid/ solid/ vapor contact angle is greater than 90° when the liquid
is non-wetting [12-14]. The Laplace-Young equation describes the pressure difference
sustained across the interface between the phases due to surface tension [15-18]. The
profile and properties of liquid bridges is governed by the Laplace-Young equation [19-
24]. Tt relates the pressure difference to the radius of curvature of the meniscus and is of
fundamental importance for the study of capillary bridges.

Several capillary bridge models (CBMs) are deduced based on experimental informa-
tion and numerical solution of the Laplace Young equation and have been the subject of
investigations within the last decade [20, 25, 26]. They all have in common that the irre-
versible force becomes active at contact only, but is active upto a cut-off distance at rup-
ture of the bridge. These CBMs can be implemented in particle based simulation meth-
ods, for example the Discrete Element Method (DEM), in order to model the effects of
individual capillary bridges between particles on the bulk materials. The resulting bulk
behavior (and hydrodynamics) can not easily be anticipated from the functional rela-
tionships given by the different CBMs. Recent studies confirmed that the specific choice
of the CBMs has no marked influence on the hydrodynamics of granular flow [27, 28] for
small volumes of interstitial liquids. In fact, the force at contact and the energy, i.e. the
integrated capillary force of the CBMs determine the bulk properties. However, whether
one can tune the parameters of completely different cohesive contact models to obtain
the same bulk behavior, for example a dry cohesive model with non-contact, reversible
Van der Waals forces, is still an open question that needs to be addressed.

Though capillary cohesion is associated with all liquid bridges, the stability of liquid
bridges subjected to external forces is a matter of discussion which has a long history.
Several studies have been done under varied conditions of electric fields [29, 30], gravity
fields [31, 32], under vibration [33, 34] or shear [35, 36] to examine the changes in shape
and spreading of capillary bridges. The rupture of liquid bridges, spreading of liquids
and then formation of new liquid bridges leads to the re-distribution as well as trans-
port of liquid [36]. Another source of liquid transport is the diffusion of the particles and
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Figure 1.3: Liquid capillary bridge between particles.

their associated liquid films [37]. The liquid transport modes are controlled by the lo-
cal saturation and the shear rate in the system. Liquid is drawn into dilating shear band
granular media when the system is fully saturated. However, one finds a depletion of
liquid in shear bands of unsaturated granular media, despite increased porosity due to
dilatancy. Though, there has been recent progress on experiments and numerical mod-
eling ofliquid transfer in sheared unsaturated granular media, the dynamics of the liquid
re-distribution and the associated transport processes are still not revealed.

Since decades, granular media have been subject of many studies, ranging from static
conditions to flowing, from hard to soft-particles and from dry to partially wet to fully
saturated. Micromechanical studies of granular materials gives an essential understand-
ing of their macro-scale behavior. Studies by Radjai et al. [65] classifies the contacts into
subnetworks of strong and weak contacts, where it is shown that the anisotropic shear
stress of granular materials is primarily carried by the strong contacts. Many other mi-
cromechanical studies of granular materials aimed towards understanding of their elas-
tic modulii behavior [66], contact force networks [67], dilatancy behavior [68]. From
the perspective of granular flow, researchers have investigated different flow configura-
tions like plane shear, Couette cell, silos, flows down an inclined plane, or avalanches
on piles and in rotating drums [38-42]. Shear bands, localized regions of concentrated
shear are an important feature of complex fluids like granular materials, deformed ir-
reversibly [43, 44]. Granular materials are characterized by enduring contacts between
particles and the existence of force chains [45-49]. Shear band formation has been ex-
tensively studied in specific, for plastic granular flows in rectangular, vertical-pipe chute
configurations. In these geometries, granular flows exhibit plug flow in the central re-
gion with shear bands near the side walls. Shear band formation with a wider range of
flow rates is probed in annular Couette cell geometry where an exponentially decaying
velocity profile is well established near the wall. Until 2001, it was mostly reported that
granular shear bands are narrow i.e. a few particle diameters wide and are accompa-
nied by strong localisation of strain. In a modified Couette cell, or so-called split-bottom
shear cell, granular flow is driven from the bottom, instead from the side walls [50-55].
Typically, a disc of radius R, mounted at the bottom is rotated at a rate Q and the outer
container is fixed. The differential motion of the of the disc and the container creates
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a very thin shear band at bottom that becomes robust and wide upwards and remains
away from the walls. The tails of velocity profile decay as an error function, not an expo-
nential function like the Couette cell. These observations strongly indicates that there
is a continuum theory with its own domain of validity, that should capture this smooth
quasi-static granular flow regime.

Partly saturated granular systems, mostly in the quasistatic, dense steady-state flow
regime, as realized in a split-bottom shear cell geometry. We make an attempt to under-
stand and predict the hydrodynamics or rheology of such shear-driven granular flows
through discrete particle simulations by utilising accurate discrete to continuum map-
ping methods, i.e. a micro-macro transition. Secondly, we focus on the migration of
interstitial liquid itself within the wet granular media and predict its flow by continuum
models, calibrated by discrete particle simulations and establish close agreement be-
tween the two methods. Finally, we use also experimental techniques to explore some
of the rheological properties of dry and wet granular flows. Before we progress with the
descriptions of our findings and results, in the following chapters, we proceed by briefly
introducing the specific goals of this thesis and overview of the chapters.

1.2. GOALS AND QUESTIONS

The aim of this thesis is to study wet granular materials in quasistatic shear flows. Dry
and wet granular materials are ubiquitous in many forms, be it in industries, earth and
agricultural sciences, in nature or in celestial bodies. How does the presence of intersti-
tial liquid at the microscopic level influence the macroscopic bulk properties and flow
of the materials? Are wet granular materials an extension of their dry counterpart or are
they completely different? These questions remain in our mind and will be addressed in
this thesis.

A liquid bridge capillary force model is well prescribed for modeling unsaturated
granular materials. Can we replace a non-linear capillary force by a simple linear one
to get similar bulk properties? How can we tune or scale the micro parameters to get the
same bulk behavior and how much detail is needed at the micro-scale anyway? Answers
to this would also give us the key parameters of contact models for the DEM simulation.

Another area of particular interest to many scientists is the flowing behavior of gran-
ular materials under shear, especially in the presence of an interstitial fluid. It is note-
worthy that the particles and the interstitial liquids behave differently under shear, thus
leading to rearrangement and transport of liquid. This is of fundamental importance in
the field of agriculture, soil mechanics or petroleum engineering. Shear being the fun-
damental factor, the question comes to our mind if shear is the sole factor influencing
the liquid rearrangement and transport processes, irrespective of the time of shearing.
Does the liquid re-distributon depend on the initial configuration? How do the liquid
transport mechanisms work and can we develop a macro-model with micro-basis? This
thesis tries to address most of the questions raised above, digging out the causes and
effects. Indeed, this thesis answers some of the fundamental questions in the form of
specific improved numerical models or analytical solutions of aspects of the “Hydrody-
namic theory of wet particle systems” thesis.
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1.3. DISSERTATION OVERVIEW

The chapters of this thesis are organized, starting from more generalized phenomeno-
logical models describing the rheology of granular materials over a wide domain ex-
plained in Chapters 2 and 3. In Chapter 4, we move towards more fundamental rheo-
logical model based on Mohr Coulomb theory to explore the micro-macro correlations.
We deal with our initial studies on rheology of granular flow in Chapters 2, 3 and 4 by
keeping the system simple and homogeneous in its liquid content. In a later stage in
Chapters 5 and 6, we consider a more complex DEM model where liquid is allowed to
move between particles and contacts. The complexity here lies in the fact that parti-
cles and their interstitial liquid flow differently when subjected to shear. Apart from the
movement of the liquids along with the particles and contacts, there is additional move-
ment of liquid whenever liquid bridges rupture. As a result, liquids are re-distributed or
transported differently than the particles. So far we had been dealing with particle sim-
ulations in discrete scale and hydrodynamic theory in the form of steady-state rheology
models obtained using DEM. However, in Chapter 6, we move to continuum modeling of
liquid transport in granular media and its comparison with DEM. Last but not the least,
we discuss about our experimental work in Chapter 7. Finally, we give our conclusion
and an outlook in Chapter 8.

In Chapter 2, the challenge on the theoretical side is to extend the classical internal
friction model, the so-called p(I) rheology, and previous results on soft and dry non-
cohesive materials, towards wet cohesive materials. A generalized rheology shows that
the steady-state macro friction coefficient (or normalized shear stress) is factorized into
a product of different functions, on top of the classical u(I) rheology, each of which de-
pends on at least one dimensionless control parameter. There are four control parame-
ters relating the five time scales of shear rate #;, particle stiffness 7y, gravity £, and cohe-
sion 7., with the governing time scale of confining pressure z,.

In Chapter 3, we investigate the effect of cohesion on the compaction or dilation of
sheared soft, wet granular materials. Inter-particle cohesion has a considerable impact
on the compaction of soft materials. Cohesion causes additional stresses, due to cap-
illary forces between particles, leading to an increase in volume fraction due to higher
compaction. This effect is not visible in a system of infinitely stiff particles. In addi-
tion, acting oppositely, we observe a general decrease in volume fraction for increased
cohesion, which we attribute to the role of contact friction that enhances dilation. We
complete the generalized rheology of Chapter 2 by a local volume fraction prediction de-
scribed in terms of the different time scales or dimensionless numbers, in similar spirit
of the generalized rheology for macro friction coefficient described in Chapter 2.

Chapter 4 describes micro-macro correlations valid for both dry and partially sat-
urated granular materials. A simple constitutive relation based on the Mohr Coulomb
failure criterion shows that the critical-state shear stress is constituted of the bulk co-
hesion and the macro friction coefficient [4, 56]. The bulk cohesion is correlated with
the Bond number or adhesion index, measured from the microscopic parameters of the
adhesive contact model [56, 57] and the confining stress or gravity.

In Chapter 5, we study the transients of this liquid re-distribution, using Discrete
Element Method (DEM) simulations for varying initial wetting conditions. In our model,
liquid is contained in liquid bridges between particles and liquid films on the particle
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surfaces. The liquid is then re-distributed under shear, due to the rupture and formation
of liquid bridges. A threshold liquid bridge volume is imposed to avoid clustering of
liquid. Two distinct effects are observed: for small amounts of shear, the re-distribution
of the interstitial liquid is dominant, while for larger amounts of shear, liquid transport
by diffusion away from the shear zone is dominating. The local re-distribution quickly
results in a characteristic distribution of liquid bridge volume, independent of the initial
wetting conditions. The mean liquid bridge volume, however, is strongly affected by the
threshold volume, showing the significance of this parameter. We further discuss the
effects of local shear rate and the saturation on the transients of liquid re-distribution.

Chapter 6 is a continuation of the discussions of Chapter 5 in the larger shear scale
when we observe liquid migration from the unsaturated shear band to the edges of the
shear band. Earlier studies show that the liquid migration is modeled by a diffusive equa-
tion with a space-dependent diffusive coefficient in the split bottom geometry. We show
that this is a drift-diffusion process with constant diffusivity coefficient and space de-
pendent drift coefficient, when transformed to a different set of variables.

Finally, in Chapter 7, we give a glimpse of our experimental work on measuring the
properties of the shear band at the free surface of dense granular flow in a split-bottom
shear cell geometry. The discrete velocity of the particles at the free surface is obtained
by 2D image analysis and Particle Tracking Velocimetry. The discrete particle velocity is
further translated to a continuous velocity field by using coarse graining tool MercuryCG
[58-61]. We estimate the location of shear band center and the width at the free surface
from the surface velocity profile for dry and wet granular materials.
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A GENERAL(IZED) LOCAL
RHEOLOGY FOR WET GRANULAR
MATERIALS

We study the rheology of dry and wet granular materials in the steady quasistatic regime
using the Discrete Element Method (DEM) in a split-bottom ring shear cell with focus on
the macroscopic friction. The aim of our study is to understand the local rheology of bulk
flow at various positions in the shear band, where the system is in critical state. We develop
a general(ized) rheology, in which the macroscopic friction is factorized into a product of
four functions, in addition to the classical u(I) rheology, each of which depends on ex-
actly one dimensionless control parameter. These four control parameters relate the time
scales of shear rate ty, particle stiffness ty, gravity ty and cohesion i, respectively, with the
governing time scale of confining pressure t,,.

While t; is large and thus of little importance for most of the slow flow data studied, it
can increase the friction of flow in critical state, where the shear gradients are high. tg
and ty are comparable to ty, in the bulk, but become more or less dominant relative to t,
at the extremes of low pressure at the free surface and high pressure deep inside the bulk,
respectively.

We also measure the effect of wet cohesion on the flow rheology, as quantified by decreas-
ing t.. Furthermore, the proposed rheological model predicts well the shear thinning be-
havior both in the bulk and near the free surface; shear thinning develops towards shear
thickening near the free surface with increasing cohesion.

2.1. INTRODUCTION
The ability to predict a material’s flow behavior, its rheology (like the viscosity for flu-
ids) gives manufacturers an important product quantity. Knowledge on material’s rhe-

This chapter has been published in New Journal of Physics 19, (2017) [3].
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ological characteristics is important in predicting the pourability, density and ease with
which it may be handled, processed or used. The interrelation between rheology and
other product dimensions often makes the measurement of viscosity the most sensi-
tive or convenient way of detecting changes in flow properties. A frequent reason for the
measurement of rheological properties can be found in the area of quality control, where
raw materials must be consistent from batch to batch. For this purpose, flow behavior is
an indirect measure of product consistency and quality.

Most studies on cohesive materials in granular physics focus on dry granular mate-
rials or powders and their flow [50, 52]. However, wet granular materials are ubiquitous
in geology and many real-world applications where interstitial liquid is present between
the grains. Many studies have applied the u (I)-rheology to flows of dry materials at vary-
ing inertial numbers I [1, 2, 4-6]. Studies of wet granular rheology include flow of dense
non-Brownian suspensions [7-10]. Here, we study partially wetted system of granular
materials, in particular the pendular regime, which is also covered in many studies [11-
13]. While ideally, unsaturated granular media under shear show redistribution of liquid
content among the contacts [14, 15], we assume a simplistic approach of homogeneous
liquid content for liquid bridges of all contacts. One of the important aspects of partially
wetted granular shear flows is the dependence of shear stress on the cohesive forces for
wet materials. Various experimental and numerical studies show that addition of liquid
bridge forces leads to higher yield strength. The yield stress at critical state can be fit-
ted as a linear function of the pressure with the friction coefficient of dry flow y, as the
slope and a finite offset ¢, defined as the steady state cohesion in the limit of zero confin-
ing pressure [11]. This finite offset c is constant in the high pressure limit. However, very
little is known regarding the rheology for granular materials in the low pressure limit.

Depending on the surrounding conditions, granular flows phenomenon are affected
by appropriate time scales namely, f,: time required for particles to rearrange under
certain pressure, f;: time scale related to strain rate y, f: related to the contact time
between particles, tg: elapsed time for a single particle to fall through half its diameter
under the influence of gravity and ¢,: time scale for the capillary forces driving the flow
are primarily hindered by inertia based on particle density. While various time scales,
as related to the ongoing mechanisms in the sheared bulk of the material, can interfere,
they also can get decoupled, in the extremes of the local/ global condition, if one time
scale gets way smaller in magnitude than the other. A detailed description of this time
scales are given in Sec. 2.3. While f;, tg and f. are global, other time scales t; and 1,
depends on local field variables strain rate y and pressure p respectively. We restrict
our studies to the quasi-static regime (#; > f,) as the effect of cohesion decreases with
increasing inertial number due to the fast decrease in coordination number [16]. More-
over, the quasistatic regime observed for non-cohesive particles also persist for cohesive
particles, while the inertial regime of noncohesive particles bifurcates into two regimes:
rate-independent cohesive regime at low shear rates and inertial regime at higher shear
rates [17]. In the present work, we shed light on the rheology of non-cohesive dry as well
as cohesive wet granular materials at the small pressure limit, by studying free surface
flow. While the inertial number I [18], i.e. the ratio of confining pressure to strain-rate
time scales, is used to describe the change in flow rheology from quasi-static to inertial
conditions, we look at additional dimensionless numbers that influence the flow behav-
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ior. (i) The local compressibility p*, which is the squared ratio of the softness and stress
time scales (ii) the inverse relative pressure gradient pg*, which is the squared ratio of
gravitational and stress time scales and (iii) the Bond number Bo [19] quantifying local
cohesion as the squared ratio of stress to wetting time scales are these dimensionless
numbers. We show a constitutive relation based on these dimensionless numbers in
Sec. 2.4, 2.5 and 2.6 of this paper. Additional relevant parameters are not discussed in
this study, namely granular temperature or fluidity. All these dimensionless numbers
can be related to different time scales or force scales relevant to the granular flow.

Granular materials display non-Newtonian flow behavior for shear stresses above
the so called yield stress while they remain mostly elastic like solids below this yield
stress. More specifically, granular materials flow like a shear thinning fluid under suf-
ficient stress. When dealing with wet granular materials, it is therefore of fundamental
interest to understand the effect of cohesion on the bulk flow and yield behavior. Re-
cently, the majority of investigations of non-Newtonian flow behavior focused on con-
centrated colloidal suspensions. Shear thickening is often observed in those flows due
to the formation of flow-induced density fluctuations (hydroclusters) resulting from hy-
drodynamic lubrication forces between particles [20]. Similar local clusters (aggregates)
can also be found in strongly cohesive wet granular materials, especially near to the free
surface, where attractive forces dominate their repulsive counterparts [50]. However, the
strong correlations observed between particles of close proximity in suspensions seem
to be irrelevant in wet granular systems, where the range of force interactions is much
more limited. On the other hand, Lin et al. [21] show that contact forces dominate over
hydrodynamic forces in suspensions that show continuous shear thickening. Fall et al.
[22] propose that discontinuous shear thickening of cornstarch suspensions is a con-
sequence of dilatancy: the system under flow attempts to dilate but instead undergoes
a jamming transition because it is confined. Another possible cause for shear thicken-
ing is the large stress required to maintain flow due to particle-particle friction above a
critical stress as in [23, 24]. This is more likely to happen in charge stabilized colloidal
suspensions. Kann et al. [53] described the nonmonotonic oscillatory settling velocity
of sphere in a cornstarch suspension, resulting from the jamming-unjamming behav-
ior of the suspension solution. Here we only intended to speculate the flow behavior of
cohesive granular materials in relevance to micro scale analogy for shear thickening in
suspensions and Sec. 2.7 of this paper is devoted to understand more on the behavior of
wet granular materials with increasing cohesion.

2.2. MODEL SYSTEM

2.2.1. GEOMETRY

Split- Bottom Ring Shear Cell: We use MercuryDPM (25, 26], an open-source implemen-
tation of the Discrete Particle Method, to simulate a shear cell with annular geometry
and a split bottom plate, as shown in Figure 2.1. Some of the earlier studies in similar
rotating set-ups include [27-29]. The geometry of the system consists of an outer cylin-
der (outer radius R, = 110 mm) rotating around a fixed inner cylinder (inner radius R; =
14.7 mm) with a rotation frequency of Q2 = 0.01 rotations per second. The granular ma-
terial is confined by gravity between the two concentric cylinders, the bottom plate, and
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a free top surface. The bottom plate is split at radius Rs = 85 mm. Due to the split at the
bottom, a narrow shear band is formed. It moves inwards and widens towards the flow
surface. This set-up thus features a wide shear band away from the bottom and the side
walls which is thus free from boundary effects. The filling height (H = 40 mm) is chosen
such that the shear band does not reach the inner wall at the free surface.

Figure 2.1: Shear cell set-up.

In earlier studies [1, 30, 50], a quarter of this system (0° < ¢ < 90°) was simulated us-
ing periodic boundary conditions. In order to save computation time, here we simulate
only a smaller section of the system (0° < ¢ < 30°) with appropriate periodic bound-
ary conditions in the angular coordinate, unless specified otherwise. We have observed
no noticeable effect on the macroscopic behavior in comparisons between simulations
done with a smaller (30°) and a larger (90°) opening angle. Note that for very strong
attractive forces, agglomeration of particles occur. Then, a higher length scale of the
geometry is needed and thus the above statement is not true anymore.

2.2.2. CONTACT MODEL AND PARAMETERS
The liquid bridge contact model is based on a combination of an elastic-dissipative lin-
ear contact model for the normal repulsive force and a non-linear irreversible liquid
bridge model for the non-contact adhesive force as described in [11]. The adhesive force
is determined by three parameters; surface tension o, contact angle 8 which determine
the maximum adhesive force and the liquid bridge volume 14, which determines the
maximum interaction distance between the particles at the point of bridge rupture. The
contact model parameters and particle properties are as given in Table 2.1. We have a
polydisperse system of glass bead particles with mean diameter d}, = (d) = 2.2 mm and
a homogeneous size distribution (dpin/dmax = 1/2 of width 1 - (d)y?1{d?) ~ 0.04). Note
that we neglect the additional viscous dissipation due to wet medium as proposed by
Cruger et al. [51] since we mostly study the slow flows.

To study the effect of inertia and contact stiffness on the non-cohesive materials rhe-
ology, we compare our data for non-cohesive case with data from simulations of [1] for
different gravity as given below:

g € [1.0, 2.0, 5.0, 10.0, 20.0, 50.0] ms 2. (2.1)
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Table 2.1: Table showing the particle properties and constant contact model parameters.

Parameter Symbol  Value

Sliding friction coefficient Kp 0.01

Normal contact stiffness k 120 Nm™!
Viscous damping coefficient 7y, 0.5x1073 kgs™!
Rotation frequency Q 0.01s7!
Particle density o 2000 kgm ™3
Gravity g 9.81 ms~2
Mean particle diameter dp 2.2mm
Contact angle 0 20°

Liquid bridge volume 155 75nl

We also compare the effect of different rotation rates on the rheology for the following
rotation rates:

Q € [0.01, 0.02, 0.04, 0.10, 0.20, 0.50, 0.75, 1.00] rps. (2.2)

The liquid capillary force is estimated as stated in [13]. It is observed in our earlier
studies [11] that the shear stress 7 for high pressure can be described by a linear function
of confining pressure, p, as T = uyp + c. It was shown that the steady state cohesion ¢
is a linear function of the surface tension of the liquid o while its dependence on the
volume of liquid bridges is defined by a cube root function. The friction coefficient y, is
constant and matches the friction coefficient of dry flows excluding the small pressure
limit. In order to see the effect of varying cohesive strength on the macroscopic rheology
of wet materials, we vary the intensity of capillary force by varying the surface tension
of the liquid o, with a constant volume of liquid bridges (V}, = 75 nl) corresponding to a
saturation of 8%, as follows:

o € [0.0, 0.01, 0.02, 0.04, 0.06, 0.10, 0.20, 0.30, 0.40, 0.50] Nm ™! (2.3)

The first case, ¢ = 0.0Nm™1, represents the case of dry materials without cohesion,
whereas o = 0.50Nm™! corresponds to the surface tension of a mercury-air interface.
For ¢ > 0.50Nm™!, smooth, axisymmetric shear band formation is not observed and the
materials agglomerate to form clusters as shown in Figure 2.2, for our particle size and
density. Hence, o is limited to maximum of 0.50Nm™!.

2.2.3. AVERAGING METHODOLOGY

To extract the macroscopic properties, we use the spatial coarse-graining approach de-
tailed in [31-33]. The averaging is performed over a grid of 47-by-47 toroidal volumes,
over many snapshots of time assuming rotational invariance in the tangential ¢-direction.
The averaging procedure for a three-dimensional system is explained in [31, 33]. This
spatial coarse-graining method was used earlier in [1, 30, 33, 50]. We do the temporal
averaging of non-cohesive simulations over a larger time window from 80s to 440s to
ensure the rheological models with enhanced quality data. All the other simulations are
run for 200s and temporal averaging is done when the flow is in steady state, between
80s to 200s with 747 snapshots, thereby disregarding the transient behavior at the onset
of the shear. In the critical state, the shear band is identified by the region having strain
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Figure 2.2: Cluster formation (shown by red circles) for highly cohesive materials (¢ = 0.70Nm™!) a) front
view and b) top view. Different colors blue, green and orange indicate low to high kinetic energy of particles
respectively.

rates higher than 80% of the maximum strain rate at the corresponding height. Most of
the analysis explained in the later sections are done from this critical state data at the
center of the shear band.

MACROSCOPIC QUANTITIES
The general definitions of macroscopic quantities including stress and strain rate ten-
sors are included in [1]. Here, we define the derived macroscopic quantities such as the
friction coefficient and the redvisco-plasticity which are the major subjects of our study.
The local macroscopic friction coefficient is defined as the ratio of shear to normal
stress and is defined as y =7/p.
The magnitude of strain rate tensor in cylindrical polar coordinates is simplified, as-
suming u, = 0and u, =0:

1 Oup Uy 2 Ougy 2
=4/ —=-= — 2.4
Y 2 (6r r) +(Oz) 24)

The visco-plasticity is given by the ratio of the shear stress and strain rate as:

T
n=-=E2 2.5)
Y v
where v is the strain rate; in a simple fluid, this would be viscosity, so that  in Eq. A.5 is
also referred to as apparent viscosity [3].

2.2.4. CRITICAL STATE

We obtain the macroscopic quantities by temporal averaging as explained in Sec. 2.2.3.
Next we analyze the data, neglecting data near walls (r < ryjn = 0.045 m, 7 > e = 0.105
m, 2z < Zyin = 0.004 m) and free surface (z > zpax = 0.035 m) as shown in Figure 2.3. Fur-
ther, the consistency of the local averaged quantities also depends on whether the local
data has achieved the critical state. The critical state is defined by the local shear accu-
mulated over time under a constant pressure and constant shear rate condition. This
state is reached after large enough shear, when the materials deform with applied strain
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Figure 2.3: Flow profile in the r — z plane with different colors indicating different velocities, with blue 0 ms™!

to red 0.007 ms~!. The shear band is the pink and light blue area, while the arrows indicate 10 % and 80 %
cut-off range of shear rate as specified in the text.

without any change in the local quantities, independent of the initial condition. We fo-
cus our attention in the region where the system can be considered to be in the critical
state and thus has a well defined macroscopic friction. To determine the region in which
the flow is in critical state, ymax(2) is defined to be the maximum strain rate for a given
pressure, or a given height z. The critical state is achieved at a constant pressure and
strain rate condition over regions with strain rate larger than the strain rate 0.1ymnax(2)
as shown in Figure 2.3 corresponding to the region of shear band. While [1] showed that
for rotation rate 0.01 rps, the shear band is well established above shear rate y > 0.01
s1, of our analysis shown in the latter sections are in the shear band center is obtained
by 7 > 0.8ymax(2) at different heights in the system. This is defined as the region where
the local shear stress T becomes independent of the local strain rate y and 7/p becomes
constant. We also extend our studies to the shear-rate dependence in critical state which
is effective for critical state data for wider regions of shear band (Sec. 2.4.4). This shear
rate dependence is analyzed in the regions of strain rate (y) larger than the 0.1y« (2) at
a given height z. These data include the region from the center to the tail of the shear
band, with typical cut-off factors s, = 0.8 or 0.1, respectively, as shown in Figure 2.3, and
explained in Sec. 2.4.4.

2.3. TIME SCALES

Dimensional analysis is often used to define the characteristic time scales for different
physical phenomena that the system involves. Even in a homogeneously deforming
granular system, the deformation of individual grains is not homogeneous. Due to geo-
metrical and local parametric constraints at grain scale, grains are not able to displace as
affine continuum mechanics dictates they should. The flow or displacement of granu-
lar materials on the grain scale depends on the timescales for the local phenomena and
interactions. Each time scale can be obtained by scaling the associated parameter with
a combination of particle diameter d,, and material density p. While some of the time
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scales are globally invariant, others are varying locally. The dynamics of the granular
flow can be characterized based on different time scales depending on local and global
variables. First, we define the time scale related to contact duration of particles which
depends on the contact stiffness k as given by [1]:

[pdy®
f = k” ) (2.6)

In the special case of a linear contact model, this is invariant and thus represents a global
time scale too. Two other time scales are globally invariant, the cohesional time scale z.
, i.e. the time required for a single particle to traverse a length scale of d,/2 under the
action of an attractive capillary force and the gravitational time scale #g, i.e. the elapsed
time for a single particle to fall through half its diameter d, under the influence of the
gravitational force. The time scale t. could vary locally depending on the local capillary
force f.. However, the capillary force is weakly affected by the liquid bridge volume while
it strongly depends on the surface tension of the liquid o. This leads to the cohesion time
scale as a global parameter given by:

d,* d,®
to=1) PP o[ REP_ @7
fe o
with surface tension ¢ and capillary force f. = o d,. The corresponding time scale due
to gravity which is of significance under small confining stress close to the free surface is

defined as:
tg =1/ v 2.8)
¢ 7 .

The global time scales for granular flow are complemented by locally varying time scales.
Granular materials subjected to strain undergo constant rearrangement and thus the
contact network re-arranges (by extension and compression and by rotation) with a shear
rate time scale related to the local strain rate field:

ti=-~. (2.9)

Finally, the time for rearrangement of the particles under a certain pressure constraint is
driven by the local pressure p. This microscopic local time scale based on pressure is:

tp= d,,\/g. (2.10)

As the shear cell has an unconfined top surface, where the pressure vanishes, this time
scale varies locally from very low (at the base) to very high (at the surface). Likewise, the
strain rate is high in the shear band and low outside, so that also this time scale varies
between low and high, respectively.

Dimensionless numbers in fluid and granular mechanics are a set of dimensionless
quantities that have a dominant role in describing the flow behavior. These dimension-
less numbers are often defined as the ratio of different time scales or forces, thus signi-
fying the relative dominance of one phenomenon over another. In general, we expect
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five time scales (fg, tp, &, ty and #;) to influence the rheology of our system. Note that
among the five time scales discussed here, there are ten possible dimensionless ratios of
different time scales. We propose four of them that are sufficient to define the rheology
that describes our results. Interestingly, all these four dimensionless ratios are based on
the common time scale £,. Thus, the time scale related to confining pressure is impor-
tant in every aspect of the granular flow. All the relevant dimensionless numbers in our
system are discussed in brief in the following two sections of this paper for the sake of
completeness, even though not all are of equal significance.

2.4. RHEOLOGY OF DRY GRANULAR MATERIALS

2.4.1. EFFECT OF SOFTNESS IN THE BULK OF THE MATERIALS
We study here the effect of softness on macroscopic friction coefficient for different grav-
ity in the system. Thus the pressure proportional to gravity is scaled in dimensionless
form p* [1] given by:
._pdy

=
This can be interpreted as the square of the ratio of time scales, p* = 12/ tpz, related to
contact duration and pressure respectively. Figure 2.4 shows the macroscopic friction
coefficient as a function of the dimensionless pressure p* and the dashed line is given
by:

(2.11)

Lp(P*) = to f(p™) with f,(p*) = |1-(p*Ips")P|, 2.12)

where, f = 0.50, u, = 0.16, po* = 0.90. p,* denotes the limiting dimensionless pres-
sure around the correction due to softness of the particles, where the correction is not
applicable anymore, since f, < 0 for p* = po* [34]. We have used this fit, as our data
range is too limited to derive the functional form of the fit. This is shown by the solid
line in Figure 2.4 with the plotted data from our present simulation («) and with data
for different gravity in the system [1] which we use to describe other corrections for dry
non-cohesive materials. Despite the deviation of data for different gravity from the trend
for small p*, the agreement with our data is reasonable. The dashed line represents the
softness correction as proposed by [1]. The effect of softness is dominant in regions of
large pressure where the pressure time scale f,, dominates over the stiffness time scale
tr and thus the data in plot are corresponding to higher than a critical pressure (pg* > 4,
explained in Sec. 2.4.3). Here, the compressible forces dominate over the rolling and
sliding forces on the particles, the flow being driven by squeeze. Thus, the macroscopic
friction coefficient decreases with softness.

2.4.2. EFFECT OF INERTIAL NUMBER
For granular flows, the rheology is commonly described by the dimensionless inertial
number [35]:

I=ydy/\/plp, (2.13)

which can be interpreted as the ratio of the time scales, 1), for particles to rearrange un-
der pressure p, and the shear rate time scale ¢; for deformation due to shear flow, see
Sec. 2.3. It has been shown both experimentally [35-37] and in simulations [38] that for
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Figure 2.4: Local friction coefficient u as a function of softness p* for data with different gravity g [1] and our
data (represented by <0 for pg* > 4. The solid line represents the function u, (p*) given by Eq. 2.12.

intermediate inertial numbers (in the range I < I,), the macroscopic friction coefficient
follow the so-called (1) rheology:

pr(I) =Ho+(l-loo_ﬂo)l+;10” ) (2.14)
We assume the combined effect of softness and inertial number given as u(p*, I) = pu;(I) Iy
and thus analyse u/ f}, as a function of I, see Figure 2.5. We compare our data for non-
cohesive materials which is shown to be in agreement with the trend of data obtained
from [1] for different external rotation rates. The black solid line corresponds to the data
in the shear band center (y > 0.8ynax) fitted by Eq. 2.14 with p, = 0.16, s = 0.40 and
I, = 0.07 which are in close agreement with the fitting constants explained in [34]. Note
that these fitting constants change with the range of I that are included in the fitting.
Given that we do not have data for very high inertial number from our simulations, our
present fit shows I, = 0.07 and hence the fit is valid for I < I,.

2.4.3. EFFECT OF GRAVITY CLOSE TO THE FREE SURFACE
In this section, we investigate the effect of the another dimensionless number p* on
local friction coefficient, given by:

«__P
pdpg

Pe (2.15)

This can be interpreted as the square of the ratio of time scales, pg* = tgz/ tpz, related to
gravity and pressure respectively. The effect of inertial number and softness correction
are eliminated by scaling u by the correction factors ur and f}, respectively and studying
the effect of p* on the scaled friction coefficient. Figure 2.6 shows u scaled by urf, as a
function of dimensionless pressure p* for different gravity g (different p*) and different
rotation rates Q (different I), including our data for g = 9.81 ms~2 and Q = 0.01 rps which
is also in agreement with other data set. The data for different slower rotation rates and
different gravitational accelerations g agree well with our new data set, while the higher
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Figure 2.5: Local friction coefficient y scaled by the softness correction fp as a function of inertial number
I. Different colors indicate different rotation rate Q with our data represented by <. Black circles represent
the data in the center of the shear band (y > 0.8ymax), other data are shown for y > 0.1ymax The solid line
represents the function p(I) given by Eq. 2.14.

rotation rates deviate. Note that the higher rotation rates are in a different regime where
kinetic theory works and hence agreement with the generalized rheology is not expected
strictly. All the data for different gravity and slower rotation rates collapse and these can
be fitted by the solid line given by the correction f; (pg*) where:

pg(Pg™) = tofg(pg™) with fe(pg™) = [l—a’eXp(— Pg )] , (2.16)

where, a’ = 0.71 is the relative drop in friction coefficient at pg* = 0, pgo™ = 1.19 is the
dimensionless pressure at which the friction coefficient drops below 0.741, and f; (pg™)
is the correction corresponding to the dimensionless pressure pg*. Due to lack of con-
fining stress close to the free surface ( pg* < 4), the macroscopic friction coefficient ex-
ponentially decreases with decrease in pg*. Here, the gravity time scale f; dominates
over the pressure time scale £,. Thus, while the effect of gravity close to the free surface
is dominant for pg* <4, pg* = 4is the critical pressure above which the effect of softness
p* is significant as explained in Sec. 2.4.1.

2.4.4. SHEAR RATE DEPENDENCE IN CRITICAL STATE FLOW

After having quantified the dependence of the macroscopic friction on inertial number
and softness,