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SUMMARY

External forces lead to granular flow under the condition that the applied shear stress
reaches the yield (shear) stress while an(other) stress must be maintained for continuous
flow in steady state. Most studies in granular physics focus on dry granular materials and
their flow rheology. However, wet granular materials are ubiquitous in geology and many
real world applications where interstitial liquid is present between the grains. There are
several proposals for flow rules of dry and wet granular materials available in the litera-
ture. These flow rules differ in complexity and in the number of parameters, which are
combined in the equations. The main focus areas of my research are (i) the formulation
of suitable constitutive equations for the hydrodynamic density-stress-strain relations,
specifically for wet granular materials, (ii) the deduction of the constitutive equations
from discrete element simulations, and (iii) the validation of the micro-macro transition
with numerical, theoretical and experimental results. The geometrical set-up of split-
bottom shear cell used in my research is most appropriate for assessing the shear band
originating from the split position that widens near the free surface. The velocity profiles
exhibit tails that decay as an error function.

In partially saturated systems, in the pendular regime, the formation of liquid bridges
between particle pairs leads to the development of microscopic tensile forces, result-
ing in cohesion at macroscopic scale. For this, macroscopic quantities consistent with
the conservation laws of continuum theory, are obtained by time averaging and spa-
tial coarse graining of the discrete constituents. Initial studies involve understanding
the effects of liquid content and liquid properties on the macroscopic quantities. One
research goal is to understand the essential phenomena and mechanisms, which deter-
mine the rheology of dry and wet granular flow under a different complex conditions.
The rheology is described in terms of different dimensionless numbers that relate the
time scales of significant phenomena, namely, the time scales related to confining pres-
sure tp , shear rate tγ̇, particle stiffness tk and cohesion tc , respectively. Those phenom-
ena collectively contribute to the rheology, entering as multiplicative corrective func-
tions (that turn out to be first order linear). Thus, my research proposes a modified gen-
eralized flow rule/rheology to close the fundamental conservation laws for mass and
momentum. Subsequently, a correlation is developed between the micro parameters
and the steady state cohesion in the limit of very low confining pressure. The macro-
scopic torque measured at the walls, which is an experimentally accessible parameter, is
predicted from simulation results and from the model in dependence on the steady state
cohesion.

Another aspect of studying unsaturated granular media is the movement of intersti-
tial liquid due to the rupture of existing and formation of new liquid bridges. Shearing a
wet granular system causes a re-distribution of the interstitial liquid. This can strongly
change the materials’ bulk behavior. I study the transients of this liquid re-distribution,
using the Discrete Element Method (DEM) for different initial wetting conditions. The

xi
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liquid is then re-distributed under shear. For small shear strain, the interstitial liquid is
locally re-distributed to a quasi-steady state almost independent of the initial condition,
while for larger shear strain, liquid is transported diffusively away from the shear zone. It
is observed in earlier studies that depletion of liquid is observed in the shear band dur-
ing shear. A front of high density of liquid content is observed moving outwards to the
tails of the shear band, demarcating the sheared depleted zone from the relatively sat-
urated zone. This front is propagating towards the boundaries, possibly drying out the
entire system, but the boundaries in the long run. This liquid transport can be modeled
by a diffusion equation with a space-dependent diffusive coefficient in the split bottom
geometry. Alternatively, it is shown here that this is an advective-diffusive process with
constant diffusivity coefficient and a space-dependent drift, when transformed to a ap-
propriate set of variables that can be solved analytically.

The final chapter of this thesis concerns the experimental work exploring the surface
flow profile for different dry and wet granular materials. The novel experimental tech-
nique used is a combination of Particle Tracking Velocimetry (PTV) and Coarse Graining
(CG) to obtain continuum velocity fields of granular flow.



SAMENVATTING

Externe krachten kunnen ertoe leiden dat granulaire materialen beginnen te stromen
indien de opgelegde afschuifspanning de vloeigrens bereikt. Bij de meeste granulaire
studies wordt gefocust op droge materialen en hun reologie. Echter zijn vochtige gra-
nulaire materialen alomtegenwoordig in geologie en industriële toepassingen wanneer
er een vloeistof aanwezig is tussen de korrels. In de bestaande literatuur zijn er enkele
regels hoe droge en natte granulaire materialen zich gedragen als ze stromen. Echter,
deze regels verschillen in complexiteit en de hoeveelheid stromingsparameters als deze
zijn vertaald naar vergelijkingen. De gebieden waar ik op focus in mijn onderzoek zijn
(i) het formuleren van geschikte constitutieve vergelijkingen voor de hydrodynamische
dichtheid-spanning-rek verhoudingen, specifiek voor vochtige granulaire materialen,
(ii) het afleiden van de parameters voor deze vergelijkingen uit discrete element me-
thode simulaties, en (iii) de toetsing van de micro-macro overgang door numerieke, the-
oretische en experimentele resultaten. De kenmerkende geometrische opstelling split-
bottom shear cell is hiervoor het meest geschikt. Deze heeft een afschuifband beginnend
op de split positie waar deze uitwaaiert richting het oppervlak waar het materiaal vrij kan
stromen.

Ik onderzoek gedeeltelijk verzadigde systemen in het pendulum regime, waar de vor-
ming van vloeistof bruggen tussen de korrels leidt tot de vorming van microscopische
trekkrachten. Deze trekkrachten gevormd door vloeistofbruggen bij contact tussen kor-
rels van op de macroschaal leiden tot cohesie. Het doel van ons onderzoek hier is het
vinden van de micro-macro correlaties die geldig zijn voor zowel natte als vochtige gra-
nulaire materialen. Hiervoor zijn macroscopische grootheden nodig die verenigbaar zijn
met de behoudswetten van de continuüm theorie. Deze worden verkregen door de dis-
crete waarden te middelen over tijd en coarse grainen over ruimte. De begin studies be-
treft het begrijpen van het effect van het vloeistof gehalte en de vloeistof eigenschappen
op de macroscopische grootheden. Een van de doelen van het onderzoek is het begrij-
pen van de essentiële verschijnselen en mechanismen die de reologie van de vochtige
granulaire stroming bepalen onder verschillende en complexe omstandigheden. De re-
ologie is beschreven door middel van dimensieloze grootheden die de tijdschalen van
de belangrijke verschijnselen met elkaar verbindt. Hierbij worden de tijdschalen met
betrekking tot de lithostatische druk tp , afschuif snelheid tγ̇ , korrel stijfheid tk zwaar-
tekracht tg en de cohesie tc meegenomen. Ik laat zien dat deze verschijnselen geza-
menlijk bijdragen aan de reologie doordat deze als multiplicatieve correctie functie wor-
den toegevoegd (welke eerste orde lineair blijkt te zijn). Dus geven wij als voorstel een
aangepaste gegeneraliseerde stromingsregel/reologie om alle belangrijke relaties tussen
de stromingsvariabelen te omvatten welke nodig zijn om de fundamentele behoudswet
van massa en impuls te sluiten. Vervolgens is er een correlatie afgeleid tussen de micro-
parameters en de steady-state cohesie inclusief de limiet met lithostatische druk van
nul. De macroscopische koppel gemeten aan de wand, een parameter die experimen-
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xiv SAMENVATTING

teel gemeten kan worden, is voorspeld doormiddel van mijn simulatie resultaten met
afhankelijkheid van de micro-parameters.

Een ander aspect van het onderzoek naar niet gesatureerde granulaire materialen is
de verplaatsing van de vloeistof tussen de korrels door de afschuiving doordat bestaande
vloeistofbruggen worden verbroken en nieuwe worden gevormd. Door een afschuiving
aan te brengen op een vochtig granulair systeem herverdeeld deze vloeistof zich. Dit
kan leiden tot een sterke verandering in het gedrag van het bulkmateriaal. Ik onder-
zoek de overgang van deze vloeistof herverdeling door middel van de Discrete Element
Methode (DEM) voor verschillende initiële bevochtiging condities. Voor kleine afschui-
vingen, wordt de vloeistof tussen de korrels lokaal herverdeeld. Voor grotere afschuivin-
gen wordt de vloeistof weg getransporteerd uit het afschuif gebied. Vloeistof migratie
is een interessant verschijnsel in afschuivende granulaire materialen. In eerdere stu-
dies is waargenomen dat er uitdunning van vloeistof optreedt in de afschuif band ge-
durende afschuiving. Een front van hoge concentratie van vloeistof beweegt zich naar
buiten naar de randen van de afschuif band, waardoor er een scheidslijn ontstaat tus-
sen het uitgedunde gebied en het relatief verzadigde gebied. Dit front verplaatst zich
richting de randen, wellicht kan dit het hele systeem uitdrogen met uitzondering van
de randen op een groter tijdsinterval. Voorgaande studies laten zien dat deze vloeistof
verplaatsing kan worden gemodelleerd door middel van een diffusie vergelijking met een
ruimte-afhankelijk diffusie coëfficiënt in de split-bottom geometrie. Echter laten wij een
alternatief zien dat het een advectie-diffusie proces met een constante diffusie coëffici-
ënt en ruimte-afhankelijk drift coëfficiënt als deze wordt omgeschreven naar een andere
set variabelen.

In het laatste hoofdstuk van deze thesis, focussen wij op het experimentele werk.
Ik verken het oppervlakte stroom profiel en afschuifband eigenschappen met verschil-
lende condities in droge en vochtige granulaire stromingen. De nieuwe experimentele
techniek die ik gebruik is een combinatie van Particle Tracking Velocimetry (PTV) en
Coarse Graining (CG) om continuüm snelheid velden te krijgen.



1
INTRODUCTION

1.1. INTRODUCTION
Matter is usually classified into solids, liquids and gases. Granular material is a collection
of distinct macroscopic particles, such as sand in an hourglass or peanuts in a container.
They behave differently than solids, liquids, and gases which has led many to character-
ize granular materials as a new form of matter. One of the biggest challenges is when we
try to model granular material flow i.e. the “hydrodynamics of granular matter” as major
goal of this thesis. For example, if we look at the top section of an hour glass as shown in
Figure 1.1, we see that the grains are stationary, behaving like solids. In the center and
close to the bottom of the top section, near the nozzle, the grains flow and thus behave
like a liquid. When we move to the bottom section of the compartment, the grains form
a conical heap signifying that the materials can support their own weight, unlike a stan-
dard liquid. In fact when we look at the downstream and where the stream hits the top
of the cone, we might be able to see that the grains are actually colliding and bouncing
around much like we expect in a gas. Yet, in contrast to what is seen in atomistic gases,
the collisions between the grains are inelastic and dissipative in nature, leading to energy
loss due to mechanisms like friction between the grains. Thus, in this one geometry, we
see that what appears to be granular solid, liquid and gas co-existing at the same time,
yet they do not behave like ideal solids, liquids or gases.

Judging from the ease with which granular matter flows through the orifice of an
hourglass, or forms sand dunes like waves on the ocean, dry sand could be called a fluid,
very much resembling regular liquids, like water. However, when some liquid like water
is mixed into dry sand, a pasty, more viscous material emerges which loses its fluidity
partially. Thus, the addition of liquid forming capillary bridges between the adjacent
grains plays an important role in the transition from liquid- to solid-like behavior [1–5].
Another example is a sandcastle, see Figure 1.2. With a sandcastle, the wet sand can be
held together like a solid, but it can also fall apart as it dries, breaking off the walls of an
inclined surface in an avalanche, in “wedges”, or in other patterns.

Even though sand may appear liquid-like, and wet sand may appear solid-like, it is
not yet clear if any standard fluid dynamics principle can be applied, especially in the

1
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2 1. INTRODUCTION

Figure 1.1: Hour Glass demonstrating the behavior of granular materials (Copyright Walls Cover).

transition from fluid to solid when going from dry to wet flow. The need for bulk predic-
tions has restricted the studies of granular materials mainly to real systems which are far
too complex for a microscopic approach. One rather uses continuum models, with em-
pirical material laws as input which exhibit effects similar to those observed in the real
systems of materials. Continuum constitutive relations for bulk granular flow, forming
the basis for a hydrodynamic theory are mostly derived and verified from small scale rep-
resentative micro-scale simulations. Several studies have been done on the constitutive
relations for dry granular materials within the last decade, mostly based on simulations
and experiments. The presence of interstitial liquid for wet materials adds further com-
plexity to that. Several constitutive models for the stress strain behavior of partially sat-
urated soils are proposed [9, 10]. An extension of the Mohr Coulomb failure criterion is
presented to include partial saturation, through a new angle of friction and by including
cohesion [11]. From the soil mechanics perspective, special attention has been paid to
the use of effective stress. The basic information like the degree of saturation for finding
the equivalent fluid pressure in unsaturated soil is given by Bishop-type formulations. It
is suggested that this effective stress should be related to the soil microstructure [6–8].

When one takes a closer look on the characteristics of liquid, one might notice that
liquid flows readily; yet it can adopt extremely stable shapes when the volume is very
small. A liquid surface can be thought of as a stretched surface characterized by a surface
tension that opposes its distortion. In fact, a liquid molecule near the surface looses
half its cohesive interactions with the surrounding molecules, thus resides under tension
causing surface tension and resulting in capillary forces in presence of other materials.
Capillary forces are truly remarkable. They enable insects to walk on water. As we will
see later, the two aspects of surface tension energy and force will be a recurring theme.
The capillary force in unsaturated granular media originates from the attractive forces
due to the surface wetting property of the liquid between the particles, see Figure 1.3.
The liquid meniscus between the two particles is concave and has a negative radius of
curvature, showing a pressure difference between the liquid and the vapor phase, i.e.
pressure in the liquid is lower than in the vapor phase. However, this holds true for most
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Figure 1.2: Sand castle demonstrating the behavior of wet granular materials (Copyright Sandscapes).

generalized cases when the liquid is wetting and liquid/ solid/ vapor contact angle is
less than 90◦. The capillary bridge will exhibit a convex meniscus with positive radius
of curvature if the liquid/ solid/ vapor contact angle is greater than 90◦ when the liquid
is non-wetting [12–14]. The Laplace-Young equation describes the pressure difference
sustained across the interface between the phases due to surface tension [15–18]. The
profile and properties of liquid bridges is governed by the Laplace-Young equation [19–
24]. It relates the pressure difference to the radius of curvature of the meniscus and is of
fundamental importance for the study of capillary bridges.

Several capillary bridge models (CBMs) are deduced based on experimental informa-
tion and numerical solution of the Laplace Young equation and have been the subject of
investigations within the last decade [20, 25, 26]. They all have in common that the irre-
versible force becomes active at contact only, but is active upto a cut-off distance at rup-
ture of the bridge. These CBMs can be implemented in particle based simulation meth-
ods, for example the Discrete Element Method (DEM), in order to model the effects of
individual capillary bridges between particles on the bulk materials. The resulting bulk
behavior (and hydrodynamics) can not easily be anticipated from the functional rela-
tionships given by the different CBMs. Recent studies confirmed that the specific choice
of the CBMs has no marked influence on the hydrodynamics of granular flow [27, 28] for
small volumes of interstitial liquids. In fact, the force at contact and the energy, i.e. the
integrated capillary force of the CBMs determine the bulk properties. However, whether
one can tune the parameters of completely different cohesive contact models to obtain
the same bulk behavior, for example a dry cohesive model with non-contact, reversible
Van der Waals forces, is still an open question that needs to be addressed.

Though capillary cohesion is associated with all liquid bridges, the stability of liquid
bridges subjected to external forces is a matter of discussion which has a long history.
Several studies have been done under varied conditions of electric fields [29, 30], gravity
fields [31, 32], under vibration [33, 34] or shear [35, 36] to examine the changes in shape
and spreading of capillary bridges. The rupture of liquid bridges, spreading of liquids
and then formation of new liquid bridges leads to the re-distribution as well as trans-
port of liquid [36]. Another source of liquid transport is the diffusion of the particles and
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Figure 1.3: Liquid capillary bridge between particles.

their associated liquid films [37]. The liquid transport modes are controlled by the lo-
cal saturation and the shear rate in the system. Liquid is drawn into dilating shear band
granular media when the system is fully saturated. However, one finds a depletion of
liquid in shear bands of unsaturated granular media, despite increased porosity due to
dilatancy. Though, there has been recent progress on experiments and numerical mod-
eling of liquid transfer in sheared unsaturated granular media, the dynamics of the liquid
re-distribution and the associated transport processes are still not revealed.

Since decades, granular media have been subject of many studies, ranging from static
conditions to flowing, from hard to soft-particles and from dry to partially wet to fully
saturated. Micromechanical studies of granular materials gives an essential understand-
ing of their macro-scale behavior. Studies by Radjai et al. [65] classifies the contacts into
subnetworks of strong and weak contacts, where it is shown that the anisotropic shear
stress of granular materials is primarily carried by the strong contacts. Many other mi-
cromechanical studies of granular materials aimed towards understanding of their elas-
tic modulii behavior [66], contact force networks [67], dilatancy behavior [68]. From
the perspective of granular flow, researchers have investigated different flow configura-
tions like plane shear, Couette cell, silos, flows down an inclined plane, or avalanches
on piles and in rotating drums [38–42]. Shear bands, localized regions of concentrated
shear are an important feature of complex fluids like granular materials, deformed ir-
reversibly [43, 44]. Granular materials are characterized by enduring contacts between
particles and the existence of force chains [45–49]. Shear band formation has been ex-
tensively studied in specific, for plastic granular flows in rectangular, vertical-pipe chute
configurations. In these geometries, granular flows exhibit plug flow in the central re-
gion with shear bands near the side walls. Shear band formation with a wider range of
flow rates is probed in annular Couette cell geometry where an exponentially decaying
velocity profile is well established near the wall. Until 2001, it was mostly reported that
granular shear bands are narrow i.e. a few particle diameters wide and are accompa-
nied by strong localisation of strain. In a modified Couette cell, or so-called split-bottom
shear cell, granular flow is driven from the bottom, instead from the side walls [50–55].
Typically, a disc of radius Rs , mounted at the bottom is rotated at a rate Ω and the outer
container is fixed. The differential motion of the of the disc and the container creates
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a very thin shear band at bottom that becomes robust and wide upwards and remains
away from the walls. The tails of velocity profile decay as an error function, not an expo-
nential function like the Couette cell. These observations strongly indicates that there
is a continuum theory with its own domain of validity, that should capture this smooth
quasi-static granular flow regime.

Partly saturated granular systems, mostly in the quasistatic, dense steady-state flow
regime, as realized in a split-bottom shear cell geometry. We make an attempt to under-
stand and predict the hydrodynamics or rheology of such shear-driven granular flows
through discrete particle simulations by utilising accurate discrete to continuum map-
ping methods, i.e. a micro-macro transition. Secondly, we focus on the migration of
interstitial liquid itself within the wet granular media and predict its flow by continuum
models, calibrated by discrete particle simulations and establish close agreement be-
tween the two methods. Finally, we use also experimental techniques to explore some
of the rheological properties of dry and wet granular flows. Before we progress with the
descriptions of our findings and results, in the following chapters, we proceed by briefly
introducing the specific goals of this thesis and overview of the chapters.

1.2. GOALS AND QUESTIONS

The aim of this thesis is to study wet granular materials in quasistatic shear flows. Dry
and wet granular materials are ubiquitous in many forms, be it in industries, earth and
agricultural sciences, in nature or in celestial bodies. How does the presence of intersti-
tial liquid at the microscopic level influence the macroscopic bulk properties and flow
of the materials? Are wet granular materials an extension of their dry counterpart or are
they completely different? These questions remain in our mind and will be addressed in
this thesis.

A liquid bridge capillary force model is well prescribed for modeling unsaturated
granular materials. Can we replace a non-linear capillary force by a simple linear one
to get similar bulk properties? How can we tune or scale the micro parameters to get the
same bulk behavior and how much detail is needed at the micro-scale anyway? Answers
to this would also give us the key parameters of contact models for the DEM simulation.

Another area of particular interest to many scientists is the flowing behavior of gran-
ular materials under shear, especially in the presence of an interstitial fluid. It is note-
worthy that the particles and the interstitial liquids behave differently under shear, thus
leading to rearrangement and transport of liquid. This is of fundamental importance in
the field of agriculture, soil mechanics or petroleum engineering. Shear being the fun-
damental factor, the question comes to our mind if shear is the sole factor influencing
the liquid rearrangement and transport processes, irrespective of the time of shearing.
Does the liquid re-distributon depend on the initial configuration? How do the liquid
transport mechanisms work and can we develop a macro-model with micro-basis? This
thesis tries to address most of the questions raised above, digging out the causes and
effects. Indeed, this thesis answers some of the fundamental questions in the form of
specific improved numerical models or analytical solutions of aspects of the “Hydrody-
namic theory of wet particle systems” thesis.
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1.3. DISSERTATION OVERVIEW
The chapters of this thesis are organized, starting from more generalized phenomeno-
logical models describing the rheology of granular materials over a wide domain ex-
plained in Chapters 2 and 3. In Chapter 4, we move towards more fundamental rheo-
logical model based on Mohr Coulomb theory to explore the micro-macro correlations.
We deal with our initial studies on rheology of granular flow in Chapters 2, 3 and 4 by
keeping the system simple and homogeneous in its liquid content. In a later stage in
Chapters 5 and 6, we consider a more complex DEM model where liquid is allowed to
move between particles and contacts. The complexity here lies in the fact that parti-
cles and their interstitial liquid flow differently when subjected to shear. Apart from the
movement of the liquids along with the particles and contacts, there is additional move-
ment of liquid whenever liquid bridges rupture. As a result, liquids are re-distributed or
transported differently than the particles. So far we had been dealing with particle sim-
ulations in discrete scale and hydrodynamic theory in the form of steady-state rheology
models obtained using DEM. However, in Chapter 6, we move to continuum modeling of
liquid transport in granular media and its comparison with DEM. Last but not the least,
we discuss about our experimental work in Chapter 7. Finally, we give our conclusion
and an outlook in Chapter 8.

In Chapter 2, the challenge on the theoretical side is to extend the classical internal
friction model, the so-called µ(I ) rheology, and previous results on soft and dry non-
cohesive materials, towards wet cohesive materials. A generalized rheology shows that
the steady-state macro friction coefficient (or normalized shear stress) is factorized into
a product of different functions, on top of the classical µ(I ) rheology, each of which de-
pends on at least one dimensionless control parameter. There are four control parame-
ters relating the five time scales of shear rate tγ̇, particle stiffness tk , gravity tg and cohe-
sion tc , with the governing time scale of confining pressure tp .

In Chapter 3, we investigate the effect of cohesion on the compaction or dilation of
sheared soft, wet granular materials. Inter-particle cohesion has a considerable impact
on the compaction of soft materials. Cohesion causes additional stresses, due to cap-
illary forces between particles, leading to an increase in volume fraction due to higher
compaction. This effect is not visible in a system of infinitely stiff particles. In addi-
tion, acting oppositely, we observe a general decrease in volume fraction for increased
cohesion, which we attribute to the role of contact friction that enhances dilation. We
complete the generalized rheology of Chapter 2 by a local volume fraction prediction de-
scribed in terms of the different time scales or dimensionless numbers, in similar spirit
of the generalized rheology for macro friction coefficient described in Chapter 2.

Chapter 4 describes micro-macro correlations valid for both dry and partially sat-
urated granular materials. A simple constitutive relation based on the Mohr Coulomb
failure criterion shows that the critical-state shear stress is constituted of the bulk co-
hesion and the macro friction coefficient [4, 56]. The bulk cohesion is correlated with
the Bond number or adhesion index, measured from the microscopic parameters of the
adhesive contact model [56, 57] and the confining stress or gravity.

In Chapter 5, we study the transients of this liquid re-distribution, using Discrete
Element Method (DEM) simulations for varying initial wetting conditions. In our model,
liquid is contained in liquid bridges between particles and liquid films on the particle
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surfaces. The liquid is then re-distributed under shear, due to the rupture and formation
of liquid bridges. A threshold liquid bridge volume is imposed to avoid clustering of
liquid. Two distinct effects are observed: for small amounts of shear, the re-distribution
of the interstitial liquid is dominant, while for larger amounts of shear, liquid transport
by diffusion away from the shear zone is dominating. The local re-distribution quickly
results in a characteristic distribution of liquid bridge volume, independent of the initial
wetting conditions. The mean liquid bridge volume, however, is strongly affected by the
threshold volume, showing the significance of this parameter. We further discuss the
effects of local shear rate and the saturation on the transients of liquid re-distribution.

Chapter 6 is a continuation of the discussions of Chapter 5 in the larger shear scale
when we observe liquid migration from the unsaturated shear band to the edges of the
shear band. Earlier studies show that the liquid migration is modeled by a diffusive equa-
tion with a space-dependent diffusive coefficient in the split bottom geometry. We show
that this is a drift-diffusion process with constant diffusivity coefficient and space de-
pendent drift coefficient, when transformed to a different set of variables.

Finally, in Chapter 7, we give a glimpse of our experimental work on measuring the
properties of the shear band at the free surface of dense granular flow in a split-bottom
shear cell geometry. The discrete velocity of the particles at the free surface is obtained
by 2D image analysis and Particle Tracking Velocimetry. The discrete particle velocity is
further translated to a continuous velocity field by using coarse graining tool MercuryCG
[58–61]. We estimate the location of shear band center and the width at the free surface
from the surface velocity profile for dry and wet granular materials.
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2
A GENERAL(IZED) LOCAL

RHEOLOGY FOR WET GRANULAR

MATERIALS

We study the rheology of dry and wet granular materials in the steady quasistatic regime
using the Discrete Element Method (DEM) in a split-bottom ring shear cell with focus on
the macroscopic friction. The aim of our study is to understand the local rheology of bulk
flow at various positions in the shear band, where the system is in critical state. We develop
a general(ized) rheology, in which the macroscopic friction is factorized into a product of
four functions, in addition to the classical µ(I ) rheology, each of which depends on ex-
actly one dimensionless control parameter. These four control parameters relate the time
scales of shear rate tγ̇, particle stiffness tk , gravity tg and cohesion tc , respectively, with the
governing time scale of confining pressure tp .

While tγ̇ is large and thus of little importance for most of the slow flow data studied, it
can increase the friction of flow in critical state, where the shear gradients are high. tg

and tk are comparable to tp in the bulk, but become more or less dominant relative to tp

at the extremes of low pressure at the free surface and high pressure deep inside the bulk,
respectively.

We also measure the effect of wet cohesion on the flow rheology, as quantified by decreas-
ing tc . Furthermore, the proposed rheological model predicts well the shear thinning be-
havior both in the bulk and near the free surface; shear thinning develops towards shear
thickening near the free surface with increasing cohesion.

2.1. INTRODUCTION
The ability to predict a material’s flow behavior, its rheology (like the viscosity for flu-
ids) gives manufacturers an important product quantity. Knowledge on material’s rhe-

This chapter has been published in New Journal of Physics 19, (2017) [3].
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ological characteristics is important in predicting the pourability, density and ease with
which it may be handled, processed or used. The interrelation between rheology and
other product dimensions often makes the measurement of viscosity the most sensi-
tive or convenient way of detecting changes in flow properties. A frequent reason for the
measurement of rheological properties can be found in the area of quality control, where
raw materials must be consistent from batch to batch. For this purpose, flow behavior is
an indirect measure of product consistency and quality.

Most studies on cohesive materials in granular physics focus on dry granular mate-
rials or powders and their flow [50, 52]. However, wet granular materials are ubiquitous
in geology and many real-world applications where interstitial liquid is present between
the grains. Many studies have applied theµ (I )-rheology to flows of dry materials at vary-
ing inertial numbers I [1, 2, 4–6]. Studies of wet granular rheology include flow of dense
non-Brownian suspensions [7–10]. Here, we study partially wetted system of granular
materials, in particular the pendular regime, which is also covered in many studies [11–
13]. While ideally, unsaturated granular media under shear show redistribution of liquid
content among the contacts [14, 15], we assume a simplistic approach of homogeneous
liquid content for liquid bridges of all contacts. One of the important aspects of partially
wetted granular shear flows is the dependence of shear stress on the cohesive forces for
wet materials. Various experimental and numerical studies show that addition of liquid
bridge forces leads to higher yield strength. The yield stress at critical state can be fit-
ted as a linear function of the pressure with the friction coefficient of dry flow µo as the
slope and a finite offset c, defined as the steady state cohesion in the limit of zero confin-
ing pressure [11]. This finite offset c is constant in the high pressure limit. However, very
little is known regarding the rheology for granular materials in the low pressure limit.

Depending on the surrounding conditions, granular flows phenomenon are affected
by appropriate time scales namely, tp : time required for particles to rearrange under
certain pressure, tγ̇: time scale related to strain rate γ̇, tk : related to the contact time
between particles, tg : elapsed time for a single particle to fall through half its diameter
under the influence of gravity and tc : time scale for the capillary forces driving the flow
are primarily hindered by inertia based on particle density. While various time scales,
as related to the ongoing mechanisms in the sheared bulk of the material, can interfere,
they also can get decoupled, in the extremes of the local/ global condition, if one time
scale gets way smaller in magnitude than the other. A detailed description of this time
scales are given in Sec. 2.3. While tk , tg and tc are global, other time scales tγ̇ and tp

depends on local field variables strain rate γ̇ and pressure p respectively. We restrict
our studies to the quasi-static regime (tγ̇ À tp ) as the effect of cohesion decreases with
increasing inertial number due to the fast decrease in coordination number [16]. More-
over, the quasistatic regime observed for non-cohesive particles also persist for cohesive
particles, while the inertial regime of noncohesive particles bifurcates into two regimes:
rate-independent cohesive regime at low shear rates and inertial regime at higher shear
rates [17]. In the present work, we shed light on the rheology of non-cohesive dry as well
as cohesive wet granular materials at the small pressure limit, by studying free surface
flow. While the inertial number I [18], i.e. the ratio of confining pressure to strain-rate
time scales, is used to describe the change in flow rheology from quasi-static to inertial
conditions, we look at additional dimensionless numbers that influence the flow behav-
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ior. (i) The local compressibility p∗, which is the squared ratio of the softness and stress
time scales (ii) the inverse relative pressure gradient pg

∗, which is the squared ratio of
gravitational and stress time scales and (iii) the Bond number Bo [19] quantifying local
cohesion as the squared ratio of stress to wetting time scales are these dimensionless
numbers. We show a constitutive relation based on these dimensionless numbers in
Sec. 2.4, 2.5 and 2.6 of this paper. Additional relevant parameters are not discussed in
this study, namely granular temperature or fluidity. All these dimensionless numbers
can be related to different time scales or force scales relevant to the granular flow.

Granular materials display non-Newtonian flow behavior for shear stresses above
the so called yield stress while they remain mostly elastic like solids below this yield
stress. More specifically, granular materials flow like a shear thinning fluid under suf-
ficient stress. When dealing with wet granular materials, it is therefore of fundamental
interest to understand the effect of cohesion on the bulk flow and yield behavior. Re-
cently, the majority of investigations of non-Newtonian flow behavior focused on con-
centrated colloidal suspensions. Shear thickening is often observed in those flows due
to the formation of flow-induced density fluctuations (hydroclusters) resulting from hy-
drodynamic lubrication forces between particles [20]. Similar local clusters (aggregates)
can also be found in strongly cohesive wet granular materials, especially near to the free
surface, where attractive forces dominate their repulsive counterparts [50]. However, the
strong correlations observed between particles of close proximity in suspensions seem
to be irrelevant in wet granular systems, where the range of force interactions is much
more limited. On the other hand, Lin et al. [21] show that contact forces dominate over
hydrodynamic forces in suspensions that show continuous shear thickening. Fall et al.
[22] propose that discontinuous shear thickening of cornstarch suspensions is a con-
sequence of dilatancy: the system under flow attempts to dilate but instead undergoes
a jamming transition because it is confined. Another possible cause for shear thicken-
ing is the large stress required to maintain flow due to particle-particle friction above a
critical stress as in [23, 24]. This is more likely to happen in charge stabilized colloidal
suspensions. Kann et al. [53] described the nonmonotonic oscillatory settling velocity
of sphere in a cornstarch suspension, resulting from the jamming-unjamming behav-
ior of the suspension solution. Here we only intended to speculate the flow behavior of
cohesive granular materials in relevance to micro scale analogy for shear thickening in
suspensions and Sec. 2.7 of this paper is devoted to understand more on the behavior of
wet granular materials with increasing cohesion.

2.2. MODEL SYSTEM

2.2.1. GEOMETRY

Split- Bottom Ring Shear Cell: We use MercuryDPM [25, 26], an open-source implemen-
tation of the Discrete Particle Method, to simulate a shear cell with annular geometry
and a split bottom plate, as shown in Figure 2.1. Some of the earlier studies in similar
rotating set-ups include [27–29]. The geometry of the system consists of an outer cylin-
der (outer radius Ro = 110 mm) rotating around a fixed inner cylinder (inner radius Ri =
14.7 mm) with a rotation frequency of Ω= 0.01 rotations per second. The granular ma-
terial is confined by gravity between the two concentric cylinders, the bottom plate, and
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a free top surface. The bottom plate is split at radius Rs = 85 mm. Due to the split at the
bottom, a narrow shear band is formed. It moves inwards and widens towards the flow
surface. This set-up thus features a wide shear band away from the bottom and the side
walls which is thus free from boundary effects. The filling height (H = 40 mm) is chosen
such that the shear band does not reach the inner wall at the free surface.

Figure 2.1: Shear cell set-up.

In earlier studies [1, 30, 50], a quarter of this system (0◦ ≤ φ ≤ 90◦) was simulated us-
ing periodic boundary conditions. In order to save computation time, here we simulate
only a smaller section of the system (0◦ ≤ φ ≤ 30◦) with appropriate periodic bound-
ary conditions in the angular coordinate, unless specified otherwise. We have observed
no noticeable effect on the macroscopic behavior in comparisons between simulations
done with a smaller (30◦) and a larger (90◦) opening angle. Note that for very strong
attractive forces, agglomeration of particles occur. Then, a higher length scale of the
geometry is needed and thus the above statement is not true anymore.

2.2.2. CONTACT MODEL AND PARAMETERS

The liquid bridge contact model is based on a combination of an elastic-dissipative lin-
ear contact model for the normal repulsive force and a non-linear irreversible liquid
bridge model for the non-contact adhesive force as described in [11]. The adhesive force
is determined by three parameters; surface tension σ, contact angle θ which determine
the maximum adhesive force and the liquid bridge volume Vb which determines the
maximum interaction distance between the particles at the point of bridge rupture. The
contact model parameters and particle properties are as given in Table 2.1. We have a
polydisperse system of glass bead particles with mean diameter dp = 〈d〉 = 2.2 mm and
a homogeneous size distribution (dmin/dmax = 1/2 of width 1−〈d〉2/〈d 2〉 ≈ 0.04). Note
that we neglect the additional viscous dissipation due to wet medium as proposed by
Cruger et al. [51] since we mostly study the slow flows.

To study the effect of inertia and contact stiffness on the non-cohesive materials rhe-
ology, we compare our data for non-cohesive case with data from simulations of [1] for
different gravity as given below:

g ∈ [1.0, 2.0, 5.0, 10.0, 20.0, 50.0] ms−2. (2.1)



2.2. MODEL SYSTEM

2

15

Table 2.1: Table showing the particle properties and constant contact model parameters.

Parameter Symbol Value
Sliding friction coefficient µp 0.01
Normal contact stiffness k 120 Nm−1

Viscous damping coefficient γo 0.5×10−3 kgs−1

Rotation frequency Ω 0.01 s−1

Particle density ρ 2000 kgm−3

Gravity g 9.81 ms−2

Mean particle diameter dp 2.2 mm
Contact angle θ 20◦
Liquid bridge volume Vb 75 nl

We also compare the effect of different rotation rates on the rheology for the following
rotation rates:

Ω ∈ [0.01, 0.02, 0.04, 0.10, 0.20, 0.50, 0.75, 1.00] rps. (2.2)

The liquid capillary force is estimated as stated in [13]. It is observed in our earlier
studies [11] that the shear stress τ for high pressure can be described by a linear function
of confining pressure, p, as τ = µo p + c. It was shown that the steady state cohesion c
is a linear function of the surface tension of the liquid σ while its dependence on the
volume of liquid bridges is defined by a cube root function. The friction coefficient µo is
constant and matches the friction coefficient of dry flows excluding the small pressure
limit. In order to see the effect of varying cohesive strength on the macroscopic rheology
of wet materials, we vary the intensity of capillary force by varying the surface tension
of the liquid σ, with a constant volume of liquid bridges (Vb = 75 nl) corresponding to a
saturation of 8%, as follows:

σ ∈ [0.0, 0.01, 0.02, 0.04, 0.06, 0.10, 0.20, 0.30, 0.40, 0.50] Nm−1 (2.3)

The first case, σ = 0.0Nm−1, represents the case of dry materials without cohesion,
whereas σ = 0.50Nm−1 corresponds to the surface tension of a mercury-air interface.
Forσ> 0.50Nm−1, smooth, axisymmetric shear band formation is not observed and the
materials agglomerate to form clusters as shown in Figure 2.2, for our particle size and
density. Hence, σ is limited to maximum of 0.50Nm−1.

2.2.3. AVERAGING METHODOLOGY
To extract the macroscopic properties, we use the spatial coarse-graining approach de-
tailed in [31–33]. The averaging is performed over a grid of 47-by-47 toroidal volumes,
over many snapshots of time assuming rotational invariance in the tangentialφ-direction.
The averaging procedure for a three-dimensional system is explained in [31, 33]. This
spatial coarse-graining method was used earlier in [1, 30, 33, 50]. We do the temporal
averaging of non-cohesive simulations over a larger time window from 80s to 440s to
ensure the rheological models with enhanced quality data. All the other simulations are
run for 200s and temporal averaging is done when the flow is in steady state, between
80s to 200s with 747 snapshots, thereby disregarding the transient behavior at the onset
of the shear. In the critical state, the shear band is identified by the region having strain
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Figure 2.2: Cluster formation (shown by red circles) for highly cohesive materials (σ = 0.70Nm−1) a) front
view and b) top view. Different colors blue, green and orange indicate low to high kinetic energy of particles
respectively.

rates higher than 80% of the maximum strain rate at the corresponding height. Most of
the analysis explained in the later sections are done from this critical state data at the
center of the shear band.

MACROSCOPIC QUANTITIES

The general definitions of macroscopic quantities including stress and strain rate ten-
sors are included in [1]. Here, we define the derived macroscopic quantities such as the
friction coefficient and the redvisco-plasticity which are the major subjects of our study.

The local macroscopic friction coefficient is defined as the ratio of shear to normal
stress and is defined as µ= τ/p.

The magnitude of strain rate tensor in cylindrical polar coordinates is simplified, as-
suming ur = 0 and uz = 0:

γ̇= 1

2

√(
∂uφ
∂r

− uφ
r

)2

+
(
∂uφ
∂z

)2

(2.4)

The visco-plasticity is given by the ratio of the shear stress and strain rate as:

η= τ

γ̇
= µp

γ̇
, (2.5)

where γ̇ is the strain rate; in a simple fluid, this would be viscosity, so that η in Eq. A.5 is
also referred to as apparent viscosity [3].

2.2.4. CRITICAL STATE
We obtain the macroscopic quantities by temporal averaging as explained in Sec. 2.2.3.
Next we analyze the data, neglecting data near walls (r < rmin ≈ 0.045 m, r > rmax ≈ 0.105
m, z < zmin ≈ 0.004 m) and free surface (z > zmax ≈ 0.035 m) as shown in Figure 2.3. Fur-
ther, the consistency of the local averaged quantities also depends on whether the local
data has achieved the critical state. The critical state is defined by the local shear accu-
mulated over time under a constant pressure and constant shear rate condition. This
state is reached after large enough shear, when the materials deform with applied strain
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r

Figure 2.3: Flow profile in the r − z plane with different colors indicating different velocities, with blue 0 ms−1

to red 0.007 ms−1. The shear band is the pink and light blue area, while the arrows indicate 10 % and 80 %
cut-off range of shear rate as specified in the text.

without any change in the local quantities, independent of the initial condition. We fo-
cus our attention in the region where the system can be considered to be in the critical
state and thus has a well defined macroscopic friction. To determine the region in which
the flow is in critical state, γ̇max(z) is defined to be the maximum strain rate for a given
pressure, or a given height z. The critical state is achieved at a constant pressure and
strain rate condition over regions with strain rate larger than the strain rate 0.1γ̇max(z)
as shown in Figure 2.3 corresponding to the region of shear band. While [1] showed that
for rotation rate 0.01 rps, the shear band is well established above shear rate γ̇ > 0.01
s−1, of our analysis shown in the latter sections are in the shear band center is obtained
by γ̇ > 0.8γ̇max(z) at different heights in the system. This is defined as the region where
the local shear stress τ becomes independent of the local strain rate γ̇ and τ/p becomes
constant. We also extend our studies to the shear-rate dependence in critical state which
is effective for critical state data for wider regions of shear band (Sec. 2.4.4). This shear
rate dependence is analyzed in the regions of strain rate (γ̇) larger than the 0.1γ̇max(z) at
a given height z. These data include the region from the center to the tail of the shear
band, with typical cut-off factors sc = 0.8 or 0.1, respectively, as shown in Figure 2.3, and
explained in Sec. 2.4.4.

2.3. TIME SCALES
Dimensional analysis is often used to define the characteristic time scales for different
physical phenomena that the system involves. Even in a homogeneously deforming
granular system, the deformation of individual grains is not homogeneous. Due to geo-
metrical and local parametric constraints at grain scale, grains are not able to displace as
affine continuum mechanics dictates they should. The flow or displacement of granu-
lar materials on the grain scale depends on the timescales for the local phenomena and
interactions. Each time scale can be obtained by scaling the associated parameter with
a combination of particle diameter dp and material density ρ. While some of the time
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scales are globally invariant, others are varying locally. The dynamics of the granular
flow can be characterized based on different time scales depending on local and global
variables. First, we define the time scale related to contact duration of particles which
depends on the contact stiffness k as given by [1]:

tk =
√
ρdp

3

k
. (2.6)

In the special case of a linear contact model, this is invariant and thus represents a global
time scale too. Two other time scales are globally invariant, the cohesional time scale tc

, i.e. the time required for a single particle to traverse a length scale of dp /2 under the
action of an attractive capillary force and the gravitational time scale tg , i.e. the elapsed
time for a single particle to fall through half its diameter dp under the influence of the
gravitational force. The time scale tc could vary locally depending on the local capillary
force fc . However, the capillary force is weakly affected by the liquid bridge volume while
it strongly depends on the surface tension of the liquidσ. This leads to the cohesion time
scale as a global parameter given by:

tc =
√
ρdp

4

fc
∝

√
ρdp

3

σ
, (2.7)

with surface tension σ and capillary force fc ≈πσdp . The corresponding time scale due
to gravity which is of significance under small confining stress close to the free surface is
defined as:

tg =
√

dp

g
. (2.8)

The global time scales for granular flow are complemented by locally varying time scales.
Granular materials subjected to strain undergo constant rearrangement and thus the
contact network re-arranges (by extension and compression and by rotation) with a shear
rate time scale related to the local strain rate field:

tγ̇ = 1

γ̇
. (2.9)

Finally, the time for rearrangement of the particles under a certain pressure constraint is
driven by the local pressure p. This microscopic local time scale based on pressure is:

tp = dp

√
ρ

p
. (2.10)

As the shear cell has an unconfined top surface, where the pressure vanishes, this time
scale varies locally from very low (at the base) to very high (at the surface). Likewise, the
strain rate is high in the shear band and low outside, so that also this time scale varies
between low and high, respectively.

Dimensionless numbers in fluid and granular mechanics are a set of dimensionless
quantities that have a dominant role in describing the flow behavior. These dimension-
less numbers are often defined as the ratio of different time scales or forces, thus signi-
fying the relative dominance of one phenomenon over another. In general, we expect
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five time scales (tg , tp , tc , tγ̇ and tk ) to influence the rheology of our system. Note that
among the five time scales discussed here, there are ten possible dimensionless ratios of
different time scales. We propose four of them that are sufficient to define the rheology
that describes our results. Interestingly, all these four dimensionless ratios are based on
the common time scale tp . Thus, the time scale related to confining pressure is impor-
tant in every aspect of the granular flow. All the relevant dimensionless numbers in our
system are discussed in brief in the following two sections of this paper for the sake of
completeness, even though not all are of equal significance.

2.4. RHEOLOGY OF DRY GRANULAR MATERIALS

2.4.1. EFFECT OF SOFTNESS IN THE BULK OF THE MATERIALS
We study here the effect of softness on macroscopic friction coefficient for different grav-
ity in the system. Thus the pressure proportional to gravity is scaled in dimensionless
form p∗ [1] given by:

p∗ = pdp

k
. (2.11)

This can be interpreted as the square of the ratio of time scales, p∗ = tk
2/tp

2, related to
contact duration and pressure respectively. Figure 2.4 shows the macroscopic friction
coefficient as a function of the dimensionless pressure p∗ and the dashed line is given
by:

µp (p∗) =µo fp (p∗) with fp (p∗) =
[

1− (p∗/po
∗)β

]
, (2.12)

where, β ≈ 0.50, µo = 0.16, po
∗ ≈ 0.90. po

∗ denotes the limiting dimensionless pres-
sure around the correction due to softness of the particles, where the correction is not
applicable anymore, since fp ≤ 0 for p∗ ≥ po

∗ [34]. We have used this fit, as our data
range is too limited to derive the functional form of the fit. This is shown by the solid
line in Figure 2.4 with the plotted data from our present simulation (Î) and with data
for different gravity in the system [1] which we use to describe other corrections for dry
non-cohesive materials. Despite the deviation of data for different gravity from the trend
for small p∗, the agreement with our data is reasonable. The dashed line represents the
softness correction as proposed by [1]. The effect of softness is dominant in regions of
large pressure where the pressure time scale tp dominates over the stiffness time scale
tk and thus the data in plot are corresponding to higher than a critical pressure (pg

∗ > 4,
explained in Sec. 2.4.3). Here, the compressible forces dominate over the rolling and
sliding forces on the particles, the flow being driven by squeeze. Thus, the macroscopic
friction coefficient decreases with softness.

2.4.2. EFFECT OF INERTIAL NUMBER
For granular flows, the rheology is commonly described by the dimensionless inertial
number [35]:

I = γ̇dp/
√

p/ρ , (2.13)

which can be interpreted as the ratio of the time scales, tp for particles to rearrange un-
der pressure p, and the shear rate time scale tγ̇ for deformation due to shear flow, see
Sec. 2.3. It has been shown both experimentally [35–37] and in simulations [38] that for
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Figure 2.4: Local friction coefficient µ as a function of softness p∗ for data with different gravity g [1] and our
data (represented by Î) for pg

∗ > 4. The solid line represents the function µp (p∗) given by Eq. 2.12.

intermediate inertial numbers (in the range I ≤ Io), the macroscopic friction coefficient
follow the so-called µ(I ) rheology:

µI (I ) =µo + (µ∞−µo)
1

1+ Io/I
, (2.14)

We assume the combined effect of softness and inertial number given asµ(p∗, I ) =µI (I ) fp

and thus analyse µ/ fp as a function of I , see Figure 2.5. We compare our data for non-
cohesive materials which is shown to be in agreement with the trend of data obtained
from [1] for different external rotation rates. The black solid line corresponds to the data
in the shear band center (γ̇ > 0.8γ̇max) fitted by Eq. 2.14 with µo = 0.16, µ∞ = 0.40 and
Io = 0.07 which are in close agreement with the fitting constants explained in [34]. Note
that these fitting constants change with the range of I that are included in the fitting.
Given that we do not have data for very high inertial number from our simulations, our
present fit shows Io ≈ 0.07 and hence the fit is valid for I ≤ Io .

2.4.3. EFFECT OF GRAVITY CLOSE TO THE FREE SURFACE
In this section, we investigate the effect of the another dimensionless number pg

∗ on
local friction coefficient, given by:

pg
∗ = p

ρdpg
. (2.15)

This can be interpreted as the square of the ratio of time scales, pg
∗ = tg

2/tp
2, related to

gravity and pressure respectively. The effect of inertial number and softness correction
are eliminated by scaling µ by the correction factors µI and fp respectively and studying
the effect of pg

∗ on the scaled friction coefficient. Figure 2.6 shows µ scaled by µI fp as a
function of dimensionless pressure pg

∗ for different gravity g (different p∗) and different
rotation ratesΩ (different I ), including our data for g = 9.81 ms−2 andΩ= 0.01 rps which
is also in agreement with other data set. The data for different slower rotation rates and
different gravitational accelerations g agree well with our new data set, while the higher
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Figure 2.5: Local friction coefficient µ scaled by the softness correction fp as a function of inertial number
I . Different colors indicate different rotation rate Ω with our data represented by ♦. Black circles represent
the data in the center of the shear band (γ̇ > 0.8γ̇max), other data are shown for γ̇ > 0.1γ̇max The solid line
represents the function µI (I ) given by Eq. 2.14.

rotation rates deviate. Note that the higher rotation rates are in a different regime where
kinetic theory works and hence agreement with the generalized rheology is not expected
strictly. All the data for different gravity and slower rotation rates collapse and these can
be fitted by the solid line given by the correction fg (pg

∗) where:

µg (pg
∗) =µo fg (pg

∗) with fg (pg
∗) =

[
1−a′ exp

(
− pg

∗

pg o
∗

)]
, (2.16)

where, a′ ≈ 0.71 is the relative drop in friction coefficient at pg
∗ = 0, pg o

∗ ≈ 1.19 is the
dimensionless pressure at which the friction coefficient drops below 0.74µo and fg (pg

∗)
is the correction corresponding to the dimensionless pressure pg

∗. Due to lack of con-
fining stress close to the free surface (pg

∗ < 4), the macroscopic friction coefficient ex-
ponentially decreases with decrease in pg

∗. Here, the gravity time scale tg dominates
over the pressure time scale tp . Thus, while the effect of gravity close to the free surface
is dominant for pg

∗ < 4, pg
∗ ≈ 4 is the critical pressure above which the effect of softness

p∗ is significant as explained in Sec. 2.4.1.

2.4.4. SHEAR RATE DEPENDENCE IN CRITICAL STATE FLOW
After having quantified the dependence of the macroscopic friction on inertial number
and softness, another correction was proposed in [1], taking into account a reduced,
relaxed friction correction in very slow quasi-static flow. The same phenomena was ad-
ddressed in [18, 31, 39] using non-local constitutive relations. Figure 2.7 is a representa-
tion of this correction fq (I ) where:

µq (I ) =µo fq (I ) with fq (I ) =
[

1−exp
(
−

( I

I∗
)α1)]

, (2.17)

where, I∗ = (4.85±1.08)×10−5 for very small inertial numbers (I ≤ I∗) and α1 = 0.48±
0.07. This correction is in inspiration with [31] where I∗ scales linearly with the external
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Figure 2.6: Local friction coefficient µ scaled by softness correction fp and the inertial number correction µI
as a function of dimensionless pressure pg

∗ for data with different gravity g . Blue markers indicate different
g with legends given in Figure 2.4, red markers indicate different slower rotation rates Ω ≤ 0.5 and magenta
markers indicate faster rotation rates Ω > 0.5 rps. Different marker shapes denote different rotation rates, as
labelled in Figure 2.5, with the new simulation data (Ω= 0.01 rps) represented by Î. The solid line represents
the function fg (pg

∗) given by Eq. 2.16.

shear rate and thus is proportional to the local strain-rate and the granular tempera-
ture. Although the data represented in Figure 2.7 (black ¦ and red ◦) include γ̇c (z) >
0.1γ̇max(z), the fitted solid line given by fq (I ) correction corresponds to data in the shear
band center as well as outside center (for γ̇c (z) > 0.1γ̇max(z)) which are all in the critical
state. Typically, we study the local effect for data inside the shear band center (γ̇c (z) >
0.8γ̇max(z)) which corresponds to the data given by red ◦ which are invariant to the effect
of small inertial number which allows us to assume fq (I ) ≈ 1.0. Hence, in the following
sections, we do not take into consideration the correction fq (I ), though we mention it.
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Figure 2.7: Local friction coefficientµ scaled by correction factors fp , fg andµI as a function of inertial number
I for dry non-cohesive materials with data for p∗ > 0.003. The solid line represents the function fq (I ) given by
Eq. 2.17.
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2.5. RHEOLOGY OF WET-COHESIVE GRANULAR MATERIALS

2.5.1. BOND NUMBER
The Bond number (Bo) is a measure of the strength of the adhesive force relative to the
compressive force. A low value of Bo (typically much less than 1) indicates that the sys-
tem is relatively unaffected by the attractive forces; high Bo indicates that the attractive
force dominates in the system. Thus Bo is a critical microscopic parameter that controls
the macroscopic local rheology of the system. While the conventional way of defining
the Bond number as the ratio of the time scales tc and tg [19] is appropriate for single
particles, or close to the free surface, we define the local Bond number relative to the
confining force:

Bo
(
p

)= fc
max

pdp
2 , (2.18)

defined as the square of the ratio between timescales related to pressure tp and wetting
time scale tc . fc

max = 2πrσcosθ is the maximum capillary force between a pair of parti-
cles, where r is the effective radius of the interacting pair of particles. This provides an
estimate of the local cohesion intensity by comparing the maximum capillary pressure
allowed by the contact model fc

max/dp
2 with the local pressure. A low to high transition

of local Bond number from the bottom of the shear cell to the free surface is as a result
of the change in time scale related to pressure tp from tp ¿ tc to tp À tc respectively.
Subsequently, we define the global Bond number Bog as a measure of the strength of
cohesion in the system as:

Bog = fc
max

p meandp
2 , (2.19)

where, pmean is the mean pressure in the system. This is an experimentally measurable
quantity and is related to quantifying the system as a whole. The global Bond number
corresponding to surface tension of liquid defined in Eq. 2.3 is given by:

Bog ∈ [0.0, 0.06, 0.12, 0.24, 0.36, 0.60, 1.28, 1.94, 2.54, 3.46] (2.20)

EFFECT OF LOCAL BOND NUMBER

The properties of the particles and the interstitial fluid strongly affect the macroscopic
behavior of granular materials. The local macroscopic friction is studied as a function of
local Bond number Bo for different wet cohesion intensity. Figure 2.8 shows the macro-
scopic friction coefficient as a function of the local Bond number Bo for different wet
cohesion. It is evident that the friction coefficient increases with local Bond number
with a constant value µo in the low Bond number limit. For frictionless wet cohesive
materials, the rheology can be defined by a linear fitting function given by:

µc (Bo) =µo fc (Bo) with fc (Bo) = (1+aBo) , (2.21)

where, µo = 0.15 is the macroscopic friction coefficient in the high pressure limit [11]
and a ≈ 1.47. This is shown by the solid line in Figure 2.8. However, it is observed that
the data deviate from the solid fitting line in the high Bond number or low pressure limit.
This deviation is explained by the small pressure correction fg (pg

∗) as explained in Sec.
2.4.3 and discussed in details in the next section.
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Figure 2.8: Local friction coefficient µ as a function of the local Bond number Bo for wet cohesive materials.
The solid line represents the function µc (Bo) given by Eq. 2.21.

2.5.2. EFFECT OF GRAVITY CLOSE TO THE FREE SURFACE

This section is an extension of the effect of gravity close to free surface explained in Sec.
2.4.3. Figure 2.6 shows the dependence of the local friction coefficient on the local scaled
pressure pg

∗ for dry non-cohesive materials and this effect is small in the high pressure
limit. With an attempt to separate the effect of Bond number on the rheology of cohesive
materials, we plot the local friction coefficient µ scaled by the Bond number correction
fc and other corrections µI and fp , as a function of scaled pressure pg

∗ as shown in
Figure 2.9. The solid line is given by Eq. 2.16, where the non-cohesive function fits for
the wet data as well.
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2.6. RHEOLOGICAL MODEL
We studied the rheology of dry and wet granular materials in terms of different dimen-
sionless numbers and the trends are combined and shown to collectively contribute to
the rheology as multiplicative functions given by:

µ(I , p∗, pg
∗,Bo) =µI (I ) fg (pg

∗) fq (I ) fc (Bo) fp (p∗) . (2.22)

Thus, a general(ized) multiplicative rheology function is proposed for the macro-
scopic friction coefficient, dependent on four dimensionless numbers p∗, pg

∗, I , Bo.
This rheological model is based on constant liquid bridge volume at all contacts and

we do not take into account liquid redistribution among contacts [14, 15]. This is a sim-
plified approach to establish the generalised rheology and we are working further on
liquid redistribution and will analyse its effect on the rheology. However, the cohesion
time scale is only weakly affected by the liquid bridge volume and mainly depends on
the surface tension of the liquid. Preliminary results using a liquid redistribution model
show that in this state, 40% of the contacts in the shear band center become dry, result-
ing in a higher probability of dry contacts with micro-contact local Bond number Bo = 0.
This results in a lower local Bond number in the shear band center. Our present rheolog-
ical model is shown to be valid for a wide range of Bond number and thus use of a liquid
redistribution model is expected to shift data further, towards the lower Bond numbers
but is expected to follow the same trends.

For a full constitutive law, one also needs to take into account the solid volume frac-
tion also. For dry granular shear flow [1, 34], the constitutive relations for the volume
fraction given by corrections (to first order) based on dimensionless numbers p∗ and I
as follows:

φ(I , p∗) =φc

(
1+ p∗

pc
∗

)(
1− I

Ic

)
, (2.23)

where, φc ≈ 0.65 is the critical or the steady state density under shear, in the limit of van-
ishing pressure and inertial number. Ic = 0.85 is the inertial number corresponding to
strain rate when the dilation turns to fluidization. pc

∗ = 0.33 is the typical pressure for
which softness leads to huge densities. Though the volume fraction in an inhomoge-
neous system is a field (fluctuating around a mean value), its local values are captured
by the above equation in terms of the local dimensionless numbers. The above relation
shows that the volume fraction decreases (and the friction increases) when the quasi-
static regime is exceeded. However, the generalised rheology is expected to be valid ev-
erywhere in the inhomogenous system where the system has been sheared long enough
to reach the critical state, irrespective of their different volume fraction. The volume
fraction increases with increase in confining stress as shown in [1, 34]. In Chapter 4, we
show that the volume fraction remains constant (weakly decreasing) for small Bo and
increases linearly (approximately) with higher Bo. When looking closer, one observes
that the volume fraction only slightly decreases with decrease in Bo, in contrary to the
results of [40], where the volume fraction strongly decreases with cohesion (or inverse of
confining stress) in the quasi-static regime. Note that we have very weak friction and no
rolling resistance in our system which explains the insignificant effect of confining stress
on volume fraction. Stable, loose microstructures require both of these mechanisms to



2

26 2. A GENERAL(IZED) LOCAL RHEOLOGY

be active to show considerable effect. For completeness, our goal being to define the
rheology of granular materials in a continuum framework and thus overall constitutive
relations mentioned above are to implemented in continuum solvers. Appendix A sum-
marizes the implementation of the constitutive relation in the continuum solver for dry
non-cohesive granular materials.

2.7. LOCAL VISCO-PLASTICITY
Visco-plasticity is characterized by a yield stress, below which the materials will not de-
form, and above which they will deform and flow according to different constitutive rela-
tions. Visco-plastic models include many fluid models like the Bingham plastic, the Her-
schel Bulkley model and the Casson model. Granular fluid, being a classification of the
Bingham plastic fluid with a pressure dependent viscosity. However, unsaturated gran-
ular materials, being heterogeneous systems, the term viscosity is not relevant in real
sense though mentioned about effective viscosity in [3]. Thus we introduce viscoplastic-
ity of granular materials as a substitute term. We introduce the local visco-plasticity η of
granular materials which is the ratio of the shear stress to the shear rate as an alternative
to µ. To see the combined effect of pressure and strain rate on the local visco-plasticity,
we analyse them as functions of the inertial number. For a given pressure, the inertial
number is proportional to the shear rate. Thus, the analysis of local visco-plasticity as a
function of the inertial number for small pressure ranges can be interpreted as the anal-
ysis of visco-plasticity vs strain rate. We define the dimensionless local visco-plasticity
as:

η∗ = η√
dpkρ

= µp/γ̇√
dp kρ

= µ
√

p∗

I
(2.24)

Since we here focus on the data in the center of the shear band, the dependence on
shear rate in the critical state flow which includes data outside the shear band center
can be neglected ( fq (I ≥ I∗) ≈ 1) and thus the rheological model for the local friction
coefficient given by Eq. 2.22 is simplified by:

µ(p∗, pg
∗,Bo) =µI (I ) fg (pg

∗) fc (Bo) fp (p∗) . (2.25)

The dimensionless variable η∗ can be related to three time scales namely, contact du-
ration tk , strain rate related time scale tγ̇ and pressure related time scale tp as η∗ =
µtγ̇tk /tp

2.
Alternatively, the flow rules of granular materials can be approximated as that of a

power-law fluid with inertial number inversely proportional to shear rate as given by:

η∗ = K Iα−1, (2.26)

where, K = µ
√

p∗I−α is the flow consistency and α is the flow behavior index. The flow
rules of granular materials are pretty straightforward at high pressures with α≈ 0. How-
ever, deviations are observed from the power-law behavior at small pressures. More de-
tails on the flow rules at large and small pressure are explained in Sec. 2.7.1 and 2.7.1
respectively.
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Figure 2.10 shows the local visco-plasticity η∗ as a function of the inertial number I
for different global Bond numbers. The data shown correspond to all the data close to the
shear band center for different heights. The inertial number is lowest at an intermediate
height, and increases towards surface and base. With increasing inertial number, the
visco-plasticity decreases, indicating that granular materials flow like non-Newtonian
fluids, specifically shear-thinning fluids. It is also evident from the figure that the flow
behavior is different at large and small confining pressure.

2.7.1. PREDICTION OF LOCAL VISCO-PLASTICITY

PREDICTION OF STRAIN RATE

Various numerical and experimental results suggest the presence of shear bands in gran-
ular materials subjected to relative motion [41, 42]. Often this shear band is considered
as a thin layer of localized strain rate, separating rigid blocks of constant velocity. In-
vestigations on the shear band formation reveal that its characteristics are influenced by
a number of factors including density, confining pressure, particle size and shape, fric-
tion, anisotropy of the material and cohesion [42, 50]. The shear band thickness and the
distance from the center decrease as the confining pressure increases [43]. Constitutive
relations exist for many shear band properties [44], which suggests a pathway to finding
analytical solutions.

In this section, we discuss an analytical approach to get stress and strain rate corre-
lations from the physics of granular materials and compare our analytical solution with
the numerical results for different wet cohesion using the generalized µ function for the
macroscopic friction, see Eq. 2.22 and 2.25. The magnitude of the strain rate is given
by Eq. 2.4. It is assumed that the velocity component uφ is slowly varying in z-direction
(∂uφ/∂z ≈ 13% of (∂uφ/∂r −uφ/r ) in the shear band center), so ∂uφ/∂z is small (by one
order of magnitude) and is neglected with an approximation, so that

γ̇≈ 1

2

(∂uφ
∂r

− uφ
r

)
. (2.27)

In the shear band region, the non-dimensionalized angular velocity profileω= uφ/(2πrΩ)
at every height can be well approximated by an error function [45–48]:

ω= A+Berf

(
r −Rc

W

)
, (2.28)

where A ≈ B ≈ 0.5, W and Rc are the width and the position of the shear band, respec-
tively at different heights. Most surprising is the fact that the fit works equally well for a
wide range of I , p∗, Bo etc. [50]. Eq. 2.28 substituted in Eq. 2.27 can be simplified as a
first order expansion of the derivative of the error function as:

γ̇=
p
πrΩ

W
exp

[
−

[ r −Rc

W

]2]
. (2.29)

The shear rate at the center of the shear band (r = Rc ) is thus given as:

γ̇max =
p
πRcΩ

W
. (2.30)
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The pressure for the given geometry is increasing linearly from the free surface, i.e. varies
hydrostatically with the depth inside the material. Further, we obtain the non-dimensional
inertial number from the predicted strain rate and pressure, so that

Imax =
γ̇maxdp√

p/ρ
∝ γ̇maxdpp

H − z
, (2.31)

ignoring the small variations in the bulk density.

PREDICTION OF VISCO-PLASTICITY OF MATERIALS UNDER LARGE PRESSURE

The predicted local visco-plasticity from Eqs. 2.24 and (2.25) can be simplified with
fg (pg

∗) ≈ 1 under large pressure, µI (I ) ≈ µo for quasistatic states and fp (p∗) ≈ 1 for the
relatively stiff particles (0.002 < p∗ < 0.01) studied in our system and thus can be written
as:

η∗ = µo
√

p∗

I

[
1+aBo

]
. (2.32)

For dry non-cohesive materials, Bo = 0 and
√

p∗ is slowly changing at high pressure.
For wet cohesive materials, the magnitude of visco-plasticity is thus determined by the
term fc (Bo). However, the flow behavior index for wet materials is also constant under
high confining pressure for the same reason as stated for dry materials as Bo ∝ 1/p.
Table 2.2 shows the value of the index α− 1 for different Bog . Under high confining
pressure,α is independent of cohesion andα≈ 0,α−1 corresponding to the slope of the
red dash-dotted lines in Figure 2.10. Thus, η∗ ∝ I−1 and α ≈ 0 confirms that both dry
and wet granular materials behave like a power law fluid under large confining pressure.

Table 2.2: Table showing the flow behavior index under large pressure constraint (red dash-dotted lines fitted
to Figure 2.10)

Bog 0.0 0.06 0.12 0.24 0.36 0.60 1.28 1.94 2.54 3.46
α−1 −0.94 −0.81 −0.92 −0.82 −0.89 −1.00 −0.93 −1.10 −1.23 −1.09

PREDICTION OF VISCO-PLASTICITY OF MATERIALS UNDER SMALL PRESSURE

Wet cohesive materials confined to small pressure near the surface show more interest-
ing behavior. Here, the pressure and strain rate are very small, i.e. large tp and tγ̇ make
confining pressure and strain rate less dominant, so that tg and tc are the two interact-
ing time scales. The rheology is now strongly dependent on the corrections fg (pg

∗) and
fc (Bo) but not on the correction fp (p∗) ≈ 1 (p∗ < 0.005) under small confining pressure.
The strain rate close to the center of the shear band and free surface is almost constant
since the shear band is wide so that fq ≈ 1 while µI ≈ µo . We use this simplified con-
stant strain rate to predict the visco-plasticity near the surface of the shear cell where the
pressure is very small. The visco-plasticity for wet cohesive materials confined to small
pressure is more intricate and is predicted by from Eqs. 2.24 and (2.25) with fp (p∗) ≈ 1
as:

η∗ = µo
√

p∗

I

[
1+aBo

][
1−a′ exp

(
− pg

∗

pg o
∗

)]
. (2.33)
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Figure 2.10 shows the prediction of visco-plasticity at small pressure as given by the
green solid lines. Non-cohesive materials upto weakly cohesive materials (Bog < 0.60),
at low pressure, are less viscous than those at high pressure, as shown in the figure. For
global Bond number Bog = 0.60, materials for a given inertial number have the same
visco-plasticity independent of pressure. For even higher cohesion (Bog > 0.60), the
flow behavior changes qualitatively. Though, the visco-plasticity decreases with the in-
ertial number (η∗ ∝ I−δ), even for cohesive materials, the qualitative decay power δ de-
creases towards zero (δ→ 0). For a given inertial number, the material near the surface
has higher visco-plasticity than in the bulk and at the base. Materials confined by small
pressure become reduced shear thinning with increase in cohesion. This is represented
by the direction of black arrows marked with Bog in Figure 2.10. Thus, granular mate-
rials have different shear-thinning properties depending on the local confining pressure
and Bond number.
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Figure 2.10: Local visco-plasticity η∗ as a function of inertial number I for different global Bond number Bog .
Different symbols represent data for different pressure, 5 : p∗ ≥ 0.006, ¦ : 0.002 < p∗ < 0.006 and ◦ : p∗ ≤
0.002. The lines (dash-dotted red) and (solid green) are the fittings and the predictions obtained for p∗ ≥ 0.006
and p∗ ≤ 0.002 respectively. The lines (solid blue) and (dashed cyan) are the predictions obtained from the
analytical solutions for p∗ ≥ 0.006 and p∗ ≤ 0.002 respectively.
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ANALYTICAL PREDICTION OF VISCO-PLASTICITY

We extract the position and the width of the shear band Rc and W respectively from
the fit function in Eq. 2.28. Both position and width of the shear band depend on the
height in the system and the position moves inwards with increasing height (decreasing
pressure). Predictions of the position of the shear band center as a function of height is
given in [49]. Since the analytical prediction discussed here is not significantly affected
by this varying position of the shear band, we use the mean shear band position R̄c for
our prediction. The shear band moves inward with increase in global Bond number [50].
Thus the mean shear band position R̄c decreases with increasing Bog (not shown here).

The width of the shear band is predicted as function of height as given by [44]:

W (z) =Wtop

[
1−

(
1− z

H

)2
]β

, (2.34)

where β= 0.6 for non-cohesive materials and 0.5 <β< 0.7 for cohesive materials are fit-
ted well by our data. Assuming the pressure varying hydrostatically and the bulk density
as ρb = 0.6ρ, we translate Eq. 2.34 to W as a function of p. Substituting Eqs. 2.30 and
2.34 in Eq. 2.31 and rearranging, we get the inertial number Imax in the shear band center
as a function of the local pressure p. Further, by substituting p, we get η∗max in the shear
band center and thus obtain a quantitatively accurate prediction of η∗max (Imax), plotted
as blue solid lines and cyan dashed lines in Figure 2.10.

The results show that the analytical solution is in good agreement with our numeri-
cal results. Focusing on the slope of the small pressure line, we observe that it changes
with increasing cohesion in the same way as shown by numerical data. It is observed
from the analytical solution that this change in slope is governed by µ. Thus, the shear-
thinning rate for materials under small pressure depends on local friction coefficient,
which depends on the corrections fg (pg

∗) and fc (Bo).

2.7.2. ELIMINATING THE EFFECT OF COHESION AND GRAVITY
Under larger confining pressure (as stated in Sec. 2.7.1), with increase in cohesion, the
visco-plasticity of the granular fluid increases, however, the flow behavior remains qual-
itatively the same even for very high cohesion. For materials confined to large pressure,
where

p
p is slowly varying, the visco-plasticity is inversely proportional to the strain

rate and approximately also to the inertial number. At smaller pressure, the materials
are more free only under the effect of gravity, with less dominant forces due to particle
contacts. Therefore, cohesion is relatively more dominant for higher local Bond num-
bers, resulting in the qualitative change in shear thinning rate (α). Thus the flow of ma-
terials is affected by both dimensionless numbers Bo and pg

∗ at the same time. Then,
the granular fluid appears to no longer behave like a power-law fluid. Several of these
rheological correction factors make the flow behavior even more non-linear under small
pressure. In order to see the rheology of the granular fluid under small pressure, which is
devoid of the effect of these dimensionless numbers, we rescale the local dimensionless
visco-plasticity η∗ by fc (Bo) and fg (pg

∗) and analyse it as a function of inertial number.
Figure 2.11(a) shows the dimensionless visco-plasticity η∗ scaled by fc (Bo) as a function
of inertial number for different cohesion. All the data for different cohesion collapse to
a single plot for the triad of different pressure scales. Further, we rescale η∗/ fc (Bo) by
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fg (pg
∗) and plot it as a function of inertial number for different cohesion as shown in

Figure 2.11(b). The fitted solid line corresponding to the data at large pressure is given
by Eq. 2.26 with α = 0 and K ≈ 0.01. Furthermore, the fitted dashed line corresponding
to the data at small pressure is given by Eq. 2.26 with α=−1 and K ≈ 5.6×10−6. This is
explained theoretically by substituting p∗ in Eq. 2.13 and using Eq. 2.33 with constant
friction coefficient µ0 yielding:

η∗

fc (Bo) fg (pg
∗)

= µo γ̇dp
3/2

I 2

√
ρ

k
, (2.35)

Thus, for slowly varying strain rate at small pressure, η∗ is proportional to I−2 and is
represented by Eq. 2.26 with α=−1. This eventually explains the earlier observations by
[32].

Thus, the flow behavior for granular materials in a simple hypothetical case with high
confining stress constant friction coefficient can be approximated by that of a power-
law fluid flow behavior. However, for more realistic systems, e.g., unit operations at low
stress, several other factors influence the flow rheology, e.g., near to the free surface.
Thus, under small pressure, granular materials behave more interestingly and complex
than a power-law fluid.
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Figure 2.11: a) Dimensionless local visco-plasticity η∗ scaled by the Bond number correction fc as a function
of the inertial number I . b) Dimensionless local visco-plasticity η∗ scaled by the Bond number correction fc
and small pressure correction fg as a function of the inertial number I . Different symbols represent data for
different pressure, ¦ : p∗ ≥ 0.006, • : 0.002 < p∗ < 0.006 and ? : p∗ ≤ 0.002 respectively. The fitted solid and
dashed lines for large and small pressure are given by Eq. 2.26 with α= 0 and α=−1 respectively.

2.8. DISCUSSIONS AND CONCLUSIONS
The rheology of dry as well as wet granular materials (in the pendular regime) has been
studied by simulations using the discrete element method in steady state shear. Our re-
sults show that the conventional µ(I ) rheology must be modified to take into account
other factors such as cohesion, contact softness, corrections at small pressures where
gravity dominates, and a generalised inertial number dependence for very slow quasi-
static flow (creep) in the tails of the shear bands. The trends are combined and shown
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to collectively contribute to the rheology as multiplicative functions, i.e. ignoring one
contribution can lead to inconsistent results. This new generalized rheological model
applies to a wide range of parameters from dry non-cohesive to strongly cohesive mate-
rials, and contains also both the small and the large pressure limits. Note that additional
contributions from viscous forces should be included in case of rapid flow. Our ongo-
ing work shows that the generalised rheology is independent of system configuration,
pressure or volume control, in the critical state and is applicable for both homogeneous
simple shear and inhomogeneous systems like the split bottom shear cell. Given this
is justified, the shear thinning behavior for granular materials is valid for every locally
reached critical state, irrespective of the system configuration in moderate to low pres-
sure and dense regime.

Furthermore, we study the visco-plasticity as a function of inertial number for gran-
ular fluids of varying cohesive strength. Most strikingly, the cohesive strength not only
increases the magnitude of the visco-plasticity, but also decreases the shear thinning
rate, but only for material under small confining pressure e.g. close to the free surface.
This variable shear thinning behavior of granular materials under low stress, close to a
free surface, is attributed to the higher local Bond number i.e. it is a low pressure effect.
Thus, the flow rheology (friction and visco-plasticity) is predicted by the proposed rheol-
ogy model for dry and wet granular materials under both low and high confining stress.
Further, we develop an analytical solution for the visco-plasticity using the proposed
rheology (with some simplifications) and show that the results are in good agreement
with our numerical analysis. Materials become reduced shear thinning with an increase
in cohesion at high Bond numbers under small confining pressure.

Finally, it is shown that the effect of each of the dimensionless numbers can be elim-
inated by rescaling, and thus the visco-plasticity of a simple system with a (small) con-
stant friction coefficient is predicted as that of a power-law fluid.

As an outlook, we aim to implement the generalized rheological model in a contin-
uum description of the split-bottom shear cell geometry. A successful implementation is
only the first step for validation and paves the way to use this rheological model in indus-
trial applications for material flow descriptions. We aim to also include the higher order
effect of the Bond number in the generalized rheology. We included the small pressure
(free surface) correction in the rheology, as an effect of gravity. It is to be noted that even
in a micro-gravity system, both pressure and gravity change identically and thus the cor-
responding correction term remains the same as in a system with high gravity. Thus this
correction corresponds to an effect active at interfaces or at the free-surface. Next step is
to perform the micro-structural analysis also for our system [50] and in particular close
to the free surface in order to understand the change in shear thinning rate. Another
open question concerns the creep correction and its relation to the micro-structure and
granular temperature. Last, the present rheology has to be merged to kinetic theory in
the rapid, collisional flow regime [6], which presents an open challenge.
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3
EFFECT OF COHESION ON LOCAL

COMPACTION

This chapter results from an ongoing investigation of the effect of cohesion on the com-
paction of sheared soft wet granular materials. We compare dry non-cohesive and wet
moderately-to-strongly cohesive soft almost frictionless granular materials and report the
effect of cohesion between the grains on the local volume fraction. We study this in a
three dimensional, unconfined, slowly sheared split-bottom ring shear cell, where mate-
rials while sheared are subject to compression under the confining weight of the material
above. Our results show that inter-particle cohesion has a considerable impact on the
compaction of soft materials. Cohesion causes additional stresses, due to capillary forces
between particles, leading to an increase in volume fraction due to higher compaction.
This effect is not visible in a system of infinitely stiff particles. In addition, acting oppo-
sitely, we observe a general decrease in volume fraction due to increased cohesion for fric-
tional particle, which we attribute to the role of contact friction that enhances dilation.

3.1. INTRODUCTION
Unsaturated granular media of particles with interstitial liquid in the form of bridges be-
tween particle pair, display bulk cohesion, which can be tuned using different liquids
with varying surface tension. Earlier studies have been on density correlation in terms
of fractal structure of aggregates for dry cohesive powders [1]. Cohesive grains being
sensitive to stress intensity as well as direction exhibit much larger variations in their
equilibrium densities. Moreover, adhesion would enhance the role of sliding and rolling
friction, because the limiting values for tangential contact forces and rolling moments
are both proportional to the elastic repulsive part of the normal force. Fournier et al.
[2] observed that wet granulates are significantly less densely packed than dry granular
materials, but the packing densities in only weakly dependent on the amount of wet-
ting liquid, an obvious reason being that the forces exerted by the liquid bridges are very

This chapter has been published in EPJ Web of Conferences 140, (2017) [14].
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weakly dependent on bridge volume [3]. At small liquid content and after sufficient equi-
libration, the interior of the wet granulate is expected to be characterized by a network of
liquid bridges connecting adjacent grains. It is clear that the connectivity of this network
of liquid bridges is of importance for the mechanics of the wet granular materials, be it
directly due to the capillary forces itself or due to the enhancement of the mutual fric-
tion between the grains by the increased internal pressure. For the wet granular materi-
als, this pressure increase is of the order ∆p ≈σ/r given by the Laplace-Young equation,
where r is a typical radius of the grains and σ is the surface tension of liquid. The local
volume fraction of the bulk on macro-scale is connected to the pressure gradient and is
thus proportional to σ.

We study here the packing fraction in the critical state for non-cohesive to strongly
cohesive systems by varying the surface tension of the liquid. Details of the simulation
set-up is given in Sec. 3.2.1. Wet granular materials are cohesive and particles can stick
together and form local agglomerates, due to formation of clusters of particles for very
cohesive systems, as shown in Figure 3.1 and 3.4(c). Figure 3.1 shows the top view of the
split bottom shear cell geometry with colors blue to red indicating z coordinate values
of the particles. It is observed from the figure that some particles form clumps near the
surface while the particles near the base are seen through the hollow region. Hence, the
system is highly inhomogeneous in its spatial distribution.

3.2. MODEL SYSTEM

3.2.1. GEOMETRY

Split-Bottom Ring Shear Cell: We use MercuryDPM [4, 5], an open-source implementa-
tion of the Discrete Particle Method, to simulate a shear cell with annular geometry and
a split bottom plate, as explained in [6]. Earlier studies used similar rotating set-ups,
including [7, 8]. The geometry of the system consists of an outer cylinder (radius Ro =
110 mm) rotating around a fixed inner cylinder (radius Ri = 14.7 mm) with a rotation
frequency of Ω= 0.01 rotations per second. The granular material is confined by gravity
between the two concentric cylinders and the bottom plate, with a free top surface. The
bottom plate is split at radius Rs = 85 mm. Due to the split at the bottom, a narrow shear
band is formed. It moves inwards and widens towards the flow surface. This set-up thus
features a wide shear band away from the bottom and the wall which is free from bound-
ary effects. The shear cell is filled up to a height of H ≈ 40 mm under dry conditions, with
particles of mean diameter dp = 〈d〉 ≈ 2.2 mm, polydispersity dmax/dmin = 2.0 and ho-
mogeneous size distribution with width of 1− 〈d〉/〈d 2〉 = 0.04, where a is the particle
radius. Thus, the shear band remains far away from the inner wall. The inter-particle
friction coefficient is µp = 0.01 and other parameters are detailed in [6].

In earlier studies [9], a quarter of this system (0◦ ≤ φ ≤ 90◦) was simulated using pe-
riodic boundary conditions. In order to save computation time, here we simulate only a
smaller section of the system (0◦ ≤ φ ≤ 30◦) with appropriate periodic boundary condi-
tions in the angular coordinate, unless specified otherwise. We have observed no notice-
able effect on the macroscopic behavior in comparisons between simulations done with
a smaller (30◦) or larger (90◦) opening angle. Note that for very strong attractive forces,
the system becomes inhomogeneous and looses its radial symmetry: i.e. agglomeration
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of particles occurs. Then, particles interact on a larger length scale and thus the above
statement is not true anymore.

Figure 3.1: Top view of highly cohesive wet granular materials (Bog = 34.6). Different colors are the measure
of low (blue), medium (green), high (yellow) and walls (red) z-coordinate of the particles.

3.2.2. CONTACT MODEL AND PARAMETERS
We use a linear visco-elastic frictional contact model in combination with Willet’s capil-
lary bridge model [3, 6, 10]. In order to see the effect of varying cohesive strength on the
macroscopic rheology of wet materials, we vary the intensity of the maximum capillary
force f max

cap = πdσcosθ, by varying the surface tension of the liquid σ, while keeping the
volume of liquid bridges constant, (Vb = 75 nl), corresponding to a liquid saturation of
8% of the voidage. We compare here the volume fractions of non-cohesive to moder-
ate to strongly cohesive granular materials, with surface tension of liquid ranging from
σ= 0 Nm−1, up to σ= 5 Nm−1 for strongly cohesive systems. The contact angle is fixed
at θ = 20◦.

3.3. DIMENSIONLESS NUMBERS
The effects of varying shear rate, pressure, stiffness and cohesion can be modelled using
three dimensionless numbers, expressed as a ratio of time-scales as given in Tab. 3.1,
where the subscripts γ̇, p,k and c denote strain-rate, pressure, stiffness and cohesion re-
spectively [10]. In addition, we define the global Bond number as Bog = f max

cap /(pmeandp
2),

where pmean is the mean pressure in the system (at about half filling height H/2).

Table 3.1: Dimensionless numbers for the model

Dimensionless number Definition Time scale ratios

Inertial number I
γ̇dpp

p/ρ
tp /tγ̇

Softness p∗ pdp

k (tk /tp )2

Local Bond number Bo
f max

cap

pdp
2 (tp /tc )2
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3.4. RHEOLOGICAL MODEL
The macroscopic quantities are obtained by spatial coarse graining with temporal av-
eraging of the system in steady state as detailed in [6, 10]. We study the effect of the
above mentioned dimensionless numbers on the local volume fraction φ in the critical
state [10]. The local volume fraction is expected to be dependent on various factors like
the dilation, compression and the inter-particle friction. In the following sections, we
discuss more of the effect of each dimensionless number on the local volume fraction.

3.4.1. NON-COHESIVE GRANULAR MATERIALS
For dry granular materials, Bo = 0, the rheology only depends on p∗ and I . The de-
pendence of the macroscopic friction coefficient µ= τ/p on p∗ and I has been studied
in [9, 10]. In order to complete the rheology for soft, compressible particles, a relation
for the solid volume fraction (packing fraction) as function of pressure and shear rate is
missing for dry non-cohesive materials. In [11], the following dependency was observed:

φ(I , p∗) =φo f I (I ) fp (p∗) (3.1)

with the critical or steady state density under shear, first order i.e., in the limit of van-
ishing pressure and inertial number, φo = 0.64, fp (p∗) = (1+p∗/po

∗), f I (I ) = (1− I /Io).
The typical strain rate for which dilation would turn to fluidization is Io = 0.85 , and the
typical pressure level for which softness leads to huge densities is po

∗ = 0.33 [11]. Note
that both correction functions are first order, i.e. they are valid only for sufficiently small
arguments. Because of slow quasistatic flows in our simulations, no strong dilation is
observed, i.e., no strong dependence of φ on the local shear rate. On the other hand, too
large inertial numbers would fully fluidize the system so that the rheology should be that
of a granular fluid, for which kinetic theory applies, while too large pressure would lead
to enormous overlaps, for which the contact model and the particle simulation with pair
forces become questionable.

3.4.2. COHESIVE GRANULAR MATERIALS
In cohesive flows, attractive forces enhance the local stresses acting on the particles and
adds an attractive force which acts as an effective confinement and increased compres-
sion, i.e. increased volume fraction (at least for our nearly-frictionless spheres). Rough
and frictional particles should display stronger dilatancy, a reduced volume fraction un-
der shear. Having low inter-particle friction, we observe an overall increase in local vol-
ume fraction with Bo (plot not shown here). This overall effect is distinguished as con-
tribution from compression of soft particles and due to structural changes in presence
of friction as discussed in the following subsections.

EFFECT OF COHESION ON SOFT PARTICLES

In cohesive flows, cohesion enhances the compressive pressure acting on the particles.
This can be quantified as follows: we split the net pressure into two components, p =
prep−pcap, denoting the respective contributions of repulsive and cohesive contact forces.
The ratio between the total cohesive contribution and the total pressure is given by the
local bond number, Bo = pcap/p, and thus prep = (1+Bo)p. As the geometrical compres-
sion (deformation at each contact) is related to the repulsive stress, it is the compressive
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pressure prep that has to be considered in the softness factor fp . Thus, the modified local
softness correction for cohesive systems is given as:

fp (p∗
rep) = fp ((1+Bo)p∗) (3.2)

For dry non-cohesive system when Bo = 0, one has fp ((1+Bo)p∗) = fp (p∗). This
is similar in spirit with the modified inertial number as presented in [12], which takes
into account the cohesive contribution in confining stress. A similar modification in the
inertial number is also required in the inertial regime weakly effective in the quasistatic
regime.

GENERALIZED EFFECT OF COHESION

In addition to the effect of cohesion on the softness of particles, cohesion also changes
the microstructure [1, 2] in presence of rolling and sliding friction. To study this addi-
tional effect, we analyse the local packing fraction φ scaled by f I and fp as a function
of the local Bond number Bo as shown in Figure 3.2. All the data shown in Figure 3.2
correspond to the critical state, though a shear band is not clearly defined in strongly
cohesive systems (Bog > 3.46). It is observed from Figure 3.2 that all data for different
Bog collapse, following a trend and the dependence is given by the solid line in Figure
3.2 as:

fc (Bo) =
[

1−
( Bo

Boc

)α]
(3.3)

where,φo = 0.65,α= 0.57 and Boc = 729 denotes the limiting Bond number above which
the correction is not applicable anymore. The dash-dotted line represents a linear fit
f lin

c (Bo) that ignores the larger Bo data, with α = 1. Note that due to different friction
µp = 0.5, φo = 0.60,α= 0.71 and Boc = 42.63 for the dashed fit in Figure 3.2 correspond-
ing to the data from [13] for frictional monodisperse particles.
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Figure 3.2: Scaled local packing fraction φ/(φo fI fp ) as a function of the local Bond number Bo showing the
general decrease in scaled local volume fraction with cohesion. The solid line is given by Eq. 3.3 with parame-
ters given in Tab. 3.2. The dash-dotted line corresponds to a simple linear fit f lin

c (Bo) = 1−Bo/62 correspond-
ing to the data with Bo < 3. The dashed line corresponds to the fit for the data from [13].

To confirm the effect of cohesion on the compressibility of soft particles, we re-plot
Figure 3.2 in another possible way, i.e., φ/(φo f I fc ) as a function of (1+Bo)p∗ as shown
in Figure 3.3. In a way, this is the effect of compression of soft particles with increasing
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Figure 3.3: Scaled local packing fraction φ/(φo fI fc ) as a function of (1+Bo)p∗ showing the effect of com-
paction of soft particles with increasing cohesion. The solid line is given by Eq. 3.2.

cohesion which is given by the function fp ((1+Bo)p∗) as shown by the solid line in the
figure.

Table 3.2: Coefficients for the model

Dimensionless number Corrections Coefficients

Critical volume fraction (φo) φo = 0.65

Inertial number (I ) f I =
(
1− I

Io

)
Io = 0.85

Softness (p∗
rep) fp =

[
1+ p∗

rep

po
∗
]

po
∗ = 0.33

Cohesion (Bo) fc =
[

1−
(

Bo
Boc

)α]
See Sec. 3.4.2.

Thus the complete rheology for the local volume fraction is given as:

φ(I , p∗,Bo) =φo f I (I ) fp ((1+Bo)p∗) fc (Bo) (3.4)

In the case of rigid particles, p∗ → 0 so that Eq. 3.4 reduces toφstiff =φ(I ,0,Bo) =φo f I fc .

DISCUSSION

Cohesion can either contribute to a decrease or an increase in the local volume fraction
of sheared materials, depending on the inter-particle friction and the softness of materi-
als. Note that compression is prevailing for soft particles but is negligible when p∗ > 0 in
the limit of infinite stiffness, when the local volume fraction is expected to increase with
Bo. Berger et al. [12] uses contact dynamics for simulation which assumes that particles
are infinitely stiff. Khamseh et al. [13] also shows that the volume fraction decreases for
higher cohesion where the simulations are done using DEM with very stiff glass beads of
Young modulus E = 70 GPa, so that for both, the softness effect is negligible.

Figure 3.4 (a), (b) and (c) show the contour plot of the spatial distribution of local
packing fraction with the magnitude given by the color map for different Bog = 0,1.94
and 34.6, respectively. Focusing on the shear band center, the mean volume fraction is
close to 0.65 for non-cohesive materials as shown in Figure 3.4(a). In comparison, the
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mean volume fraction of the strongly cohesive materials is 0.75 in Figure 3.4(c). The ver-
tical center of mass of the materials decreases by 25% from non-cohesive (a) to strongly
cohesive (c) materials.
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Figure 3.4: Contour plot of volume fraction for (a) Bog = 0.0, (b) Bog = 1.94 and (c) Bog = 34.6 in the r−z plane.
Color-bar represents the local volume fractionφ. Both (a) and (b) are homogeneous in angular direction, while
(c) displays cohesion-induced compression and inhomogeneity (granulation) of materials.

3.5. CONCLUSION
We studied the local packing fraction of dry and wet granular materials as a function of
dimensionless numbers, namely, the inertial number I , the softness p∗ and the Bond
number Bo. Focus is on the effect of cohesion (quantified by the Bond number). Earlier
studies have shown that the packing fraction of dry granular materials is to the first order
linearly dependent on I and p∗.

We observe that the cohesive stress contributes to the softness for wet granular mate-
rials. This leads to an additional linear increment of local volume fraction with Bo. This
effect is prevailing for soft particles and becomes negligible in the limits of stiff particles.
Additionally, the local volume fraction decreases as a power law dependence on the local
Bond number Bo. This is a more general effect of Bo on the local volume fraction related
to the structural changes and increasing friction force of the materials.

Our results show that for strongly cohesive systems, our almost frictionless mate-
rials are overall densely compacted and center of mass of the bed drops by approxi-
mately 25%. The coordination number increases with local volume fraction. However,
the trends are not clear enough and to have a complete understanding of the rheology,
the dependence of the coordination number and the granular temperature on p∗, I and
Bo should be studied.
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4
MICRO-MACRO TRANSITION AND

SIMPLIFIED CONTACT MODELS FOR

WET GRANULAR MATERIALS

Wet granular materials in a quasi-static steady state shear flow have been studied with
discrete particle simulations. Macroscopic quantities, consistent with the conservation
laws of continuum theory, are obtained by time averaging and spatial averaging of en-
sembles of particles. Initial studies involve understanding the effect of liquid content and
liquid properties like the surface tension on the macroscopic quantities. Two parameters
of the liquid bridge contact model have been studied as the constitutive parameters that
define the structure of this model (i) the rupture distance of the liquid bridge model, which
is proportional to the liquid content, and (ii) the maximum adhesive force, as controlled
by the surface tension of the liquid. Subsequently a correlation is developed between these
micro parameters and the steady state cohesion in the limit of zero confining pressure.
Furthermore, as second result, the macroscopic torque measured at the walls, which is
an experimentally accessible parameter, is predicted from our simulation results as a de-
pendence on the micro-parameters. Finally, the steady state cohesion of a realistic non-
linear liquid bridge contact model scales well with the steady state cohesion for a simpler
linearized irreversible contact model with the same maximum adhesive force and equal
energy dissipated per contact.

4.1. INTRODUCTION
Granular media are collections of microscopic grains having athermal interactions throu-
gh dissipative, frictional or cohesive contact forces. External force leads to granular flow
under the condition of applied shear stress exceeding the yield shear stress. After a fi-
nite shear strain, at constant rate, a steady state establishes with a typically lower shear

This chapter has been published in Computational Particle Mechanics 3, 4 (2016) [2].
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stress, depending on both strain rate and pressure [1]. Most studies in granular physics
focus on dry granular materials and their flow rheology. However, wet granular mate-
rials are ubiquitous in geology and many real world applications where interstitial liq-
uid is present between the grains. Simplified models for capillary clusters[3, 4] and wet
granular gases [5] were introduced before. The rheology of flow for dense suspension
of non-Brownian particles have been studied in Ref. [6–8]. Granular shear band for-
mation has been extensively probed in [9, 10] where narrow shear bands are exhibited
near the boundaries. We study the local rheology of weakly wetted granular materials in
the quasistatic regime with the Discrete Element Method (DEM) using the open-source
package MercuryDPM [11, 12] in a split-bottom shear cell set-up. In contrast to the Cou-
ette cell, here the relative motion is confined to particles in a wide shear band away from
the walls [13, 14]. We study partially saturated systems in the pendular regime, with a
very low level of water content, where the formation of liquid bridges between particle
pairs leads to development of microscopic tensile forces. This tensile forces generated
at particle level results in cohesion at macroscopic scale. Many studies have been done
for liquid bridge in the pendular regime to understand the effect of liquid bridge volume
and contact angle on different macroscopic quantities like the steady state cohesion,
torque and shear band properties [15–19] and wet granulation [55, 56]. Other studies for
unsaturated granular media observe fluid depletion in shear bands [20, 21]. However,
there is no theoretical framework or concrete model available yet that defines the exact
correlation between the micro parameters like the liquid bridge volume and the surface
tension of the liquid with the steady state cohesion.

In order to develop a micro-macro correlation for the liquid bridge contact model, we
initially study the structure of the micro contact model. How is the structure of the liquid
bridge contact model affected by the microscopic parameters? How does this influence
the steady state cohesion? Here we study in detail on the effect of these parameters
on the macro results. For example, the effect of maximum interaction distance, or the
distance at which the liquid bridge between two interacting particles ruptures, is studied
by varying the liquid content. On the other hand other parameters like surface tension of
the liquid and contact angle affect the magnitude of force acting between the particles
when in contact [17, 22]. Various surface tension of liquids give a large scale variation
of the capillary force and this allows us to study the effect of maximum force on the
macroscopic properties. Furthermore, in the consecutive analysis, we make an attempt
to re-obtain the macro-rheology results in the shear band center from the torque, torque
being an experimentally measurable quantity.

The liquid bridge interactions between the particles are defined by the free-surface
equilibrium shapes and stability of the bridge configuration between them [23–25]. Phe-
nomenologically, even the simplified models of liquid bridges are quite complex in na-
ture. We have several reasons to look for a simpler linear adhesive contact model that can
replace a complex liquid bridge contact model. Can one get away from the complexities
by choosing an oversimplified contact model which can be solved analytically? What are
the relevant key parameters and features of different contact models that results in the
same bulk properties of the material? Improving the computational efficiency for wet
granular materials by replacing the non-linear interactions of liquid bridges with a sim-
pler linear one is also a possible reason, though not a major one. But in what way can
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a non-linear model like the liquid bridge contact model be replaced by a linear model?
When can we say that the two different contact models are analogous? Therefore, we
compare the realistic liquid bridge model with an equivalent simple linear adhesive con-
tact model [42] that would give the same macroscopic effect.

The results in this paper are organized in three main parts. In Sec. 4.3.1 of this pa-
per we study the effect of varying liquid bridge volume and surface tension of the liquid
on the macroscopic properties, the focus being to find a micro-macro correlation from
this study. Most strikingly, we see a well defined relationship between these micro pa-
rameters and the macro properties like the steady state cohesion of the bulk material
and macro-torque required under shear, neglecting the effect of fluid depletion in shear
bands [20, 21] in quasistatic flow. In Sec. 4.3.2 of this paper we show the derivation
of macro torque from the boundary shear stress. In this section we also compare this
torque with the torque calculated from forces due to contacts on the wall particles. In
Sec. 4.4 of this paper, we discuss about the analogy of two different contact models,
with a goal to understand which parameters at microscopic scale would give the same
macroscopic behavior of the system.

4.2. MODEL SYSTEM

4.2.1. GEOMETRY

Split- Bottom Ring Shear Cell: The set-up used for simulations consists of a shear cell
with annular geometry and a split in the bottom plate, as shown in Figure 4.1. Some of
the earlier studies in similar rotating set-up include [26–28]. The geometry of the system
consists of an outer cylinder (radius Ro = 110 mm) rotating around a fixed inner cylinder
(radius Ri = 14.7 mm) with a rotation frequency of Ω = 0.01 s−1. The granular material
is confined by gravity between the two concentric cylinders, the bottom plate, and a free
top surface. The bottom plate is split at radius Rs = 85 mm into a moving outer part and
a static inner part. Due to the split at the bottom, a shear band is formed at the bottom.
It moves inwards and widens as it goes up, due to the geometry. This set-up thus features
a wide shear band away from the wall, free from boundary effects, since an intermediate
filling height (H = 36 mm) is chosen, so that the shear band does not reach the inner wall
at the free surface.

Figure 4.1: Shear cell set-up.
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Table 4.1: Model parameters

Parameter Symbol Value

Number of particles N 11119
Sliding friction coefficient µp 0.01
Elastic stiffness k 120 Nm−1

Viscous damping coefficient γo 0.5×10−3 kgs−1

Angular frequency Ω 0.01 s−1

Particle density ρ 2000 kgm−3

Mean particle diameter dp 2.2 mm
Contact angle θ 20◦

In earlier studies [1, 29, 30], similar simulations were done using a quarter of the sys-
tem (0◦ ≤ φ ≤ 90◦) using periodic boundary conditions. In order to save computation
time, here we simulate only a smaller section of the system (0◦ ≤ φ≤ 30◦) with appropri-
ate periodic boundary conditions in the angular coordinate, unless specified otherwise.
We have observed no noticeable effect on the macroscopic behavior in comparisons be-
tween simulations done with a smaller (30◦) and a larger (90◦) opening angle. Note that
for very strong attractive forces, the above statement is not true anymore.

4.2.2. MICROSCOPIC MODEL PARAMETERS
In presence of a small amount of liquid in a dense granular material, bridges are formed
at the contact points between the particles. The surface energy of these bridges leads
to an attractive force between the particles, which is absent in dry granular materials.
Thus, wetting changes a granular system from one with only repulsive inter-particle in-
teractions to one with both repulsive and attractive interactions [31]. With the change in
microscopic physical interactions in wet granular materials, the macroscopic behavior
is also expected to differ from the dry materials. Therefore, we choose to vary some of the
characteristic specifications of a liquid bridge model to understand the effect on macro-
scopic properties. All the particle specifications and the fixed interaction parameters for
the contact models are given in Table 4.1. All the variable interaction parameters which
include the liquid bridge volume Vb and the surface tension of the liquidσ are discussed
in this section.

BULK SATURATION AND LIQUID BRIDGE VOLUME

The bulk material can be characterized by different states such as the dry bulk, adsorp-
tion layers, pendular state, funicular state, capillary state or suspension depending on
the level of saturation [32, 33]. In this paper we intend to study the phenomenology of
liquid bridge between particles in the pendular state, where the well separated liquid
bridges exist between particle pairs without geometrical overlap. In this section, we dis-
cuss about the critical bulk saturation of granular materials and the corresponding liquid
bridge volumes in the pendular state.

The bulk saturation S∗ is defined as the ratio of liquid volume to void volume of the
bulk [34, 35]. The demarcation between the pendular state and the more saturated fu-
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nicular state is given by the saturation S∗ ≈ 0.3 [34]. For each particle pair with a liquid
bridge, a dimensionless volumeϕ∗ can be defined as the ratio of the volume of the liquid
bridge at the contact, Vb to the volume of the two contacting particles, 2Vp :

ϕ∗ = Vb

2Vp
= Vb

2(π6 d 3
p )

(4.1)

Assuming the liquid is homogeneously distributed throughout the material, the bulk sat-
uration S∗ is obtained from the dimensionless volume ϕ∗ and the bulk porosity ε from
the following equation [34, 35]:

S∗ =π1−ε
ε2 ϕ∗ (4.2)

With a bulk porosity of the material ε = 0.4 and a mean particle diameter dp of 2.20 mm,
the maximum liquid bridge volume in the pendular regime is approximately 284 nl. In
order to study the influence of liquid content on the macroscopic properties, we ana-
lyzed the system for the following set of liquid bridge volumes Vb :

Vb ∈ [0, 1, 2, 4.2, 8, 14, 20, 75, 140, 200] nl (4.3)

which are seen to be well within the pendular regime. The corresponding saturation:

S∗ ∈ [0, 0.001, 0.002, 0.004, 0.008, 0.015, 0.021, 0.079, 0.148, 0.211] (4.4)

In order to investigate the functional form of steady state cohesion beyond this state, a
few more simulations for higher Vb are done:

Vb ∈ [500, 1000] nl (4.5)

for which the pendular assumption is not valid anymore.

SURFACE TENSION OF LIQUID

Surface tension results from the greater attraction of liquid molecules towards each other
than towards air. It is the tendency of liquids to lower their state of energy which makes
it acquire the least possible surface area at the surface with higher inter liquid molecules
attraction. As a result, cohesive properties of liquids are reflected in surface tension
which makes it an interesting parameter to study. This effect will be discussed in de-
tail in Sec. 4.2.3. The effect of surface tension on the macroscopic properties is studied
for the following range of surface tension values:

σ ∈ [0, 0.02, 0.04, 0.06] Nm−1 (4.6)

Surface tension of most of available liquid-air interfaces at 20◦C are in this range. To
explore the functional behavior of steady state cohesion beyond this state, a few more
simulations for intermediate and higher σ are done:

σ ∈ [0.01, 0.10, 0.50, 1.00] Nm−1 (4.7)
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4.2.3. LIQUID BRIDGE CONTACT MODEL
The contact and non-contact forces for interacting particles can be described by a com-
bination of an elastic contact model for the normal repulsive force and a non-linear ir-
reversible adhesive non-contact model for the adhesive force. Figure 4.2 represents a
sketch of the combined liquid bridge contact model as a function of the overlap between
the two particles. The liquid bridge adhesive force acts between the particles once the

Figure 4.2: Liquid capillary bridge model. The red lines represent the loading direction, the blue line represents
the unloading direction when the particles are in contact and the brown line represents the unloading for the
non-contact particles with short-range interaction force.

contact is established. When the particles are in contact, the attractive force is given by
Eq. 4.12. This is independent of the liquid bridge volume and depends on the surface
tension of the liquid, radius of particles and contact angle. There is no cohesive force be-
tween the particles during approach. As the liquid bridge only forms once the particles
come in contact with each other, the cohesive force starts acting and remains constant
during overlap between particles δ> 0. Normal contact repulsive force acts between the
particles in contact in addition, given by:

fn = kδ+σo δ̇, (4.8)

where k is the elastic stiffness, σo is the viscous damping coefficient and δ is the over-
lap between the particles. The normal contact forces for the liquid bridge model are
explained in Sec. 4.2.3

LIQUID BRIDGE CAPILLARY FORCE MODEL

The capillary pressure difference sustained across the liquid-air interface due to surface
tension can be described by the non-linear Laplace-Young equation [25]. This relates the
pressure difference to the shape of the surface under the criterion of minimum Gibbs
free energy [36]. The capillary force in a pendular bridge originates from the axial com-
ponent of this force. Another component that contributes to the capillary force is due to
the hydrostatic pressure. Many previous studies have calculated capillary forces based
on the numerical solution of the Laplace-Young equation and also reported experimen-
tal results [22, 25]. The magnitude of liquid bridge capillary force depends on the vol-
ume of the liquid bridge between the particles, the contact angle θ, surface tension σ,
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the effective radius of the particles r and the separation distance S, S = −δ. With these
parameters we approximate the inter-particle force fc of the capillary bridge according
to [22]. The experimental results are fitted by a polynomial to obtain the dependence of
capillary forces on the scaled separation distance. During approach of the particles, the
normal contact force for this model is given by:

f =
{

0 if δ< 0;

− fa
max + fn if δ≥ 0.

(4.9)

During separation of the particles, the normal contact force for this model is given
by:

f =


0 if δ<−Sc ;

− fa if −Sc ≤ δ< 0;

− fa
max + fn if δ≥ 0,

(4.10)

where fn is the normal repulsive force given by Eq. 4.8. The adhesive force for the
liquid bridge model is the capillary force given by:

fa = ( fa)liq =

(
fa

max
)

liq

(
d

dp

)
1+1.05S̄ +2.5S̄2

, (4.11)

where the separation distance is normalised as S̄ = S
√

(d/2Vb), S being the separation
distance. The maximum capillary force between the particles when they are in contact
(S = 0) is given by:

( fa
max)liq =πdpσcosθ, (4.12)

where, dp is the mean particle diameter. The effective diameter of two interacting spher-
ical particles of different size can be estimated as the harmonic mean of the two particle
diameter according to the Derjaguin approximation [37], yielding the effective diameter
of the two interacting particles of diameter di and d j :

d = 2di d j

di +d j
, (4.13)

however, the mean size is not varied here. This model equation is applicable for mono-
disperse particles [15, 22] which has been actually extended to poly-disperse system of
particles Ref. [17]. As proposed by [38], the critical separation distance Sc between the
particles before the bridge ruptures is given by:

(Sc )liq =
(
1+ θ

2

)
V 1/3

b (4.14)

The liquid bridge capillary force as a function of separation distance is shown in Fig-
ure 4.3 for different liquid bridge volumes. The liquid bridge capillary force decreases
in magnitude with increasing separation distance between the particles till the bridge
ruptures. The rupture distance is proportional to V 1/3

b as stated in Eq. 5.3.
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Figure 4.3: fc
∗ as a function of δ∗. Different colors represent different liquid bridge volumes.

Figure 4.4: Linear irreversible contact model. The red lines represent the loading direction, the blue line rep-
resents the unloading direction when the particles are in contact and the brown line represents the unloading
for the non-contact particles with short-range interaction force.

LINEAR IRREVERSIBLE CONTACT MODEL

In Sec. 4.4 we introduce a simple linear irreversible contact model as proposed by [42]
and shown in Figure 4.4 which can be compared with the non-linear liquid bridge in-
teraction model. For the linear irreversible contact model, the normal forces between
particles during approach and separation are given by Eqs. 4.9 and 4.10 respectively,
where for the linear irreversible contact model,

fa = ( fa)lin = ( fa
max)lin +kcδ, (4.15)

(Sc )lin = ( fa
max)lin/kc , (4.16)

where ( fa
max)lin is the maximum adhesive force and kc is the adhesive stiffness. The

tangential force contact model is explained in details in our earlier studies [29].
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Table 4.2: Non-dimensionalization of parameters

Parameter Symbol Scaled term Scaling term

Capillary force fc fc
∗ fg

Particle overlap δ δ∗ dp

Shear stress τ τ∗ fg /dp
2

Pressure P P∗ fg /dp
2

Steady state cohesion c c∗ fg /dp
2

Liquid bridge volume Vb Vb
∗ dp

3

Surface tension σ σ∗ fg /dp

Rupture distance Sc Sc
∗ dp

Torque Tz Tz
∗ fg dp

Angular rotation θrot θrot
∗ 2π

Adhesive Energy E E∗ fg dp

4.2.4. DIMENSIONAL ANALYSIS

To formulate all the modeling equations in a constructive way, we express them in nondi-
mensionalized form. All the length scale parameters are scaled by the mean particle di-
ameter dp = 2.20 mm. The forces are scaled in terms of the gravitational force acting on
a single particle fg = Vpρg ≈ 1.0939× 10−4 N. Note that the other relevant scaling param-
eter is the surface tension force fσ = πdpσcosθ on a single particle trapped in the rim
of the droplet. Table 4.2 shows all the parameters in their dimensionless form and the
corresponding scaling terms used in the equations. The angular rotation of the shear cell
after a given time to study the dynamic evolution of torque is scaled in terms of radians
covered in one complete rotation (2π). The dynamics of the system can be characterized

by the time scale defined by the contact duration between two particles tcon =
√

mp

k ,
where mp is the mean mass of a particle. Since we do all our macro-rheology analysis
in steady state, characterization of dynamics of the system is not required. The main
objectives of nondimensionalization is to simplify the equations in terms of unit less
quantities and define the system intrinsically.

4.3. MICRO MACRO TRANSITION

To extract the macroscopic properties, we use the spatial averaging approach detailed
in [39–41]. The averaging is performed over toroidal volume, over many snapshots of
time assuming rotational invariance in the tangential φ-direction. The averaging proce-
dure for a three dimensional system is explained in [40, 41]. This spatial coarse-graining
method was used earlier in [1, 29, 30, 41, 42]. The simulation is run for 200 s and tem-
poral averaging is done when the flow is in steady state, between 80 s to 200 s, thereby
disregarding the transient behavior at the onset of the shear.
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4.3.1. STEADY STATE COHESION AND ITS CORRELATION WITH

LIQUID BRIDGE VOLUME AND SURFACE TENSION
From the history of research in soil mechanics, the steady state shear stress approaches
a zero value in zero pressure limit, showing a non-linear dependence of the shear stress
as a function of the normal stress. However, a finite cohesion value is often extrapolated
linearly in the yield state as well as in the steady state zero pressure limit by applying
Mohr Coulomb theory [47, 48]. The concept of yield state cohesion is rather significant
and is discussed in [43–46]. A detailed description of granular microstructure provides
the key for understanding the quasistatic rheology of granular materials [49–51]. In our
present study, we consistently focus on the effect of micro parameters on this cohesion
in the steady state by a linear interpolation in the zero pressure limit, applying Mohr
Coulomb theory neglecting the low pressure data. In a geometrical set-up like the split-
bottom shear cell, the critical or steady state is achieved inside the shear band center
after long enough shear. In earlier studies [15, 29, 39, 40], the shear band region was
identified by the criterion of large shear rate, e.g. higher than a critical shear rate of 0.08
s−1. In this paper, the shear band center region is defined by shear rates higher 80% of the
maximum for different heights in the shear cell. Figure 4.5 displays the dependence of
scaled yield stress τ∗ for the particles in the shear band region on scaled pressure P∗ for
75 nl liquid bridge volume. A linear trend is observed neglecting the different behavior
for data at very low pressure (P∗ < 4.42). This is fitted well by a linear function:

τ∗ =µP∗+ c∗ (4.17)

where µ is the macroscopic friction coefficient and c∗ is the steady state cohesion ob-
tained from the plot. Next, we fit the data for shear stress as a function of pressure as
given by Eq. 4.17 and obtain the value of steady state cohesion and macroscopic friction
µ. The macroscopic friction coefficient is constant for lower surface tension, including
σ∗ = 0 for linear elastic model (not shown in figure), but increases for σ∗ & 2 for a given
liquid bridge volume as shown in Figure 4.6(a). When the surface tension of the mate-
rial is very high (σ∗ & 1.00), materials protrude out of the top surface to form a hump in
the region of the shear band (data not shown). For our analysis of surface tension in the
range 0.020-0.040 Nm−1, the macroscopic friction coefficient is constant at µ' 0.15. In
this range, the macroscopic friction coefficient is also independent of the liquid bridge
volume as shown in Figure 4.6(b).

For dry cohesionless systems, the dependence of shear stress on pressure is linear
without an offset, i.e. c∗ = 0. In the presence of interstitial liquid between the particles
in the pendular regime, cohesive forces increase with increasing liquid bridge volume.
This results in a positive steady state cohesion c∗ as given by Eq. 4.17, see Figure 4.5.
Increase in microscopic surface tension of liquid results in an increasing shear stress
and thus steady state cohesion increases.

Earlier studies on wet granular materials have shown that the presence of liquid
bridges between the particles results in an increasing steady state cohesion of the mate-
rials [15, 16, 18, 29]. Our earlier studies show that the steady state cohesion c∗ increases
non-linearly with increasing liquid bridge volume. Here, the steady state cohesion is
studied in more detail, including very small liquid bridge volumes, including the (prac-
tically impossible) limit of 0 nl liquid bridge volume as given in Eq. 4.3. Note that there
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Figure 4.5: Steady state shear stress τ∗ plotted against pressure P∗ for surface tension of liquidσ= 0.020 Nm−1

(blue ◦) and σ= 0.060 Nm−1 (red ¦). The dotted line represents the fitting function as given by Eq. 4.17 for P∗
> 4.42 where µ= 0.15 is the macroscopic friction coefficient, c∗ = 0.2655 for Vb = 75 nl and σ= 0.020 Nm−1.
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Figure 4.6: Macroscopic friction coefficient µ as a function of (a) scaled surface tension of liquid σ∗ for Vb =
75 nl (b) scaled rupture distance Sc

∗ for different σ. The red dots in figure (a) correspond to the σ in legend of
figure (b).

is a finite cohesive strength for Vb → 0 nl liquid bridge volume. This is due to the micro-
scopic capillary bridge force that acts between particles even at 0 nl liquid bridge volume
as given by Eq. 4.12. This is called the steady state critical cohesion c0

∗ for a given surface
tension of liquid. This value depends on the maximum force acting between two parti-
cles when they are in contact as given by Eq. 4.12. The additional cohesion for higher
liquid bridge volume is due to the non-contact capillary forces between the particles that
are active upto the distance when the liquid bridge ruptures. This is dependent on the
surface tension of the liquid and the volume of the liquid bridge. Thus, the steady state
cohesion of granular materials for a given liquid bridge volume can be written as:

c∗ = c0
∗+ c ′∗ (4.18)

where c ′∗ is the additional cohesion for liquid bridge volume Vb > 0. Figure 4.7(a) shows
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Figure 4.7: (a) Steady state incremental cohesion c∗− c0
∗ as a function of Sc

∗ for σ= 0.020 Nm−1. The dotted
line represents the fitting function given by Eq. 4.19. The data with solid symbols represent the liquid bridge
volume outside the pendular regime. (b) steady state cohesion c∗ as a function ofσ∗ for Vb = 75 nl. The dotted
line represents the fitting function given by Eq. 4.20.

(c∗− c0
∗) as a linear function of Sc

∗, fitted by:

c∗− c0
∗ = aSc

∗ (4.19)

where a = 0.98 for σ = 0.020 Nm−1. Next we study the dependence of this constant on
the surface tension of liquid.

Figure 4.7(b) shows the dependence of steady state cohesion on σ∗ for Vb = 75 nl.
The steady state cohesion can be described by:

lnc∗ =α lnσ∗+k (4.20)

whereα≈ 1.00, k =−0.4240. Therefore, the steady state cohesion is linearly proportional
to the surface tension and can be written as:

c∗ = bσ∗ (4.21)

where b = exp(k). The above equation is valid in the limit of zero surface tension (σ∗ = 0)
which represents the simple linear elastic contact model. For higher surface tension of
liquid, the results deviate from the fitted function of linear dependence as seen from
Figure 4.7(b). As given by Eq. 4.19 and 4.20, the steady state cohesion is dependent on
liquid bridge volume expressed in terms of maximum interaction distance Sc

∗ between
the particles and the maximum adhesive force expressed in terms of surface tension of
the liquid σ∗. So in the later sections of this paper we study the dependence of macro-
scopic parameters on the micro parameters Sc

∗ representing scaled rupture distance
and σ∗ representing scaled maximum force for all contact models.

Figure 4.8 shows the dependence of c∗−c0
∗

σ∗ on Sc
∗ for different surface tension. The

scaled steady state cohesion is linearly dependent on the rupture distance. This can be
fitted by a straight line equation given by:

c∗− c0
∗

σ∗ = c∗− c0
∗

( fa
max)liq

∗/(πcosθ)
= pSc

∗ (4.22)
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where p = 2.1977 as obtained from the fitting shown in Figure 4.8; the offset is very small
and can be neglected. Though the data actually do not show a good collapse, a plot of
the function c∗/σ∗ = pS∗

c +c∗0 /σ∗ show a good collapse, signifying that c∗0 has significant
error in the fitting.
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Figure 4.8: Steady state scaled incremental cohesion c∗−c0
∗

σ∗ as a function of Sc
∗ for different surface tension.

The dotted line represents the fitting function given by Eq. 4.22.

This subsection shows that the macroscopic characteristics of the liquid bridge model
are determined by the maximum interacting force between the particles and the rupture
distance. The steady state cohesion scales linearly with the surface tension of liquid i.e.
the maximum force between the particles. For a given maximum force, the cohesion
scaled with the surface tension of liquid is also a linear function of the rupture distance
of the liquid bridge.

4.3.2. MACROSCOPIC TORQUE ANALYSIS FROM THE MICRO PARAMETERS
The strength, cohesion and flow properties of granular materials are strongly influenced
by the presence of capillary cohesion. Due to the cohesive properties of these wet mate-
rials, the shear stress increases and, as a result, partially saturated wet materials require
higher torques for deformation (shear) e.g. in a shear cell. Loosely speaking, torque is a
measure of the shear stress or force acting on the particles at the wall and thus can be
used to find an estimate of shear stress in the shear band. To study solely the effect of
capillary cohesion on the torque, the other parameters like the particle friction is kept
very small in our simulations, with µp = 0.01. Earlier studies [16, 29, 52, 53] show that
the average torque acting on the rotating part of the shear cell increases with increas-
ing moisture content. In this section we perform a detailed analysis of the macroscopic
torque as a function of the micro parameters in order to understand its connection with
the steady state cohesion of the material.

The walls and the bottom plates of the shear cell consist of particles with a prescribed
position. The particles forming the inner wall are stationary while the particles forming
the outer wall rotate around the z-axis with frequency Ω. All the particles forming the
inner and outer wall are identified as Cinner and Couter, respectively. The micro torque is
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calculated based on the contact forces on the fixed particles on the moving (outer) and
stationary (inner) parts of the shear cell. Thus the net inner and outer torque are calcu-
lated by summing up the torques for all the contacts with respect to the axis of rotation
of the shear cell. Note that the torque Touter and Tinner are almost equal in magnitude
and opposite in direction. The net torque is obtained from the average magnitude of
the outer wall torque and the inner wall torque. We multiply the total torque by a factor
of 2π

π/6 in order to get the torque for the whole system from the obtained torque of our
simulations in a 30◦ section. Thus the torque is given by:

~T = 2π

π/6
× 1

2

[( N∑
i=1

∑
j∈Couter

~ci , j ×~fi , j
)− ( N∑

i=1

∑
j∈Cinner

~ci , j ×~fi , j
)]

, (4.23)

where N represents the number of particles,~ci j is the position of the contact point and
~fi j is the interaction force. Only the z-component of the torque vector Tz is of interest as
required for shearing the cell in the angular direction. We compare the dynamic torque
evolution in Figure 4.9 for different liquid bridge volumes 4 nl and 200 nl respectively.
The torque evolution shown for 200 nl liquid bridge volume is consistently higher than
that of 4 nl. Note that the torque evolution shown is upto a very short rotation of 0.03
times, to focus on the short time with a higher save count. The steady state is reached at
a later stage (rotation of 0.08 times) [54] and our steady state analysis is done at an even
later stage of rotation between 0.8 to 2 times of rotation. The results of torque evolution
are qualitatively comparable with the experimental results as given by [54] where the
rheology of weakly vibrated granular materials is explored.
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Figure 4.9: Tz
∗ as a function of scaled angular rotation θr ot

∗ =Ω∆t/2π for surface tension of liquid γ= 0.020
Nm−1 for Vb = 4 nl (red solid) and Vb = 200 nl (black dash).

Figure 4.10 shows Tz
∗ as a function of σ∗ for different liquid bridge volumes. We

observe that the resultant torque depends linearly on the surface tension of the liquid.
The fit parameter l from the figure, the rate of increase of torque with surface tension,
depends on the liquid bridge volume. This fit parameter l scales with the interaction
distance S∗

c (plot not shown here).
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Figure 4.10: Steady state torque Tz
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different liquid bridge volumes given by equation Tz
∗ = lσ∗ + t where t = 2.48 × 105 and l increases with

increasing liquid bridge volume.

Next, we compare the results of the steady state cohesion as obtained from the fit-
ting function explained in Sec. 4.3.1 with the calculated (measured) torque. We write
the scalar form of the torque on the plane through the shear band center, derived from
steady state cohesion as Tmacro:

Tmacro = 1

2

[∫
Ao

r d A−
∫

Ai

r d A

]
(µPav g + c), (4.24)

where Ao denotes the outer wall surface, Ai denotes the inner wall surface and Pav g is
the mean pressure inside the shear band approximately 250 Pa for a filling height of 36
mm. Here we calculate the average torque as a difference between the outer wall torque
and the inner wall torque. Note that here we make an approximation of both the inner
and outer wall shear stress to be equal to the mean shear stress inside the shear band
µPav g + c. In reality, the mean shear stress on the inner wall is much higher than the
mean shear stress on the outer wall, thus balancing the net torque due to different ar-
eas. Figure 4.11 shows a comparison of the two torque given by the scalar z-component
of Eq. 4.23 and Eq. 4.24 respectively as a function of rupture distance S∗

c , for surface
tension of liquid 0.020 Nm−1. Both torques increase linearly with the rupture distance,
showing a good agreement. However, the torque calculated from the shear band stress
Tmacro

∗ is an outcome of many approximations. Thus, here we give more stress on the
qualitative agreement of the two torque measured from different sources. The steady
state cohesion is proportional to the measured torque. The latter is an experimentally
measurable quantity and thus we can get an estimation of the steady state cohesion of
the material from the experimentally measured torque.
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Figure 4.11: Torque calculated numerically from Eq. 4.23 scaled as Tz
∗ as compared with the scalar form of

scaled macro torque Tmacro
∗ as calculated from the shear stress at the center of the shear band, given by Eq.

4.24.

4.4. AN ANALOGOUS LINEAR ADHESIVE CONTACT MODEL FOR

COHESIVE PARTICLES

In this section we aim to determine the key microscopic parameters for a linear contact
model [42] that is macroscopically analogous to the liquid bridge contact model used
before. An explanation of this linear adhesive contact model is given in [42]. The lin-
ear adhesive contact model is similar to the liquid bridge contact model in terms of a
jump-in force and an irrevesibility in the loading and unloading path. However, note
that unlike the liquid bridge contact model, the force for the linear adhesive contact
model has no finite force at the maximum interaction distance S∗

c . Thus, although we
state the linear adhesive model as an analogous counter-part of the liquid bridge model,
they are indeed not absolutely identical. Figure 4.12 shows the force-overlap distribu-
tion for the two contact models showing the loading and unloading directions of forces
which are reversible at δ∗ > 0 and irreversible at δ∗ < 0 when the particles form new
contacts. However, the path is reversible at δ∗ < 0 when the particles approach or move
away from each other without rupture of the liquid bridge. Unlike the linear adhesive
contact model, the capillary force in the liquid bridge contact model is a function of the
interacting particle radius. Hence, a scattered distribution of force is observed in the
liquid bridge contact model, as shown by the blue data in Figure 4.12.

As discussed in Sec. 4.3.1, the steady state cohesion for the liquid bridge model is
controlled by the rupture distance of the liquid bridge, which is proportional to the liquid
bridge volume, and the magnitude of the maximum interaction force, which is governed
by the surface tension of the liquid. Assuming that the non-linear liquid bridge capillary
force can be replaced by a simple linear adhesive force between the particles with the
same macro characteristics, we compare the steady state cohesion of the two models in
Sec. 4.4.1.
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Figure 4.12: Force-overlap diagram for the liquid bridge model (blue) as compared with the analogous linear
adhesive contact model (red), zoomed in near the contact point i.e. the rupture distance is at much larger neg-
ative values. The arrows show the loading and the unloading directions for all forces. The schematic diagram
for the mentioned contact models are given in Figures 4.2 and 4.4 respectively.

4.4.1. EQUAL MAXIMUM FORCE AND INTERACTION DISTANCE

The key parameters that define the cohesive force of a linear adhesive contact model are
the maximum adhesive force and the adhesive stiffness, see Eq. 4.15. Several simula-
tions have been run for the linear adhesive contact model in the same numerical set-up
with the same maximum adhesive force as used in the liquid bridge model (( fa

max)liq =
( fa

max)lin) and adhesive stiffness that would result in the same interaction range for dif-
ferent liquid bridge volumes for different surface tension of liquid. The force-overlap
for contacts with δ∗ < 0 for the two comparable contact models with equal interaction
distance are shown in Figure 4.13. The adhesive stiffnesses that are equivalent to the
liquid bridge volumes as given by Eq. 4.3 for surface tension σ = 0.020 Nm−1 for equal
interaction distance are given by:

kc ∈ [0.21, 0.26, 0.41, 0.46, 0.56, 0.69, 0.88, 1.11, ∞] Nm−1 (4.25)

The results for the steady state cohesion c∗, as scaled by σ∗ for the liquid bridge model
and the linear adhesive contact model are shown in Figure 4.15. The results are not really
analogous as seen from the figure as the intercepts for the fitting lines of the two models
are different, while they are parallel. The fitting parameters for the relation:

c∗− c0
∗

σ∗ = g Sc
∗+h (4.26)

are g = 2.1716 and h ≈ 0 for the liquid bridge contact model, g = 2.0984 and h = 0.2226
for the linear adhesive contact model.

So for a given liquid bridge volume and a given surface tension of liquid, the linear
adhesive contact model with the same maximum force and same interaction distance
has a higher cohesion.
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Figure 4.13: Scaled adhesive force f ∗ ( fa
∗ for linear adhesive model and fc

∗ for liquid bridge model) as a
function of δ∗ for the linear adhesive contact model (red), compared with the liquid bridge model (blue),
for equal maximum force and equal interaction distance. The yellow line represents the force for the liquid
bridge contact model for mean particle diameter dp as a function of δ∗. The arrows show the loading and the
unloading directions for the short-range forces.

4.4.2. EQUAL MAXIMUM FORCE AND ADHESIVE ENERGY
Equal maximum force and interaction distance was discussed in Sec. 4.4.1, but here the
steady state cohesion for the two models with an equal maximum adhesive force and
equal adhesive energy E∗ are considered. The total energy dissipated or the work done to
pull-off the particles against adhesive force for a given contact model is obtained by the
total area under the force-overlap relation for δ∗ < 0, see Figure 4.14. A linear adhesive
contact model analogous to the liquid bridge contact model is obtained with the equal
maximum force with surface tensionσ= 0.020 Nm−1 and the adhesive stiffness adjusted
to have the equal adhesive energy:

kc ∈ [0.25, 0.29, 0.39, 0.74, 0.84, 1.10, 1.49, 2.11, 2.95, ∞] Nm−1 (4.27)

The force-overlap for contacts with δ∗ < 0 for the two comparable contact models
with equal adhesive energy are shown in Figure 4.14. Figure 4.15 shows the dependence

of c∗−c0
∗

σ∗ on rupture distance Sc
∗ for the liquid bridge model (blue), compared with the

two cases of the linear adhesive contact model with equal interaction distance (red) and
equal adhesive energy dissipated per contact (green). The linear contact model with
equal energy has a lower interaction distance. The functional behavior of the steady
state cohesion using the linear irreversible contact model for small interaction range can
be understood from this. As observed from Figure 4.15, the cohesion is a non-linearly
dependent on the rupture distance Sc

∗ at low interaction distance and becomes linear
for higher range.

Figure 4.16 shows the dependence of steady state cohesion on total adhesive en-
ergy for the liquid bridge model, compared with the two cases of linear adhesive con-
tact model with equal interaction distance (red) and equal adhesive energy dissipated
per contact (green). As seen from the figure, for a given maximum force which is deter-
mined by the surface tension of the liquid, the steady state cohesion c∗ is equal for the
the liquid bridge model and the linear contact model with equal energy. The steady state
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Figure 4.14: Scaled adhesive force f ∗ ( fa
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function of δ∗ for the linear adhesive contact model (red), compared with the liquid bridge model (blue), for
equal maximum force and equal adhesive energy dissipated per contact. The yellow line represents the force
for the liquid bridge contact model for mean particle diameter dp as a function of δ∗. The arrows show the
loading and the unloading directions for the short-range forces.
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Figure 4.15: c∗−c0
∗

σ∗ as function of Sc
∗ for the liquid bridge model (blue) and the linear adhesive contact model

with equal interaction distance (red) and equal adhesive energy dissipated per contact (green) for σ = 0.020
Nm−1. The dotted and the solid lines represent the fitting function given by Eq. 4.26 with h = 0 and h = 0.2226
respectively.

cohesion for the linear contact model with equal interaction distance is higher as it has
higher adhesive energy than the liquid bridge model. However, all the data for the three
cases as explained above collapse and functionally behave the same.

4.4.3. DIFFERENT MAXIMUM FORCE FOR THE TWO CONTACT MODELS
In the earlier subsections, results show that for a given maximum force the steady state
cohesion for the two contact models functionally behave the same under equal force
and equal energy conditions. To study the functional form for the two models under
different maximum force conditions, we compare the macroscopic behavior of the linear
adhesive contact model to the liquid bridge model results for different surface tension.
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with equal interaction distance (red) and equal adhesive energy dissipated per contact (green) for σ = 0.020
Nm−1.

Linear model simulations equivalent to surface tension 0.040 Nm−1 and 0.060 Nm−1 are
run with an equivalent adhesive stiffness 2 times and 3 times of that given by Eq. 4.25
keeping the interaction distance the same. Figure 4.17 shows a comparison of the force-
overlap for the two contact models for surface tension of liquid 0.020 Nm−1 and 0.040
Nm−1.
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Figure 4.17: Scaled adhesive force f ∗ ( fa
∗ for linear adhesive model and fc

∗ for liquid bridge model) as a
function of δ∗ for the linear adhesive contact model (red), compared with the liquid bridge model (blue) for
different maximum force and equal interaction distance. The yellow lines represent the force for the liquid
bridge contact model for mean particle diameter dp as a function of δ∗. The arrows show the loading and the
unloading directions for the short-range forces.

Figure 4.18(a) shows the dependence of steady state cohesion on the adhesive energy
dissipated by the particles per contact for different fa

max for the liquid bridge model and
the linear adhesive contact model. For the same energy dissipated per contact, a higher
surface tension of the liquid results in a higher macroscopic cohesion. Figure 4.18(b)
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different surface tension of liquid as compared with the linear irreversible model. Different symbols denote ◦
liquid bridge model and ∇ linear adhesive contact model.

shows that c∗
σ∗ is a function of E∗

σ∗ for a given surface tension, or maximum force.

4.5. CONCLUSION
We observed a correlation between the steady state cohesion and the microscopic pa-
rameters of the liquid bridge model. The micro-parameters are the liquid bridge volume,
the liquid surface tension, the contact angle (which was kept constant) and the size of
particles (i.e. curvature, which was also not varied). A detailed study of the effect of liq-
uid bridge volume and surface tension of liquid is done in this paper. These microscopic
parameters control the cohesion in wet granular materials in different ways. We found
that the steady state cohesion of the system is proportional to the maximum adhesive
force, which was varied by modifying the surface tension. On the other hand, we found
that the steady state cohesion is also linearly dependent on the maximum interacting
distance between the particles, which depends on the volume of the liquid bridge. From
these results we have obtained a good micro-macro correlation between the steady state
cohesion and the microscopic parameters studied.

We analyzed the effect of cohesion on the wall torque required to rotate the system
at a given rate. The torque and the steady state cohesion of the system are proportional
and show similar linear dependence on the microscopic parameters.

Finally, an analogy was established between the liquid bridge model and a simpler
linear adhesive contact model; even though these two models have different micro-
macro correlations, the steady state cohesion for the two models are the same if the
maximum force and the total adhesive energy dissipated per contact for the two models
are matched, irrespective of the shape of the attractive force function acting between the
particles. In this way one can always replace a non-linear liquid bridge force by a simpler
linear one and obtain identical macroscopic properties in less computational time.

Furthermore, results for the two types of contact models with equal energy and dif-
ferent magnitude of maximum force show that they have different steady state cohe-
sion. Therefore, adhesive energy is not the sole microscopic condition for the two con-
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tact models to have same steady state cohesion. Instead, we observe that both adhesive
energy and cohesion scale linearly with the maximum adhesive force. In this way we can
determine the steady state cohesion from the two microscopic parameters, the adhesive
energy and the maximum force.

In this paper our study was focused on the micro-macro correlations and comparing
different contact models. It would be interesting to also study the forces and their prob-
ability distributions for wet cohesive systems. Future studies will aim at understanding
the microscopic origin and dynamics of the contacts and liquid bridges throughout the
force network(s) and also the directional statistics of the inter-particle forces inside a
shear band. The effect of liquid migration on the macro properties and a continuum
description for a similar model will be studied in the near future.
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5
LIQUID RE-DISTRIBUTION IN

SHEARED WET GRANULAR MEDIA

Shearing wet granular systems causes a re-distribution of the interstitial liquid, which
can change the material’s bulk behavior. Using the Discrete Element Method (DEM), we
study the early transients, the intermediate states and the long-term evolution of liquid re-
distribution for various material parameters and two different initial wetting conditions
in an inhomogeneous split-bottom ring-shear cell featuring a wide shear-band away from
the system walls. In our model, liquid exists in two states, either in liquid bridges between
particles or in liquid films on the particle surfaces. Under deformations like shear, the
liquid is re-distributed due to the rupture of existing and formation of new liquid bridges.
As new model parameter, a liquid bridge limit-volume is imposed to avoid clustering of
liquid.

Studying the effect of the local shear rate on the liquid re-distribution, two distinct ef-
fects are observed: For small amounts of shear, i.e. small strain amplitude, the interstitial
liquid is randomly re-distributed locally, while for larger amounts of shear, liquid is trans-
ported diffusively away from the shear zone. The local re-distribution quickly results in a
characteristic probability distribution of liquid bridge volumes, independent of the initial
wetting conditions, while the mean liquid bridge volume depends on the limit-volume.
Although the shear driven diffusive liquid transport is active from the beginning, it domi-
nates the transport on the long term, when the liquid moves out of the shear band, making
the shear band dry. Ongoing theoretical analysis suggest a competition of drift and diffu-
sive mechanisms in a different set of coordinates that can explain our observations.

5.1. INTRODUCTION
The microstructure of confined granular media is typically inhomogeneous, anisotropic
and disordered [1, 2]. Under external loading, these systems exhibit a non-equilibrium
jamming transition from a solid-like to a liquid-like state [3–5] when the applied shear
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stress or energy exceeds the shear resistance or inter-particle energy, and materials start
to flow. The microstructure is disturbed and re-arranged completely during this pro-
cess. Thus, the internal structure of the granular medium changes continuously when
subjected to shear. This internal structure is influenced by polydispersity, related struc-
tural features and frictional properties of the granular particles, which thus play a crucial
role in determining their flow dynamics [6–9]. For example, shear tests of both drained
and undrained sand show a state transformation, depending on the initial packing den-
sity, before it reaches a critical state [10–12]. This state transformation corresponds to a
local maximum in the evolution of the coordination number. In a typical consolidated-
drained condition, the pore water can drain out of the soil easily, causing volumetric
strains in the soil and reaching the same critical state irrespective of the initial configu-
ration.

Wet granular media are collections of grains containing unsaturated interstitial fluid,
with athermal interactions through cohesive capillary, repulsive elastic and dissipative
contact forces. These capillary interactions are dependent on intrinsic properties of the
contact force model, namely, the maximum capillary force and the maximum interac-
tion distance [13]. External forces lead to granular flow if the applied shear stress exceeds
the yield stress, eventually leading to a lower critical state shear stress after finite shear
strain [14–16]. A simple constitutive relation for the critical-state shear stress is consti-
tuted by the bulk cohesion and the macro friction coefficient [13, 17]. The bulk cohesion
is correlated with the Bond number or adhesion index, measured as the squared ratio of
stress to wetting time scales [13, 18]. This bulk cohesion was analysed in terms of the
force and fabric anisotropies [18] for wet granular materials. In our previous studies, a
generalized rheology shows that the steady-state shear stress is factorized into a product
of functions of different dimensionless numbers [16, 19], if a simplistic situation is as-
sumed where all contacts have an equal liquid bridge volume. The liquid in the system
is thus not treated as a separate entity, rather the contact model takes into account the
effect of liquid capillary bridges.

Recent results by Mani et al. [20] show from experiments and simulations that the liq-
uid content decreases within wet shear bands. This is a diffusion-driven phenomenon
occurring at larger amount of shear, which causes the liquid to be transported away from
the shear band. However, much remains unexplored on the initial re-distribution of the
liquid which happens within a smaller shear strain and is one major focus of our discus-
sion. Within small shear strain, the liquid volume is conserved within the shear band,
while the liquid is locally re-distributed. This prompts us to look for a liquid migra-
tion model in our DEM simulations where liquid moves between contacts due to shear-
driven liquid bridge formation and rupture. Note that liquid transport fluxes are also
driven by Laplace pressure changes [21–24], either through the vapor phase or through
the wetting layers on the beads [25]. However, this mode of liquid transport is excluded
from the discussion in this paper.

Understanding the role of shear on the re-distribution of liquid in wet granular mate-
rials is of considerable technological importance for applications in many fields, such as
civil engineering, pharmaceutical research, agronomy, etc., especially in process equip-
ments subjected to inhomogeneous shear. One important application is the flow in in-
dustrial mixers and granulators. Note that, the initial liquid distribution can vary signifi-
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cantly: initial homogeneous liquid bridge volume in all contacts is observed if the initial
wet sample is prepared by allowing equilibration by suction before shear. Conversely,
another extreme situation is observed if all liquids are present in form of liquid films and
the initial sample is given minimum equilibration time before shear [20]. We study here
the transients of liquid re-distribution upon shear, considering these two extremes of
initial conditions. The question that comes to our mind is whether the liquid distribu-
tion reaches a steady (or critical) state which is independent of the initial configuration.
In order to check this, we are investigating here the transient of liquid re-distribution for
wet granular media, after both small and large shear strains.

The paper is organized as follows: Section 5.2 describes the geometry of the system,
details of the contact force models, the liquid migration model, and the different ini-
tial conditions for our simulations. Section 5.3 presents the methodology for the micro-
macro transition in the transient state and for locating the shear band in the system.
Section 5.4.1 and 5.4.2 describe our results giving an illustration of the small shear tran-
sients of liquid re-distribution from different initial conditions towards an intermediate
pseudo-critical state of liquid distribution. Furthermore, we describe the effect of the
different parameters, e.g., the width of the shear band, liquid bridge limit-volume on
the transient evolution as well as intermediate pseudo-critical state and the saturation
in Section 5.4.3, 5.4.4 and 5.4.5, respectively. Finally, Section 5.4.6 gives an overview of
the state beyond the liquid re-distribution transient when the liquid migrates out of the
shear band by a shear rate dependent diffusive process on very large shears. We draw
our conclusions in Section 5.5.

5.2. SYSTEM

5.2.1. GEOMETRY

The set-up used for simulations consists of a shear cell with annular geometry and a split
in the bottom plate, as explained in [13, 15, 16, 19, 26–28, 30, 32]. The system consists
of an outer cylinder (radius Ro = 110 mm) rotating around a fixed inner cylinder (radius
Ri = 14.7 mm) with a rotation frequency ofΩ= 0.19 s−1. Note that we use a relatively fast
rotation to save our computational time. However, this is well below the dynamic flow
limit. The granular material is confined by gravity between the two concentric cylinders
and the bottom plate, with a free top surface. The bottom plate is split at radius Rs = 85
mm into a moving outer part and a static inner part. Due to the split at the bottom, a
shear band is formed at the bottom at Rs . It moves inwards and widens with increasing
height, due to the geometry. This set-up features a wide shear band away from the wall,
free from boundary effects, if an intermediate filling height (H ≈ 40 mm) is chosen. The
focus of our study here is the liquid re-distribution inside the system and the shear band
in particular. While earlier simulations were done with a angular section of 90◦ [14, 28,
30, 32] or 30◦ [13, 16, 19], very few simulations are done using the whole shear cell [31,
33].

5.2.2. DEM MODEL

Our approach towards a microscopic understanding of macroscopic particulate mate-
rial behavior is the modeling of particles using the so-called discrete element method
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(DEM). We use the open source code MercuryDPM [34, 35] and in the following sub-
sections, describe the particles and the contact model for our DEM simulations.

PARTICLES

The annular space in the split bottom geometry mentioned above is filled with N =
133892 polydispersed spherical glass beads with density ρp = 2000 kg m−3 up to height
H ≈ 40 mm. The particle mean diameter is rp = 〈r 〉 = 1.1 mm and a homogeneous size
distribution with rmin/rmax = 1/2 and width 1−〈r 〉2/〈r 2〉 ≈ 0.04 is chosen.

CONTACT MODEL FOR WET PARTICLES

We use a phenomenological contact model combining a linear visco-elastic repulsive
force and a hysteretic non-linear liquid bridge capillary force proposed by Willet et al.
[36] based on the particle specifications, contact properties, liquid properties and liquid
saturation in the system [13]. The normal contact force between particles i and j is

characterized by the linear elastic repulsive and dissipative forces and is given by f i , j
n =

kδ−γo δ̇. The capillary force f i j
c between particles i and j is given as:

f i j
c =

fc
max reff

rp

1+1.05S̄ +2.5S̄2
, (5.1)

where the separation distance is normalised as S̄ = S
√

(rp /Vb), S = max(0, |~ri −~r j |−(ri +
r j )) being the separation distance between two particles i and j , where ~ri and ~r j are
the position vectors of the two particles respectively. The effective radius reff of the two
interacting spherical particles can be estimated as the harmonic mean of the two parti-
cle radii ri and r j according to the Derjaguin approximation [37], yielding the effective
radius:

reff =
2ri r j

ri + r j
. (5.2)

The maximum capillary force between the particles when they are in contact (S = 0) is
given by fc

max = 2πrpσcosθ.

The adhesive force of the contact model is determined by three parameters: surface
tension σ and contact angle θ of the liquid (both of which determine the maximum ad-
hesive force) and the liquid bridge volume Vb (which determines how the force depends
on the separation distance) [13]. The error of this capillary force model is within the limit
of the 4% for the liquid bridge limit-volume Vmax = 0.001rp

3 [36]. The fixed parameters
of the contact model are given in Table 5.1. Bridges form when particles come into con-
tact, and rupture when the separation distance exceeds Sc . As proposed by Lian et al.
[38], the critical separation distance Sc at which the bridge ruptures is given by:

Sc =
(
1+ θ

2

)
Vb

1/3 (5.3)
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Table 5.1: Parameters

Description Quantity

Surface Tension (σ) 0.01 Nm−1

Elastic stiffness (k) 120 Nm−1

Contact angle (θ) 20◦
Sliding friction coefficient (µp ) 0.01
Viscous damping coefficient (γo) 5×10−3 kgs−1

5.2.3. LIQUID MIGRATION MODEL
In our present study, we extend this model to account for liquid migration [13, 16, 19].
The methodology is quite straightforward as proposed by Mani et al. [20, 39]: liquid is
transferred locally whenever contacts are formed or broken. The particles and the liquid
are considered two different entities in the system. Liquid is either associated with a
particle as a thin liquid film of volume V i

f , or with a contact as a liquid bridge of volume

V i j
b . We describe the liquid migration model in the following sub-sections.

LIQUID BRIDGE FORMATION

When two particles come into contact (i.e. overlap), a new liquid bridge is formed from
the liquid contained in the particle films. Since there can be some liquid volume Vmin

trapped in the roughness of the grains [24, 40], to contribute, V i
f must be larger or equal

to Vmin. Therefore, the available liquid for bridge formation is V i
f −Vmin. Since, Vmin is

fixed and trapped in the particles, without loss of generality, we assume Vmin = 0 for our

simulations. The volume V i j
b transferred to the liquid bridge is therefore:

V i j
b = min(V i

f +V j
f ,Vmax), (5.4)

where Vmax = βrp
3 is the liquid bridge limit-volume, imposed in our simulations as

an additional parameter to avoid unbounded clustering of liquid by coalescence. This
model is designed for small liquid contents and large contact angles with fast and easy
transport of fluid on the surface. Figure 5.1 shows a schematic figure of liquid bridge
formation.

The excess volume, V i
f +V j

f −V i j
b remains as film volume in the interacting parti-

cles, in proportion to the existing volume per particle. The appropriate value for Vmax

can be estimated by different arguments. An upper bound for β is due to the maximal
pore-space available, which implies for random close packing of monodisperse spheres
that β≈ 0.33, if all pore space would be filled by liquid. However, we rather assume poor
saturation and localisation of liquid at the contacts, and thus consider, following the ar-
guments from [40], that β = 0.058. Thus, liquid bridges remain in the pendular limit,
filling less than 6% of the pore space [36, 40]. Beyond the pendular regime, a consider-
ably more complex expression for the liquid bridge force is given for greater volumes and
contact angles [36], however, the difference to our simple expression is below 20% even
for much larger β, so that we refrain from using a too complex expression and stick to
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Eq.5.1. The local attractive force, as quantified by the Bond number Bo, does not change
with liquid volume for either capillary force model, and only few liquid bridges are as-
sumed to grow really large. Nevertheless, we explore below the effect of the maximum
volume Vmax on the liquid re-distribution, using different β in the range:

β ∈ [0.03, 0.08, 0.15, 0.23, 0.45, 0.60]. (5.5)

V 2
fV 1

f

V 12
b =V 1

f +V 2
f

V 13
b

V 13
b

3

2

3

1

1 2

Formation

Figure 5.1: Liquid bridge formation (V 12
b <Vmax).

LIQUID BRIDGE RUPTURE

When the distance between two particles i and j with a liquid bridge in between ex-
ceeds the rupture distance of the liquid bridge, the liquid bridge ruptures and the bridge
volume is distributed to the neighboring contacts:

V mn,new
b = min(V mn,old

b +V i j
b /(2N m

c ),V max), (5.6)

where m ∈ i , j and n denotes the neighboring particles in contact and N m
c is the number

of neighboring contacts associated with the particles m. Figure 5.2 shows a schematic
representation of liquid bridge rupture. If the maximum volume Vmax is reached, the

remaining liquid is added to the film volumes V i
f and V j

f . Thus, total liquid volume

conservation is ensured.

5.2.4. INITIAL CONDITIONS
We begin our simulations with a pre-shear preparation history, where we allow particles
to fall freely into the system under gravity. At this stage, particles are dry without any
liquid on them. After free falling, the particles are allowed to relax to reach a ratio of
kinetic to potential energy below 10−3. After relaxation, the kinetic energy of the system
becomes negligible while there is still a finite elastic potential energy, which contributes
to the total energy of the sample. After the complete preparation and relaxation of the
sample, we add liquids to the particles and start shearing. The potential energy of the
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Figure 5.2: Liquid bridge rupture (V
i j ,new

b
<Vmax, where i ∈ 1,2 and j ∈ 3,4,5).

sample is increasing after addition of the liquid, depending on the saturation, while the
kinetic energy remains the same at the commencement of shear.

At the commencement of shear, each particle is assigned with an initial liquid film
volume V 0

f . If not specified otherwise, we have V 0
f = 50 nl in our system for standard

simulations discussed in this paper. On shearing, the kinetic energy increases drastically
and the elastic potential energy changes slowly until they reach a steady state. In order to
understand how liquid re-distributes, we simulate the two extreme cases of initial liquid
distribution: (i) 100% liquid distribution in the form of liquid films (initial condition A)
and (ii) 100% liquid distribution in the form of liquid bridges (initial condition B). Ini-
tial condition A is initialized by distributing the total mount of liquid volume uniformly
among all the particles as liquid film at the start of the simulation. This amounts to
V 0

f = 50 nl liquid film volume per particle. Initial condition B is done by distributing the

same amount of liquid volume as in initial condition A, uniformly among all the exist-
ing contacts as liquid bridges. The contacts here include both the physical contacts and
the long distance interacting contacts between the particles that are within the range of
rupture distance of the liquid bridge. It is obvious that when the wet sample is allowed
with long equilibration time, even the long distance interacting contacts would be filled
in with liquid bridges due to suction pressure gradient. Thus, it is a logical assumption
to distribute the liquid into not only the mechanical contacts, but also the long range
interaction contacts within the range of rupture distance of the liquid bridge.

Granular materials with interstitial liquid can be classified as dry bulk, adsorption
layers, pendular state, funicular state, capillary state, or suspension, depending on the
level of saturation [41, 42]. In our present work, we intend to study the phenomenol-
ogy of liquid bridge re-distribution between particles in the pendular state, where well-
separated liquid bridges exist individually, without geometrical overlap. In order to study
the influence of liquid content on the liquid re-distribution, we vary the initial liquid film
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volume V 0
f on the particles given as :

V 0
f ∈ [10, 20, 40, 50, 80, 100] nl (5.7)

While varying V 0
f , we keep the liquid bridge limit-volume constant with Vmax = 40 nl

(β = 0.03). While varying β according to Eq. 5.5, we keep the initial liquid film volume
constant with V 0

f = 50 nl. As a standard simulation in this paper, we keep the initial

liquid film volume V 0
f = 50 nl and the liquid bridge limit-volume constant with β= 0.03,

if not specified otherwise. The bulk saturation is 1.28% for this standard case, with a bulk
porosity of ε≈ 0.35 measured from the simulations.

5.3. MICRO-MACRO TRANSITION
To extract macroscopic properties from DEM, we use the spatial coarse-graining ap-
proach. This technique was used earlier in [14, 30, 32] The averaging is performed over
toroidal volumes, over several snapshots of time, assuming rotational invariance in the
tangential direction. The averaging procedure for a three dimensional system is ex-
plained in [13, 15]. The simulation is run for a total time of 22 s and transient data are
obtained by temporal averaging of every 5 snapshots with a step of 0.015 s, starting from
the onset of the shear. We obtain the macroscopic local quantities like shear rate γ̇, liquid
bridge volume Vb , liquid film volume V f and the contact number Cw for further analysis.
We distinguish between the contacts with liquid bridges and without which is significant
for wet granular materials.

5.3.1. IDENTIFYING THE SHEAR BAND
We analyze the evolution of the liquid bridge volumes for initial conditions A and B as ex-
plained in Section 5.2.4. The objective is to study the transients of liquid re-distribution
under shear. Thus, we focus on the region inside the shear band where dry systems reach
a critical state after large enough shear. We define the shear band region by accumulat-
ing all local points having shear rate higher than a threshold value. This threshold value
varies at every height and is defined as a fraction α of the maximum shear rate at the
center of the shear band at a given height, γ̇max(z). Thus, we consider the shear band re-
gion as all local points having shear rate γ̇(r, z) ≥αγ̇max(z) as shown in Figure 5.3. For dry
granular systems, the critical state is achieved at a constant pressure p and local shear
rate condition over regions with shear rate larger than a certainα (dependent on the du-
ration of shear) corresponding to the region of system that was sufficiently sheared to be
re-structured.

5.3.2. WET SHEAR BAND PHENOMENOLOGY
While the shear band is well established above this shear rate for wet granular materials
also, our analysis of liquid re-distribution shown in the latter sections are averaged over
the shear band region corresponding to α = 0.4 at different heights in the system. Ad-
ditionally, the relative shear rate threshold α is varied from 0 to 0.8 to inversely vary the
width of the shear band to see its effect. Thereby, we extract local data (shown by the red
dots) corresponding to the regions as marked by the shaded area in Figure 5.3. We see



5.4. RESULTS

5

77

γ̇=αγ̇max

γ̇= γ̇max p

z

r

Figure 5.3: Schematic diagram of simulation set-up showing the shear band. Red dots showing the local points
for our analysis with size of the dots given by the local pressure. The grey shaded area denotes the shear band
(γ̇>αγ̇max) and the bold line shows the shear band center (γ̇= γ̇max).

the evolution of the macro quantities like the mean liquid bridge volume 〈Vb〉 and the
contact number Cw corresponding to the region inside the shear band as a function of
local shear γ. We then analyse the transients for the shear band evolution to obtain the
transients for liquid re-distribution inside the shear band.

5.4. RESULTS

5.4.1. TRANSIENTS FOR LIQUID RE-DISTRIBUTION
In this section, we describe the transients for liquid re-distribution for unsaturated gran-
ular materials subjected to shear with different initial conditions for initial conditions A
and B as explained earlier. For our analysis on the re-distribution of the liquid bridges,
we obtain the histogram distribution of the liquid bridge volume at different times with
100 bins of the histograms. We show the overlay of the histograms of liquid bridge vol-
ume distribution at different times with lines instead of the bars as shown in Figure 5.4.

We obtain the global shear γg = 2πRoΩ∆t/(Ro −Ri ) by scaling the distance traversed
by a particle on the outer wall 2πRoΩ∆t in time ∆t by the distance between the annu-
lar space Ro −Ri . We use that scaling factor as this is very simple and dependent on
the geometry of the system. There can be other length scales like the the width of shear
band, which is about half this geometry dependent scale Ro−Ri , or the particle diameter
2rp which is about 40 times smaller. Figure 5.5(a) shows the evolution of liquid bridge
volume distribution over global shear γg for initial condition A. Initially, the mean dis-
tribution of liquid bridge volume is lower than the intermediate pseudo-critical state
distribution of liquid bridge volume. The system starts with all liquid volumes in the
form of liquid film and hence the initial liquid bridge distribution number is lower than
the intermediate pseudo-critical state. The smaller liquid bridge volumes have a higher
count than the larger liquid bridge volumes but an accumulation in number of the liquid
bridge limit-volumes (Vb =Vmax) is found. With increasing shear, liquid from the bridges
with limit-volume is re-distributed to the smaller liquid bridges, so that the overall liquid
volume is almost conserved inside the shear band in this small shear strain.

Figure 5.5(b) shows the liquid bridge volume re-distribution over global shear for
initial condition B. Initially, the distribution of liquid bridge volume is non-uniform, with
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Figure 5.4: Overlaying of the histogram of liquid bridge volume distribution with lines for γ̇(r, z) ≥ αγ̇max(z)
and α= 0.4 after 6.03 s (γg = 8.23) for initial condition A.
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Figure 5.5: Liquid bridge volume distribution for different initial conditions (a) 100% liquid film (initial condi-
tion A) and (b) 100% liquid bridge (initial condition B) for γ̇(r, z) ≥αγ̇max(z) and α= 0.4.

a high count of the intermediate liquid bridge volumes between 10 to 20 nl (higher than
the intermediate pseudo-critical state), the initial liquid bridge volume being V 0

b ≈ 11 nl.
Other liquid bridges have lower count (lower than the intermediate pseudo-critical state)
at the initial state. With increasing global shear, liquid from the intermediate volume of
liquid bridges are re-distributed to other liquid bridges and the overall liquid volume is
conserved inside the shear band in this small shear strain. Comparing Figure 5.5(a) and
(b), it is observed that initial condition A reaches the equilibrium state faster than initial
condition B. Note that the local shear γ inside the shear band center and near the split
position of the shear cell is of the same order and approximately 2 times the value of
the global shear γg . Thus, the legends shown in Figure 5.5(a) and (b) in terms of global
shear are not the quantitative representation of the local shear inside the shear band.
The evolution of the two limits, the number of contacts with Vb = 0 (given by the red and
blue ◦) and Vb =Vmax (given by the red and blue ¦) are shown in Figure 5.6. Irrespective of
the different transients behavior, both the number of dry contacts and the contacts with
liquid bridge limit-volume reach the same value given by the plateau in the intermediate
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Figure 5.6: Number of dry contacts Vb = 0 for initial conditions A and B (red and blue ◦ respectively) and
number of liquid bridges of volume Vb =Vmax for initial conditions A and B (red and blue ¦, respectively) as a
function of global shear γg for γ̇(r, z) ≥αγ̇max(z) and α= 0.4.

Figure 5.6 shows the number of dry contacts for initial conditions A and B (given by
the red and blue ◦) and the number of maximal liquid bridge contacts for initial con-
ditions A and B (given by the red and blue ¦) as a function of the global shear γg . Irre-
spective of the different transients behavior, both the number of dry contacts and the
maximal liquid bridge contacts reach the same value given by the plateau in the inter-
mediate pseudo-critical state.

5.4.2. LIQUID RE-DISTRIBUTION IN PSEUDO-CRITICAL STATE
Liquid re-distribution in unsaturated granular media is associated with the formation of
new liquid bridges and the rupture of existing liquid bridges. Figure 5.7 shows a com-
parison of the distribution of the liquid bridge volumes after 6.01 s for the two different
initial conditions A and B. Evidently, an intermediate state is reached where the rate of
liquid bridge formation is balanced by the rate of liquid bridge rupture and is arrived,
irrespective of the initial distribution of the liquid in the system. Here, we focus at the
whole shear band region (γ̇(r, z) > 0.4γ̇max(z)), and confirm that the system reaches an
intermediate state independent of the initial conditions. In Section 5.4.3 we focus on the
liquid re-distribution in the different regions of the shear band.

Figure 5.8(a) shows the mean liquid bridge volume per wet contact 〈Vb〉 as a function
of local shear inside the shear band for initial conditions A and B. For each initial condi-
tion, the data points collapse onto a single curve. Figure 5.8(b) shows the wet contacts
per particle Cw as a function of shear for initial conditions A and B. Again, the data col-
lapse for each initial condition.Thus, the change in mean liquid bridge volume per wet
contact over shear observed inside the shear band center for initial conditions A and B
is an intrinsic phenomenon undergone by each local point inside the shear band before
they reach the intermediate pseudo-critical state. Initial condition A shows a decrease
in mean liquid bridge volume per contact with increasing shear. This can be related to
Figure 5.5(a) as the liquid bridge limit-volumes (Vmax) are distributed to more number of
smaller bridges until they reach the intermediate pseudo-critical value. Starting with an
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Figure 5.7: Overlay of the liquid bridge volume distribution for initial condition A (red) and initial condition B
(blue) for γ̇(r, z) ≥αγ̇max(z) and α= 0.4 after 6.03 s (γg = 8.23).

initial uniform liquid bridge volume distribution of V 0
b ≈ 11 nl, initial condition B shows

an initial increase in mean liquid bridge volume per contact with increasing shear un-
til it reaches a peak mean volume of liquid bridge approximately V p

b ≈ 28 nl. Further,
the mean liquid volume per contact decreases with increasing shear until they reach the
intermediate pseudo-critical state V c

b ≈ 17 nl. Both initial conditions A and B reach the
same intermediate state in terms of mean liquid bridge volume per wet contact. The
number of wet contacts per particle show an inverse functional behavior as 〈Vb〉, as the
liquid saturation remains constant, but reach the same intermediate state too for initial
conditions A and B. The total elastic potential energy of the system also reaches the same
state for the two initial conditions, irrespective of the different energy they have in the
transients, which depends on the number of dry and wet contacts in the transients.

During the process of re-distribution of liquid, the liquid volume is approximately
conserved inside the shear band within small shear strain, when diffusion is less dom-
inating than drift. The liquid bridge volumes are re-distributed during the process of
contact breaking and formation. For initial condition A, as observed in Figure 5.6, a sig-
nificant number of liquid bridges have the limit-volume. Subsequently, more smaller
liquid bridges are formed at the cost of rupture of these critical volume liquid bridges,
resulting in an increase in the number of wet contacts per particle and a decrease in the
mean liquid bridge volume per wet contact as shown in Figure 5.8(a) and (b). For initial
condition B, as observed from Figure 5.5(b) and 5.6, the number of liquid bridges with
higher liquid volume initially increases with time. In the initial state, all the contacts
have an equal liquid bridge volume V 0

b . When subjected to shear, many contacts break,
resulting in distributing the liquid to the neighboring contacts, making them grow in liq-
uid bridge volume content. Hence, here the mean liquid bridge volume increases at the
cost of breaking contacts. Simultaneously, the number of wet contacts Cw decreases as
shown in Figure 5.8(b). Thus, in this initial condition wet contacts are subjected to shear
break or rupture more or less instantaneously, distributing the liquid to the neighboring
existing contacts and resulting in a rapid increase in mean liquid bridge volume and a
decrease in the number of wet contacts before equilibrating towards the pseudo-critical
state.
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Figure 5.8: (a) Mean liquid bridge volume per contact 〈Vb〉 as a function of shear for initial condition A (¦)
and initial condition B (◦) and (b) wet contacts per particle Cw as a function of shear for initial condition A (¦)
and initial condition B (◦) for β= 0.03 nl, for γ̇(r, z) ≥αγ̇max(z) and α= 0.4. Different colors indicate different
heights.

5.4.3. DEPENDENCE ON THE RELATIVE SHEAR RATE THRESHOLD

As explained in Sec. 5.3.1, we define the shear band region by accumulating all local
points having shear rate higher than a threshold value. This threshold value varies at
every height and is defined as a fraction α of the maximum shear rate at the center of
the shear band at a given height γ̇max(z). Thus, we consider the shear band region as all
local points having shear rate γ̇(r, z) ≥ αγ̇max(z). Thus, it is also evident that the span
of the shear band region can be varied by varying α. The shear band is stable in an in-
homogeneous system at a constant pressure and shear rate condition over regions with
shear rate larger than the value αγ̇max(z),α= 0.1. The local shear rate γ̇ is highest at the
shear band center and drops as a Gaussian function of the distance from the center of
the shear band at a given pressure [26, 43]. We vary the width (or distance from the cen-
ter) of the shear band by varying α = 0.0 to 0.8 and thereby see the effect on the liquid
re-distribution. Figure 5.9(a) shows the liquid distribution of wet contacts for different
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Figure 5.9: (a) Liquid bridge volume distribution and (b) normalized liquid bridge volume distribution for
initial condition B for γ̇(r, z) ≥αγ̇max(z) and α varied from 0 to 0.8 after 6.03 s (γg = 8.23).
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sections of the width of the shear band for α varying from 0.0 to 0.8. Here we do not
show the distribution of the threshold liquid bridges. While we hardly observe a differ-
ence between the number of contacts between α = 0.2 and 0.4, a significant difference
is observed between α = 0.4 and 0.8. Figure 5.9(b) shows the norlamised liquid bridge
distribution for different width of the shear band. Note that here we normalise the his-
togram for liquid bridge distribution by scaling with the total number of liquid bridges
in the given histogram. The normalised distribution collapse for all width of the shear
band, signifying that the liquid bridge distribution is symmetrical for any width of the
shear band region. It is to be noted that here α = 0 excludes the liquid bridge distribu-
tion near the boundaries.

5.4.4. DEPENDENCE ON THE LIQUID BRIDGE LIMIT-VOLUME

In this sub-section we discuss on the effect of increasing the liquid bridge limit-volume
on the overall dynamics of liquid re-distribution. As a model simplification, we do not
allow the formation of liquid clusters via bridge coalescence by using a limit Vmax of the
bridge volumes which must not be exceeded. The liquid bridge limit-volume Vmax is var-
ied in different simulations as explained in Section 5.2.3, Eq. 5.5. Figure 5.10(a) shows the
mean liquid bridge volume 〈Vb〉 as a function of shear for different Vmax. Note that with
increase in Vmax the maximum interaction distance between interacting particles i and j
increases. Thus, the number of initial wet contacts increases with Vmax. The initial liquid
bridge volume V 0

b ≈ 11 nl is same for all the simulations. The peak liquid bridge volume
Vp and the intermediate liquid bridge volume Vi increases with increasing Vmax. Figure
5.10(b) shows that the number of wet contacts per particles decreases with increasing
Vmax. Thus, allowing clustering of liquid leads to higher mean liquid bridge volume per
contact and less number of wet contacts per particle in the intermediate pseudo-critical
state. However, even though Vmax is very large for the extreme cases, 〈Vb〉 is well within
the accuracy of the Willet model, i.e., very few number of liquid bridges are formed which
are of large liquid bridge volume.
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Figure 5.10: a) Mean liquid bridge volume per contact and b) fraction of wet contact as a function of shear for
initial condition B for different different maximal liquid bridge volume quantified by β, / β= 0.03, 4 β= 0.08,
¦ β= 0.15, ◦ β= 0.23, ä β= 0.45 and O β= 0.60 for α= 0.4 with initial condition B as initial condition.
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5.4.5. DEPENDENCE ON THE LIQUID SATURATION
In this sub-section, we study the effect of liquid saturation on the liquid re-distribution
process. The bulk saturation is varied by varying the initial liquid film volume on the
particles as mentioned in Section 5.2.4, Eq. 5.7. Figure 5.11(a) shows the mean liquid
bridge volume for initial condition B as a function of shear for different V 0

f . It is evi-

dent that the mean liquid bridge volume 〈Vb〉 increases with increasing saturation, i.e.,
bridges hold larger volume of liquid with increasing saturation. All the other parameters
like the peak liquid bridge volume Vp and the intermediate state liquid bridge volume
Vi increases with saturation. Figure 5.11(b) shows the mean wet contacts per particle
for initial condition B as a function of shear. The initial number of contacts per particle
remain the same, which depends on the initial packing, irrespective of the saturation in
the system. The number of wet contacts per particle increases with increasing satura-
tion. Thus both the mean liquid bridge volume per contact and the number of contacts
per particle increases with increasing saturation in the system.
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Figure 5.11: (a) Mean liquid bridge volume per contact (b) number of wet contacts per particle as a function
of shear for different saturation O V 0

f = 10 nl, ◦ V 0
f = 20 nl, ä V 0

f = 50 nl, ¦ V 0
f = 80 nl and 4 V 0

f = 100 nl for

α= 0.4 with initial condition B as initial condition.

5.4.6. EFFECT OF DIFFUSION AND TRANSPORT OF LIQUID
There are two relevant processes that cause the spreading of liquid. It is known that in
shear flows, particles undergo a self-diffusive motion and therefore, also liquid which is
carried by the menisci will diffuse in space [44, 45]. It has been observed that the particle
diffusivity is proportional to the local shear rate in quasi-static dense flows. Secondly,
there is a transport of liquid associated to liquid bridge rupture. The overall liquid mi-
gration is a non-steady state diffusive process and occurs over a relatively larger scale
of shear. The diffusive liquid transfer is triggered inside the shear band at the onset of
shearing. However, of mass transport mechanisms, molecular diffusion is known as a
slower one. Hence, at the initial, small shear strains, the liquid re-distribution dominates
over the diffusive liquid transport process. This is shown in Figure 5.12(a) and (b).

Figure 5.12(a) shows the mean liquid bridge volume per wet contact inside the shear
band as a function of shear for initial conditions A and B. Figure 5.12(b) shows the frac-
tion of wet contacts as a function of shear inside the shear band for initial conditions A
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and B. A dramatic change in the mean liquid bridge volume and the number of wet con-
tacts is observed during the initial phase of shearing. This is evidently the phase of liquid
re-distribution. The system reaches a pseudo-critical state followed by this when both
the mean liquid bridge volume per contact and the number of wet contacts per parti-
cle reaches a temporary steady state. On further shear, the mean volume of liquid bridge
per contact decreases slightly and the number of wet contacts per particle slowly decays.
The overall liquid content decreases inside the shear band in the long term. This is evi-
dently the regime when diffusive transfer of liquid is dominating. These mechanisms of
liquid transfer are interesting, but beyond the scope of the present study, and thus will
be discussed elsewhere (Chapter 6).
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Figure 5.12: a) Mean liquid bridge volume per contact and b) wet contacts per particle as a function of strain
for initial condition A (4) and initial condition B (◦).

5.5. CONCLUSIONS
The transients of liquid transport and re-distribution are studied for different initial con-
ditions of liquid distribution in the system. Governed by the rupture of existing, and the
formation of new liquid bridges, the initial distribution of liquid in the system is mod-
ified to a pseudo steady- or critical-state within (local) shear strains of order of around
2−4, almost independent of the initial liquid distribution. While the random liquid re-
distribution is dominating at small shear strains, shear driven diffusive liquid transport
away from the shear band is dominating for larger shear strains above 10−20. Gradu-
ally the shear band becomes dry, devoid of wet contacts in this later regime, i.e., liquid is
transported towards the already wet areas.
Besides the liquid-properties, the transients are also influenced by the bulk saturation
in the system and the liquid bridge limit-volume imposed in our model. As expected,
the mean liquid bridge volume per contact and the number of wet contacts per particle
both increase with increasing saturation. The mean liquid bridge volume per contact
increases, but the number of wet contacts per particle decreases with increasing limit-
volume Vmax. Even when set to very large values for the extreme cases, the mean liquid
bridge volume per contact 〈Vb〉 is within the accuracy of the Willet model, well below the
volume needed to fill the pores and the distribution is mostly unaffected by the limit-
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parameter.
As future scope of our studies, we intend to focus more on the liquid transport theory in
both small and large strain regimes (Chapter 6), as well as on experimental validation of
the present numerical predictions (Chapter 7).
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6
DIFFUSIVE-CONVECTIVE LIQUID

MIGRATION IN

UNSATURATED SHEARED

GRANULAR MEDIA

We study fluid migration in partly saturated shear bands where liquid is transported away
from the shear band center. Given a continuum model for liquid migration in sheared
granular media, we apply this model to a two dimensional (2D) Cartesian shear cell with
one wide shear band and compare the solution with Discrete Element Method (DEM) sim-
ulations. Initially, a high liquid density is observed at the edges of the shear band where
the second gradient of the shear rate profile is largest and positive. The high liquid density
front propagates towards the shear cell boundaries, demarcating the sheared and liquid
depleted zone from the unchanged non-sheared zone near the boundaries. We predict the
trajectory of the liquid density peak from the continuum model and compare with our
DEM simulations with good quantitative agreement and draw our conclusions.

In some detail, earlier studies show that the liquid migration can be modeled by a diffusive
equation with a space-dependent diffusive coefficient in the split bottom shear cell. Sim-
plifying to one dimensional diffusion and transforming this equation to an appropriate
set of variables, we show that liquid migration is a drift-diffusion process with constant
diffusivity coefficient and space dependent drift coefficient. In this way, we can obtain an
analytical solution for the liquid density as a function of space and time, neglecting the
diffusion term of the transformed equation. This analytical approximation gives a good
qualitative agreement with the full continuum model, though not quantitative, signifying
that the diffusion has a significant role in liquid transport. Further, we show that the con-
tributions from drift (analytical) and diffusion (semi-analytical and numerical) on the

Roy, S., den Otter, W. K., Thornton, A. R., Luding, S., Tunuguntla, D. R. and Weinhart, T., Diffusive-convective
liquid migration in unsaturated sheared granular media, to be submitted.
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overall transport of liquid are additive for short time increments. Although, we did sim-
plifications and transformation of the principal diffusion equation, which leads to some
quantitative deviation of the liquid density profile, we show that the location of liquid
density peak is determined by both terms of the transformed equation.

6.1. INTRODUCTION
Liquid saturation is of tremendous importance to the stability properties of soil struc-
tures. Granular materials generally gain strength with increasing liquid content [1–3].
On the other hand, liquid accumulation in soil pores may cause a dramatic decrease in
strength leading, e.g., to landslides or soil collapses [4]. Thus, liquid migration within soil
pores plays an important role for the overall properties of soil. Liquid migration is also
of great interest in a variety of other applications like pharmaceutical industries, powder
technology or in wet granulation process where grains are mixed with liquid and initial
surface wetting is carried out by inducing liquid migration by shearing actions of e.g. the
blades inside a rotating device. Thus, understanding the liquid transport phenomena in
sheared wet granular media is of great importance for the granular community.

Pore liquids reconfigure in different ways depending on the saturation level of the
granular materials. Liquid is sucked into dilating shear bands [5, 6] with increasing
porosity in fully saturated granular materials. In contrast, liquid transport at low liquid
contents is induced by firstly, (self)-diffusive motion of particles and liquid films and sec-
ondly, rupture and reconfiguration of individual liquid bridges on the local, microscale.
The focus of our discussion here is the migration of liquid in unsaturated, i.e. partly sat-
urated granular media. Reconfiguration of liquid bridges in the shear band, induced by
the shear rate, leads to liquid bridge re-distribution and liquid transport (where liquid is
driven out of the shear band). While the liquid re-distribution phenomenon is limited
to small shear scale, i.e. happens at the beginning of shearing, liquid transport is rather
a slow diffusive process driven by the local shear rate and is the subject matter of this
paper.

Liquid migration or transport from the shear band can be understood as a shear rate
driven diffusion phenomenon with the diffusivity coefficient proportional to the shear
rate [7, 8]. The liquid density profile shows remarkable features, particularly in a split
bottom shear cell, where the shear rate profile is an error-function of space [9, 10] and its
width increases with the height in the system [10]. More precisely, in this set-up, liquid
migrates from the zone of high shear rate to the relatively slowly sheared or non-sheared
zones. While the shear band gets depleted, a high liquid density peak is initially observed
at the edges of the shear band where the second gradient of the shear rate is positive and
is the largest [7]. However, whether this liquid density peak is stationary over time or
behave differently is still an open question.

There are different relevant processes involved in the spreading of liquid. It is known
that in shear flows, particles undergo a self-diffusive motion and therefore, also liquid
which is carried by the menisci will diffuse in space [11, 12]. It is observed that the par-
ticle diffusivity is proportional to the local shear rate in quasi-static dense flows. Sec-
ondly, there is a transport of liquid associated to liquid bridge rupture, the flux induced
by bridge rupture being large compared to that by bridge formation. Both self-diffusion
of particles and liquid bridge rupture processes are however, functions of the shear rate.
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Figure 6.1: Schematic diagram of simulation set-up.

Thirdly, the equilibrium distribution of bridge volumes plays a fundamental role in liq-
uid transport [13], the liquid transport flux between two capillary bridges on the same
grain being proportional to the difference in their capillary pressure. However, we ne-
glect the latter mode of liquid transport in our present study. Thus, liquid migration is
a non-steady diffusive process with a shear rate dependent diffusive coefficient. In this
case, the diffusion equation becomes a nonlinear partial differential equation, and the
analytical/ mathematical solution is almost impossible, even in the case of only time and
one dimension space coordinates. Thus, we make an approach towards a suitable trans-
formation of the coordinates to find analytical or semi-analytical solutions. Thereby, we
obtain a PDE in drift-diffusion form and analyse the role of drift and diffusion on the
overall liquid transport process. In this paper, we investigate the dynamics of the liq-
uid front trajectory in the initial part of our studies. We compare the results from the
continuum model and compare with the DEM simulations for the liquid front trajectory.

6.2. SYSTEM AND NUMERICAL SCHEMES

6.2.1. GEOMETRY
We simulate a simple linear split bottom shear cell which consists of two straight ‘L’
shapes sliding past each other shown in Figure 6.1. We use Cartesian coordinates where
the x direction is perpendicular and the y direction is parallel to the slit, with periodic
boundaries, and the z direction is perpendicular to the bottom plates [10, 14, 15]. The
left and the right sides of the boundary move along the y axis in opposite directions with
speed −vy /2 and vy /2 and particles filled in between the ‘L’ shapes. When there is a rela-
tive motion at the split, a shear band propagates from the split position O upwards. The
width of the shear band W increases as a power law function of the height z inside the
shear cell [10] as shown in the schematic figure.

6.2.2. DISCRETE ELEMENT MODEL
The approach towards the microscopic understanding of macroscopic particulate ma-
terial behavior is the modeling of particles using so-called Discrete Element Methods
(DEM). Contact models are at the physical basis of DEM simulations. We perform DEM
simulations using open source code MercuryDPM. Small grains are glued to the side
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Table 6.1: Dimensions of simulation.

Parameters Dimensions Parameters Dimensions

Gravity (g ) 10 ms−2 Particle diameter (dp ) 2.2 mm
Length 8dp Particle density (ρp ) 2000 kgm−3

Width 30dp Contact angle (θ) 20◦

Height 8dp Particle stiffness (k) 2367
πρp dp

2g
6

Shear Velocity (vy ) 0.036
√

dp g Surface tension (σ) 0.20
πρp dp

2g
6

Number of particles (N ) 8220 Dissipation (γo) 0.66
πρp dp

3pg

6
p

dp

Limit Bridge Volume (V max
b ) 0.006dp

3

Figure 6.2: A snapshot from the DEM simulation showing liquid migration from the shear band in a Cartesian
shear cell geometry. The colors of the particles indicate their increasing velocity vy /2 from negative to positive
(blue to red). The colors and sizes of the liquid bridges indicate their increasing liquid volume (red to blue).

walls and bottom to make the surface rough and periodic boundary conditions is ap-
plied in the y direction. All the dimensions of the shear cell geometry, particles and the
contact model parameters for our DEM simulations are given in Table 6.1. The details of
the contact model is given in [3] and we describe the mechanism of liquid bridge forma-
tion and rupture in details as given in Chapter 5.

Figure 6.2 shows a snapshot from the DEM simulation showing the liquid migration
from the shear band in a Cartesian shear cell geometry. The particles are colored accord-
ing to the magnitude and direction of their velocity from red (positive) to blue (negative).
The liquid bridges are shown in the form of cylinders with their diameter signifying the
liquid bridge volume at the contact. Note that the colors are adjusted to a suitable range
to have a better visualisation. It is evident from the figure that the liquid bridge concen-
tration is lowest inside the shear band, highest near the edges of the shear band and an
intermediate concentration near the walls of the shear cell.

6.2.3. CONTINUUM MODEL

Numerical methods suitable for the solution of the transport equations are a matter of
extensive research in computational fluid dynamics. Its application is predominant in
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various research fields like geophysical fluid dynamics [16], hydrological processes [17],
reactor flow [18] etc. In the Eulerian solution of equations, difficulties arise because of
the dual nature of the transport equation. When the transport is advection or drift domi-
nated, the equation behaves as a first-order hyperbolic equation, but when the transport
is diffusion dominated the equation behaves as a second-order parabolic equation. To
accurately model the drift-diffusion transport, the numerical scheme must be able to
handle the mixed parabolic-hyperbolic character of the systems. Eulerian models that
have grids fixed in space have a number of difficulties when transport is drift dominated.
These include numerical diffusion, oscillations, instabilities and peak clipping because
of the numerical representation of advection terms in the transport equation.

The unsteady diffusive equation for liquid transport is given as:

Q̇ = D liq∇2(γ̇Q) (6.1)

where, Q is the specific volume of liquid (also referred to as liquid density), D liq is the
constant part of diffusivity coefficient of liquid depending on the liquid flow properties,
global shear rate and γ̇ is the local shear rate. Note that the local shear rate is a Gaussian
function of space and is given by γ̇ = vy /(W

p
π)exp[−(x/W )2], vy = vy (z) is the shear

velocity and the width of the shear band W = W (z) is predicted from [10]. The overall
diffusivity coefficient D = D liqγ̇ is dependent on the local shear rate. The above equation
appears to be a diffusive equation, though in the later sections we discuss about the
transformation of this equation to a drift-diffusive form in another frame of reference.

To avoid instabilities, Eq. 6.1 is solved over the domain using a backward Euler method
(or implicit Euler method) in time and a central difference method in space, by using
Neumann boundary conditions and with the same initial condition and shear rate as in
the DEM simulation. The total liquid volume is conserved over time with a relative error
of less than 10−13. The system being symmetrical to x = 0, in the following sections, we
show our results for half of the system.

6.3. COMPARISON OF DEM AND CONTINUUM MODEL
We use a coarse graining post-processing tool MercuryCG to translate DEM data from
discrete to continuum level. Discrete data of liquid film volumes and liquid bridge vol-
umes related to particles and their contacts respectively are converted to continuous
fields of specific liquid volume. Since the liquid density profile is dynamic in nature, we
obtain the temporal averaging over a very short period of time of 0.28 s. We obtain the lo-
cal fields mean liquid bridge volume 〈Vb〉 and mean liquid film volume 〈V f 〉 respectively
as functions of positions x and z. Followed by this, we obtain the local liquid density Q,
which is the focus of our interest in the continuum scale.

6.3.1. LIQUID DENSITY
Figure 6.3(a) shows a comparison of the liquid density field obtained from the DEM sim-
ulation with the continuum model for the middle height (blue data) and close to the
surface (green) of the shear cell. Keeping all the parameters of the continuum model ex-
actly same as the DEM model, we have tuned the parameter D liq = 2×10−5 m2 in order to
match the specific liquid volume with the DEM model. Thus, the continuum model is in
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Figure 6.3: Comparison of (a) liquid density as a function of x after 40 s, the dashed lines are given by Eq. 6.2.
and (b) liquid front trajectory from the DEM and continuum models at middle height (blue, z = 8 mm) and
surface (green, z = 12 mm) predicted by Eq. 6.2.

good agreement with the DEM model for predicting the liquid volume density. The shear
rate profile in a split bottom shear cell is a Gaussian function of the axial positions x and
the width increases with height z. The shear rate being highest at the shear band center
and the second derivative of shear rate ∂2γ̇/∂x2 being smallest and negative, the liquid
content decreases in the shear band. ∂2γ̇/∂x2 being largest and positive at the edges of
the shear band, this causes an accumulation of liquid along the edges at the beginning of
shear. The locations near the boundary of the shear cell is barely affected by finite shear
and thus the liquid density remains unchanged as the initial liquid density Q0. Thus, a
liquid density peak is observed initially at the edges of the shear band that separates the
sheared depleted zone from the relatively saturated non-sheared zone of liquid near the
walls of the shear cell.

6.3.2. TRAJECTORY OF LIQUID MIGRATION

In the earlier sub-section we have discussed that when the shear band gets depleted of
liquid, an accumulation of liquid happens near the edges of the shear band. We have
compared the results of our DEM simulation with the continuum model. We observe
that this liquid density peak propagates towards the wall with time. Thus, we get a loca-
tion of the peak liquid density xc , which moves towards the wall with time.

Defining the location of peak liquid density as the location of the maximum liquid
density has the following disadvantages: firstly, as the grid resolution is finite (130 points
in x−direction), the peak of the liquid density can only be located with an accuracy of
0.05 cm, resulting in an undesirable stepwise definition. Secondly, the noise in the coarse
grained data from the DEM model, especially at small times, can create local maxima of
the liquid density, thus creating an error in finding the peak location. To avoid these
effects, the location of the peak liquid density is defined as the centroid of the liquid
density profile which is lying above the initial liquid density Q0. Thus the definition of
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xc is given as:

xc =
∫ W /2

0 xQ̃d x∫ W /2
0 Q̃d x

where Q̃ = max(Q −Q0,0). (6.2)

The location of the peak liquid density is well approximated by this definition for both
the continuum and the DEM models. We compare the trajectory of xc from our DEM
simulations with the continuum model as shown in Figure 6.3(b) over a time period of
200 s. The data shows good agreement between the discrete and the continuum model,
both at the middle height (blue color) and near the surface (green color), thus verifying
the continuum description of liquid migration.

6.4. EFFECT OF DIFFUSION IN VERTICAL DIRECTION
The important purpose of this section is to lead towards finding an analytical solution for
the Eq. 6.1 to get the liquid volume density Q as a function of space and time. However,
we need to simplify the equation to its one-dimensional form as a first step towards the
analytical solution, neglecting the z diffusion component. Thus, the non-steady state
diffusion Eq. 6.1 is simplified as:

∂Qx

∂t
= D liq

∂2(γ̇Qx )

∂x2 (6.3)

We solve Eq. 6.3 using the same numerical scheme as mentioned in Sec. 6.2.3. We com-
pare here the location of the front xc and the peak liquid density for the two Eqs. 6.1 and
6.3 by solving them numerically. Both Eqs. 6.1 and 6.3 are solved numerically and the
results of the location of the peak liquid density, xc and the peak liquid density, Qmax are
plotted as a function of time t as shown in Figure 6.4(a) and (b) respectively at the middle
height (blue) and near the surface (green). The solutions of Eqs. 6.1 and 6.3 are repre-
sented by the solid and dotted lines respectively. Note that, while xc is unaffected, Qmax

is significantly affected by the diffusion in z direction, especially closer to the base of the
shear cell, where the shear gradient is stronger. This is also evident from Figure 6.5(a) and
(b) showing the contour plot of liquid volume as a function of space x and z solved for
Eqs. 6.1 and 6.3 respectively after t = 40 s. Thus, an approach towards a simplified ana-
lytical solution of the liquid density profile is likely to deviate quantitatively from our ob-
servations in the first place. Starting to shear from an uniform distribution of liquid, the
location of xc at the first time step is obtained analytically as x0

c = xc (t = 0) =p
1.5W (z),

given by the location where ∂2γ̇/∂x2 is maximum.

6.5. TRANSFORMATION TO DRIFT AND DIFFUSION EQUATION
In this section, we propose methods for solving Eq. 6.3 analytically to determine the liq-
uid volume density as a function of time and space at an intermediate height. At each
height z, the variable diffusion coefficient is D(x) = D liqγ̇(x). We discuss methods for
solving this one-variable diffusion equation with horizontally (only) space dependent
diffusion coefficient D(x) > 0. In order to solve this analytically, one needs to have a suit-
able transformation of frame of reference using the field ξ= ξ(x) so that the x-dependent
diffusion coefficient can be transformed to an arbitrary diffusion constant Dc > 0. For
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Figure 6.4: (a) Location of the liquid front xc (from Eq. 6.2) and (b) peak liquid density Qmax as a function of
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the one variable case, this transformation reads:

Dc =
( dξ

d x

)2

D(x) (6.4)

We obtain dξ/d x = 1p
Dliqγ̇(x)

and d 2ξ/d x2 = x
W 2

1p
Dliqγ̇(x)

from the above equations. The

transformed Eq. 6.3 now reads :

∂Q ′
x (ξ, t )

∂t
=− ∂(D ′(ξ)Q ′

x (ξ, t ))

∂ξ︸ ︷︷ ︸
Drift

+Dc
∂2Q ′

x (ξ, t )

∂ξ2︸ ︷︷ ︸
Diffusion

, (6.5)

where, Q ′
x =Qx

p
D(x)/Dc =Qx

√
D liqγ̇(x). Now, the equation transformed using a suit-

able coordinate ξ= ξ(x) with a constant diffusion coefficient Dc = 1 has a space depen-

dent drift coefficient D ′(ξ) = d 2ξ

d x2 D(x) = x
W 2

√
D liqγ̇(x). Drift and diffusion processes can

now be considered independently and their effects are explored in the following sec-
tions.

6.5.1. DRIFT
The overall transfer mechanism of liquid can be described as a convection process which
is governed by the combined effect of drift and diffusive mass transfer processes. We
solve the equation analytically, neglecting the effect of diffusion and consecutively do a
comparison with the effect of drift and diffusion sources of liquid transfer. We start with
a simplistic approach, neglecting the diffusive term of the transformed Eq. 6.5 which can
be re-written as:

∂Q ′
x, Drift(ξ, t )

∂t
+
∂
(

x
W 2

√
D liqγ̇(x)Q ′

x, Drift(ξ, t )
)

∂ξ
= 0. (6.6)

The above equation is transformed to eliminate ξ and is given as:

∂Q ′
x, Drift(x, t )

∂t
+

( ∂ξ
∂x

)−1 ∂
(

x
W 2

√
D liqγ̇(x)Q ′

x, Drift(x, t )
)

∂x
= 0. (6.7)

Re-transforming the above equation to a simpler form with R(x, t ) = x
W 2

√
D liqγ̇(x)Q ′

x, Drift(x, t )
yields:

∂R(x, t )

∂t
+ x

W 2 D liqγ̇(x)
∂R(x, t )

∂x
= 0. (6.8)

The general solution is deduced as R(x, t ) = f (−t + W 3Ei (x2/W 2)
2C ) using Mathematica.

With an initial condition at xo(t = 0), the general solution is:

xo =
√

W 2Ei−1
(
− 2C t

W 3 +Ei
( x2

W 2

))
(6.9)

and

R(x, t ) = Ro

(√
W 2Ei−1

(
− 2C t

W 3 +Ei
( x2

W 2

)))
(6.10)
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The initial condition is given as:

Ro(t = 0) =Qo
x

W 2 D liqγ̇(x). (6.11)

This has to satisfy the initial condition for Qx, Drift =Qo(t = 0), where R =Qx, Drift
x

W 2 D liqγ̇(x).
Therefore,

R(x, t ) = C

W 3

√
W 2Ei−1

(
− 2C t

W 3 +Ei
( x2

W 2

))
exp

[
−Ei−1

(
− 2C t

W 3 +Ei
( x2

W 2

))]
(6.12)

and the liquid volume density

Qx, Drift(x, t ) =Qo

√
W 2Ei−1

(
− 2C t

W 3 +Ei
(

x2

W 2

))
exp

[
−Ei−1

(
− 2C t

W 3 +Ei
(

x2

W 2

))]
x exp[−(x/W )2]

(6.13)

This analytical solution is tested with the numerical solution of Eq. 6.8 in order to
verify that the employed numerical method captures the analytical solution with suffi-
cient accuracy.

6.5.2. DIFFUSION
In this section, we study the effect of diffusion on the overall liquid transfer process.
Neglecting the drift term of Eq. 6.5 yields:

∂Q ′
x, Diff(ξ, t )

∂t
−
∂2Q ′

x, Diff(ξ, t )

∂ξ2 = 0. (6.14)

The above equation is transformed back to x-coordinate and solved numerically by the
method described in Sec. 6.2.3.

6.5.3. SIGNIFICANCE OF DRIFT AND DIFFUSION
In this section, we explore the significance of drift and diffusion processes separately
on the overall liquid transport process. While both contributions change over time (not
shown in the figure), they behave qualitatively the same, i.e. having a minimum at the
center x = 0, a maximum of liquid density at the edges of the shear band and a constant
liquid density near the boundary region. We explore here the trajectory of the high den-
sity liquid peak as a function of time for the drift and diffusion process as obtained from
Eq. 6.8 and 6.14 respectively. We compare the trajectory given by drift and diffusion with
the overall liquid transport trajectory given by Eq. 6.3 in order to interpret which mech-
anism dominates the liquid transport. Figure 6.6 (a) and (b) show the relative error of
the trajectory of maximum liquid density as obtained from drift and diffusion with re-
spect to the solution given by Eq. 6.3 for different heights z = 8 mm (blue solid lines) and
z = 12 mm (green dashed lines). While the drift process shows a significant rise in the
error upto 15%, the diffusion process error initially decreases to a minimum and then is
saturated to a value of 6% in time scale of 103 s. Thus, we conclude that the trajectory
of the liquid density peak in the liquid migration process is diffusion dominated on the
long term. Note that these preliminary results show xc is unpredictable in the initial time
period and thus the plots in the Figure 6.6 (a) and (b) does not include time t = 0.
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Figure 6.7: Net contribution to the incremental peak liquid density from drift ∆Qmax, Drift (Eq. 6.8) and from
diffusion ∆Qmax, Diff (Eq.6.14), as compared with the overall contribution ∆Qmax,x (Eq. 6.3) at the middle
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6.5.4. SUPERPOSITION OF DRIFT AND DIFFUSION EFFECTS

The PDE for the transport of liquid from the shear band is composed of two components
in a transformed coordinate, namely, diffusion and drift. While the drift is the flow of
liquid due to bulk motion under the influence of shear, diffusion leads to the spreading
of liquid from a higher to lower concentrations also under the influence of shear. It is
to be noted from Eq. 6.5 that while diffusion leads to an increment in the local liquid
volume, the drift acts reversely. However, both fluxes are additive. It is obvious that if the
two fluxes are separately integrated over time, the resulting liquid density should also be
additive, at least at a small time, when other effects, such as coupling, are negligible.

In this section, we analyse the incremental peak liquid density ∆Qmax = Qmax −Qo

from the two fluxes separately. The objective is to see if the resultant liquid density from
the drift and diffusive fluxes by integrating Eq. 6.8 and 6.14 respectively, together con-
tribute to the same incremental flux as obtained by integrating Eq. 6.3.

Figure 6.7 shows the comparison of the sum of the contribution from drift (∆Qmax, Drift
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from Eq. 6.8) and diffusion (∆Qmax, Diff from 6.14), given by the blue solid lines, with that
of the overall contribution∆Qmax from Eq. 6.3 to the peak liquid density given by the red
dash-dotted lines, at z ≈ 10 mm. We observe that the contribution from drift and diffu-
sion to the peak liquid density matches initially with the overall contribution, signifying
that the two effects are additive in the initial phase. However, with further progress in
time, the net contribution from the two effects over-predicts the liquid density.

6.6. CONCLUSION
The liquid content decreases within partially saturated shear bands, as observed from
experiments, DEM and continuum numerical simulation results. A simple model for
liquid transport explains this phenomenon as diffusion driven with a variable diffusivity
dependent on the strain-rate. Being diffusion driven, the liquid re-distribution process
is slow and hardly reaches a stationary state. Further, a high liquid density front located
initially at the tails of the shear band, propagates away from the shear band towards the
boundary, making the fluid depleted region wider and decreasingly saturated with time.
We track the trajectory of the liquid front from DEM and continuum theory and show
that the two numerical solutions are in good agreement.

Further, we show that the diffusive liquid migration model, defines the liquid mi-
gration phenomenon as a combination of drift and diffusive transport of liquid in a
transformed coordinates frame where the new space variables’ derivative is inversely
proportional to the local square root of the shear-rate. The process can alternatively be
understood as driven by constant diffusivity and a space dependent drift. An analytical
expression is obtained for the liquid migration as a function of space and time for drift
driven liquid migration, neglecting the effect of diffusion. It is observed that both drift
and diffusion are significant for the overall liquid transport where diffusion wins on the
long term. However, we get the same qualitative profile of liquid density over space from
one or the other mode of liquid transport.

REFERENCES
[1] S. Herminghaus, Advances in Physics 54, 221 (2005).

[2] F. Radjai and V. Richefeu, Philosophical Transactions of the Royal Society of London
A: Mathematical, Physical and Engineering Sciences 367, 5123 (2009).

[3] S. Roy, A. Singh, S. Luding, and T. Weinhart, Computational Particle Mechanics 3,
449 (2016).

[4] S. Strauch and S. Herminghaus, Soft Matter 8, 8271 (2012).

[5] P. Hicher, H. Wahyudi, and D. Tessier, Computers and Geotechnics 16, 205 (1994).

[6] H.-J. Tillemans and H. J. Herrmann, Physica A: Statistical Mechanics and its Appli-
cations 217, 261 (1995).

[7] R. Mani, D. Kadau, D. Or, and H. J. Herrmann, Physical Review Letters 109, 248001
(2012).



REFERENCES

6

101

[8] R. Mani, D. Kadau, and H. J. Herrmann, Granular Matter 15, 447 (2013).

[9] J. A. Dijksman and M. van Hecke, Soft Matter 6, 2901 (2010).

[10] A. Ries, D. E. Wolf, and T. Unger, Physical Review E 76, 051301 (2007).

[11] B. Utter and R. P. Behringer, Physical Review E 69, 031308 (2004).

[12] C. S. Campbell, Journal of Fluid Mechanics 348, 85 (1997).

[13] R. Mani, C. Semprebon, D. Kadau, H. J. Herrmann, M. Brinkmann, and S. Herming-
haus, Physical Review E 91, 042204 (2015).

[14] M. Depken, W. van Saarloos, and M. van Hecke, Physical Review E 73, 031302
(2006).

[15] M. Depken, J. B. Lechman, M. van Hecke, W. van Saarloos, and G. S. Grest, Euro-
physics Letters 78, 58001 (2007).

[16] D. R. Durran and S. Mobbs, Quarterly Journal of the Royal Meteorological Society
127, 273 (2001).

[17] M. U. Igboekwe and N. Achi, Journal of Water Resource and Protection 3, 192 (2011).

[18] M. A. Hastaoglu and I. A. Abba, Chemical Engineering & Technology 19, 337 (1996).

[19] C. D. Willett, M. J. Adams, S. A. Johnson, and J. P. Seville, Langmuir 16, 9396 (2000).

[20] S. Roy, S. Luding, and T. Weinhart, New Journal of Physics 19, 043014 (2017).

[21] S. Roy, S. Luding, and T. Weinhart, EPJ Web of Conferences 140, 03065 (2017).

[22] M. Scheel, R. Seemann, M. Brinkmann, M. Di Michiel, A. Sheppard, B. Breidenbach,
and S. Herminghaus, Nature Materials 7, 189 (2008).





7
SURFACE FLOW PROFILES FOR DRY

AND WET GRANULAR MATERIALS

Two-dimensional Particle Tracking Velocimetry (PTV) is a promising technique to study
the behavior of granular flows. The aim is to experimentally determine the width and
the position of the shear band in a split-bottom ring shear cell from the surface velocity
profile and validate the simulations by experiments. The discrete particle velocities are
tracked by analyzing images of scattered flow tracer particles as they move with the bulk
flow. We extract the continuum velocity field by applying a coarse-graining technique
using the MercuryCG postprocessing tool on the discrete experimental PTV data. For an
intermediate filling height, the surface velocity field is extremely well fitted by an error
function of the the radial coordinate. From the error function fit, we get the surface width
and the location of the center of the shear band. We investigate the dependence of the
shear band properties on different filling heights and different rotation frequencies of the
shear cell for dry glass beads. We study the effect of cohesion on the shear band by mixing
different interstitial liquids, glycerol and silicon oil, with the glass beads.

7.1. INTRODUCTION
Dense granular materials display a rich and complex flow properties, which differentiate
them from ordinary fluids. Despite their ubiquity, experimental studies of granular flows
are difficult to perform due to their opaque nature. Nevertheless, insight has been gen-
erated through use of magnetic resonance imaging [1, 2], digital imaging [3–5], particle
image velocimetry (PIV) applied to quasi-2D granular flows [6–8] and particle tracking
velocimetry (PTV) [9–12]. Gollin et al. [13] did a comparative study on PIV and PTV for
granular flow measurements.

Until recently, it was mostly reported that all granular shear bands were narrow i.e.

Roy, S., Polman, H., Scheper, B. J., Thornton, A. R., Tunuguntla, D. R., Luding, S. and Weinhart, T., Surface flow
profiles for dry and wet granular materials, to be submitted, working towards including the torque measure-
ments.

103



7

104 7. SURFACE FLOW PROFILES FOR DRY AND WET GRANULAR MATERIALS

a few particle diameters [14–16]. However, in 2003 Fenistein et al. [17] discovered that
in a modified Couette cell, granular shear bands can be arbitrarily broad. In this geom-
etry, particles are filled in upto height H , confined under gravity, in the annular space
between a fixed central disk and a rotating outer disk. For very shallow packs, the shear
band measured at the top surface is narrow and located at r = Rs . The inner region di-
rectly above the central disk is stationary while the remaining part rotates as a solid. As
the filling height of the material, H , increases, the shear band increases in radial width
and moves toward the cylinder axis. For sufficiently large H , the shear band overlaps the
axis at r = Rin i.e. qualitatively different behavior. Indeed, Unger et al. [18] predicted
that the shape of the boundary between moving and stationary material would undergo
a first-order transition as H is increased past a threshold value H∗: the shearing region
which for H < H∗ is open at the top and intersects the free surface abruptly collapses to
a closed cupola completely buried inside the bulk. Ries et al. [19] measured the width of
the shear band in the bulk as a function of height in the system from DEM simulations.
Unger et al. [18] predicted the position of the shear band center as a function of height
in the system applying the principle of least dissipation of energy.

Previous studies focused primarily on the surface and bulk flows in shallow contain-
ers for dry granular flows and left unexplored many questions about the effect of inter-
stitial liquid on the shear band for wet granular materials. A small amount of interstitial
liquid in granular materials is likely to introduce inter-particle adhesive forces and thus
results in a bulk cohesion of the materials. Singh et al. [20] studied the effect of dry co-
hesion on the width and the position of the shear band by DEM simulations, including
a detailed report on the local rheology and micro-structure. The general conclusion was
that both the position and the width of the shear band remain unaffected in a cohesive
system for Bo < 1, while the shear band moves inward and becomes wider for Bo > 1. In
the similar spirit as for the dry cohesive system, we intend here to experimentally inves-
tigate the surface flow profile of dry and wet granular materials.

Continuum fields are often need to be constructed from discrete particle data for sta-
tionary or transient dynamic particulate systems. One such approach is applying coarse
graining (CG); the method has several advantages: (i) the fields automatically satisfy the
conservation equations of continuum mechanics (ii) particles are not assumed to be
rigid or spherical and (iii) the results are valid for single particles and single snapshots
(no averaging over ensembles of particles or snapshots). This CG-technique was initially
proposed by [21] and has been applied extensively to obtain continuum fields from dis-
crete element simulations [22–26]. In our present study, we explore Particle Tracking
Velocimetry for measuring the surface velocity profile of granular materials. Thereby, we
obtain discrete particle data from the experiments.Our novel approach is to apply the
aforementioned CG technique using Mercury CG tools to obtain continuum fields from
discrete experimental data. Moreover, our exploration in this paper is not limited to dry
granular materials; we apply both the tracking by PTV and obtaining the continuum ve-
locity fields by CG for investigating the surface velocity profile of wet granular materials
as well. The primary challenges are to track the tracer particles (i) in a two phase system
and (ii) in a system where particles are closely bonded.

Another purpose of the experimental investigations is to measure the total torque
required to shear the material. The net torque can be measured as difference from the



7.2. EXPERIMENTAL SET-UP

7

105

unloaded and the loaded shear cell torques. We intend to measure the torque required
to shear dry glass beads as well as glass beads mixed with different concentrations of
liquids: glycerol and silicon oil. The original idea was to compare the experimentally
measured torque with the torque obtained from simulations in [27] and thus validate
them. A similar experimental work was done by Wortel et al in [28] to explore the rheol-
ogy of weakly vibrated dry granular materials. However, this aspect of our experimental
work is still under progress. We plan to re-do the experiments for measuring torque as a
future part of our research.

We focus on the flow observed at the free surface. We measure the shear band prop-
erties from the surface velocity profile of dry and wet glass beads and present the set-up
in Sec. 7.2, the velocity tracking in Sec. 7.3.1 and the coarse-graining of experimental
data in 7.3.2. The observations for dry and wet glass beads experiments are given in Sec.
7.4 and 7.5, respectively. Finally, we conclude in Sec. 7.6.

7.2. EXPERIMENTAL SET-UP
We probe the rheology of granular media in split-bottom shear cell geometry shown in
Figure 7.1. This geometry proposed by Fenistein et al. [17] is a modification of the Cou-
ette cell, that leads to the formation of a wide shear zone near the free surface which is
free from the boundary effects.

7.2.1. GEOMETRY

The shear cell consists of a rotating outer cylinder of radius Ro = 110 mm, a fixed inner
cylinder of radius Ri = 14.7 mm and a split at the bottom of the shear cell at Rs = 85 mm.
This split separates the rotating outer part from the stationary inner part of the shear
cell. The inner wall is made rough by an additional rough layer that is fastened over the
wall. The annular space between the inner and the outer cylinder is filled in with glass
beads upto a given filling height H . The filling height is according to the parameters
given in Table 7.1. For shallow layers, a narrow shear zone is developed above the split at
Rs . With increasing height within the system, this shear zone shifted away from Rs and
broadened continuously and without any apparent boundary. The outer cylinder rotates
at a constant frequency f . We vary the rotation rate of the outer cylinder according to
the parameters given in Table 7.2, keeping the default filling height constant at H = 36
mm. The rotational motion is driven by a motor attached to the bottom of the setup.
Figure 7.1 shows the experimental set-up, as captured by the high speed camera, with
the moving region indicated by the hazy particles and the static region indicated by the
clearly defined particles and a schematic figure for the same set-up.

7.2.2. PARTICLES

We use transparent glass beads from Singmund Lindner, SiLi beads type S. We analyse
the distribution of the size specification provided by the manufacturer and find a Gaus-
sian size distribution with mean diameter dp = 1.70 mm and width of the distribution
equal to ±0.083 mm. We measure the surface flow profile of the granular glass beads by
image analysis of the surface snapshots. We use the PTV technique to measure the veloc-
ity of the seed particles that are added as resident tracers to the bulk. The correct choice
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Figure 7.1: The experimental setup of the split-bottom shear cell (left) and schematic (right).

of seed particles is critical to the successful execution of PTV experiments. The source
of PTV signals is the scattering of the residual particles, and thus the physical proper-
ties of those particles influence signal quality. Particle size, composition, density, shape,
and concentration are important factors when selecting seed particles. Seed particles
should be small enough to follow the flow being measured, but large enough to generate
a strong signal. The physical properties of these particles should be close to the prop-
erties of the bulk granular particles to guarantee that they properly represent the flow
behavior. The two-dimensional (2D) PTV, in which the flow field is measured at the illu-
minated surface, requires a low density of the residual particles to allow for tracking each
of them individually for several successive frames. Since the high frame rate of the cam-
era allows a very short exposure time, the illumination of the system has to be strong and
homogeneous enough for the cameras to see the light reflected by the granular particles,
including the tracer particles, in every part of the measurement field.

7.2.3. LIQUIDS AND CONCENTRATIONS

Our primary focus in the experiments was to determine the shear band properties from
the surface velocity profile, obtained by 2D Particle Tracking Velocimetry method. While
we do preliminary studies on the properties of dry glass beads, in the later section of
this chapter, we discuss on the effect of adding different interstitial liquids on the bulk
flow properties. We use primarily two different liquids; glycerol and silicon oil, for doing
different experiments. We measure the contact angle properties of the given liquids on
the glass bead surface. Aqueous glycerol solution (80% glycerol) has an average contact
angle of 24◦ on the glass surface. Silicon oil sample of the given viscosity of 1000 st has
an average contact angle of 7◦ on the glass bead surface at a standard temperature 25◦.
However, the surface tension properties of the liquid-solid interface are not measured
here. Aqueous glycerol solutions has a standard surface tension of 64 mNm−1. In gen-
eral, a standard 1000 st silicon oil sample used for the experiments has a surface tension
of 40 mNm−1.

We vary the saturation of each of the these liquids in a set of experiments. The bulk
saturation of liquid in the system is measured by the ratio of the liquid volume to the
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pore volume and is defined as:

S∗ =π1−ε
ε2 ϕ∗, (7.1)

where, ε is the bulk porosity in the system and the dimensionless volume ϕ∗ is the ratio
of the volume of liquid bridge at a contact to the volume of the contacting particles.
The liquid saturation S∗ of glycerol and silicon oil are varied according to Table 7.3 and
7.4. While most of the given saturation are within the pendular regime of liquid bridge
(S∗ ≈ 0.30), we do a set of experiment outside this range to observe its effect.

7.3. VELOCITY MEASUREMENT
Liquid granular flows are often inhomogeneous with shear bands. In geometries such as
inclined-plane flows, avalanches and Couette flows, shear bands are narrow with clear
distinction between the flowing and the nonflowing zone. In our present study, in a
modified split-bottom shear cell, the granular flow is driven from the bottom, not from
the side walls. The differential motion of the outer and the inner cylinder creates a wide
shear zone away from the side walls. The observed wide shear zone satisfies a number
of robust scaling laws and the velocity tails decay as an error function. The flow pattern
is influenced by three factors related to the geometry: the split position Rs , the filling
height H and the rotation rate f . Though the flow is purely azimuthal and rate indepen-
dent for small rotation frequency f , it is influenced by the flow rate at higher rotational
rate e.g. due to the influence of frictional dissipation among other reasons. Addition-
ally, the flow is also influenced by the presence of interstitial liquid due to the effect of
additional attractive force. These motivate us to explore the surface velocity profile of
granular materials for varying conditions by the PTV-CG combined method.

7.3.1. PARTICLE TRACKING VELOCIMETRY

Particle tracking velocimetry (PTV) is a Lagrangian approach of measuring the velocity of
each of the tracer particles in several successive time frames. We use a two-dimensional
PTV in which the surface flow field is measured which is illuminated by a LED light
banks. Seeded flow tracers in the surface flow pictures allow for tracking each of them
individually for several frames. These particles of interest are ideally of same size and
properties as the bulk particles. The data images were individually digitized and stored
as (1120×744) pixels by a CCD camera oriented vertically over the illuminated surface,
fixed in a tripod. The particles of interest should be ideally between 5 to 20 pixels in di-
ameter. The illuminated test section was recorded at the rate of 120 frames per second.
The shear cell is allowed to run initially for a given time interval ti = 2/ f , for complete 2
rotations, until a steady state is achieved. The camera is turned on thereafter, to capture
frames for analysing surface velocity profile in the steady state. At least of 3000 images
are taken to get good results from PTV.

We use a particle tracking code in Matlab in adaption of the IDL Particle Tracking
software developed by Crocker and Grier [29] originally for colloidal particle tracking.
This present Particle Tracking code repository in Matlab was modified by Blair and Dufresne
to reach a broader possible community of people who are interested in particle tracking.
We demonstrate here the steps for processing original image Figure 7.2(a). The main



7

108 7. SURFACE FLOW PROFILES FOR DRY AND WET GRANULAR MATERIALS

features of the particle tracking algorithm are image inversion, use of Bandpass filter-
ing, particle detection and linking of the particle locations from the trajectories. First,
we do an inversion of the image to improve the contrast as shown in Figure 7.2(b). In
this step, we make all the regions outside the drum region also turn black. Followed by
this, we do a spatial filtering of the image by using a Bandpass filter. This filtering not
only enhances the edges by suppressing the low frequencies, but also reduces the noise
by attenuating the high frequencies. The background is subtracted from the image by
masking the area. Next, we detect the particles by finding the peaks at the centroids of
the seed particles on the surface. This plots dots where each particle was found as shown
in Figure 7.2(c). Likewise, we find the surface particle locations for all the images from
different time snapshots. We link the particles in the corresponding images by a forward-
backward search algorithm. The tracker searches for particles that are within a certain
maximum distance that the particles are expected to move between frames. After all po-
tential matching particles were examined within this maximum range, only a uniquely
matching particle is accepted. Thus, we get the trajectories of individual tracer particles
over time as shown in Figure 7.2(d). Different colors in the figure represent increasing
time snapshots from blue to yellow color. Finally, the velocity vectors corresponding to
the matching particles are determined.

After by particle tracking, we determine the location of the center of the shear cell
from the principles of least square minimization method [30–32]. In order to locate the
center~rc , the required condition is to minimize the dot product of the two orthogonal
vectors,~ri −~rc and~vi . Thus, the sum of the squared residuals over all tracer signals to be
optimized is given by:

S =∑
[(~ri −~rc ) ·~vi ]2 (7.2)

The above equation is minimized using least squares to locate the center labeled by O
as shown in Figure 7.2(d). This is a novel technique for locating the center of an (incom-
plete) circle by fitting the positions and velocity vectors of the particles.

7.3.2. COARSE-GRAINING: DISCRETE TO CONTINUUM VELOCITY FIELD
We use the coarse graining tool MercuryCG to translate the discrete particle velocity to
a continuous velocity field v , averaged over a 100 by 100 grid and time t . In this way, we
translate the discrete velocity data at each point into a continuous velocity field as shown
in Figure 7.3. Followed by this, we obtain the tangential component of the velocity field
vθ in each local grid. Note that the obtained velocity is zero in regions where there are
no particles, e.g. outside the drum area and on the fixed part of the drum. Thus, we
ignore the locations where the velocity is calculated as exactly zero. The surface flows
satisfy a set of simple scaling laws. Denoting the ratio between the observed azimuthal
velocity normalised by the imposed external rotation rate Ω rad s−1 as ω= vθ/Ω, where
Ω = 2πRo f , and the radial coordinate as r , we can capture the flow profiles of shallow
layers (H/Rs < 0.45) by:

ω(r ) = f

fe

(1

2
+ 1

2
erf

( r −Rc

W

))
(7.3)

where, fe is the estimated external rotation frequency obtained from the fit, Rc denotes
the position of the shear band center and W denotes its width on the free surface. Thus,
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(a) Original image (b) Inverted image

(c) Filtered grayscale image

Fig2d.eps

(d) Particle tracking with colors indicating
increasing time snapshots from blue to yel-
low. X marks the center of the shear cell.

Figure 7.2: Steps of 2D Particle Tracking Velocimetry (PTV).

Pixels

P
ix
el
s

 

 

200 400 600 800 1000

0

100

200

300

400

500

600

700

800
vθ

0

10

20

30

40

50

60

70

80

90

100

Figure 7.3: Coarse grained velocity field as obtained by processing using MercuryCG tool. X marks the center
of the shear cell.
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we get an estimation of the width and location of each shear band from the surface ve-
locity profiles.

7.4. EXPERIMENTS WITH DRY GLASS BEADS
In the following subsections, we analyse the effect of varying filling height and shear rate
on the width and position of the shear band on the free surface for dry granular ma-
terials. As a preliminary work and to verify with the existing established theory, we do
experiments with different filling heights H and different external rotation frequency f
and measure the surface flow properties for dry granular materials in the following sub-
sections. We compare our results for dry glass beads flow with the existing established
theory and experimental work. This is essentially a prerequisite for the experiments with
wet glass beads. Figure 7.4 shows a typical velocity profile at the free surface as a function
of the radial position which is fitted by Eq. 7.3 to obtain the width W and the position of
the shear band center Rc .

Table 7.1: Results for experiments with dry glass beads for different filling heights and f = 0.03 s−1.

Filling Height H [mm] 13 18 23 28 32 38

Experiment 1
Width W [mm] 6.17 6.38 6.81 6.92 7.25 8.68
Position Rc [mm] 81.92 77.8 74.4 72.2 69.7 67.4

Experiment 2
Width W [mm] 6.43 5.92 7.25 6.95 7.17 7.71
Position Rc [mm] 82.1 77.5 74.4 72.1 70.1 66.9
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Figure 7.4: Velocity profile as a function of radial position for a filling height of H = 36 mm. The red solid line
represents the fitting given by Eq. 7.3.

7.4.1. VARYING FILLING HEIGHT
For shallow layers, a narrow shear zone develops above with center Rc < Rs at the split
at Rs . When H is increased, the shear zone broadens continuously. Therefore, the only
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relevant length scales for Rc are the geometric scales H and Rs . The dimensionless dis-
placement of the shear zone, (Rs−Rc )/Rs , should thus be a function of the dimensionless
height (H/Rs ) only and the simple relation fits the data well as:

(Rs −Rc )/Rs = (H/Rs )5/2 (7.4)

Note that Rc , the center of the shear zone, is mostly independent of grain properties. The
relevant length scale for the shear zone width W defined above is given by the grain size,
and is independent of Rs . Note that grains shape, size, and type also influence W (H):
irregular particles display smaller shear zones than spherical ones of similar diameter.
The best available experimental data show that the width of the shear zone is related to
the filling height H and particle diameter d as:

W

dp
∼

( H

dp

)2/3

(7.5)

Simulations and experiments essentially confirm these relations [19, 33–35]. We do ex-
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Figure 7.5: (a) Relative shift of the shear band center as a function of scaled filling height H/Rs and (b) scaled
width W /dp of the shear band as a function of scaled filling height H/dp . Experimental data in the above
figures are given in Table 7.1.

periments for measuring the location Rc and width W of the shear band on the flow
surface for shallow granular flow, varying the filling height approximately between 10 to
40 mm. However, our experimental results are not conforming to the above mentioned
Eqs. 7.4 and 7.5 as shown in Figure 7.5(a) and (b). The dashed lines in the the figures re-
fer to the Eqs. 7.4 and 7.5, respectively, and the data show our experimental results. The
results are also presented in Table 7.1. The effective Rs of our system can be slightly dif-
ferent than what we set as Rs = 85 mm. The edge of the stationary disk can be probably
rough or entirely smooth and both effects can make Rs a bit smaller than its set value.
This might shift the data in Figure 7.5(a) downwards a bit, closer to the predicted line.
However, the reasons of qualitative non-conformity of our results are not investigated in
details here. Note that we do coarse-graining over different sections of the geometry to
confirm that there is no effect of geometry on our results. We obtain similar results of Rc

and W as a function of H in this case from different sections of the geometry (not shown
here). Nevertheless, it is clear that the shear band moves inwards with increasing filling
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height and also becomes slightly wider. For filling heights larger than H ≈ 50 mm (data
not shown), deviation from this behavior is observed as the inner cylinder is reached and
thus sensed by the shear band.

As Eq. 7.3 already indicates, the flow rate away from the shear band center does not
decay exponentially but rather decays like an error function. The difference in the func-
tional form of the tails of wide shear zones and narrow shear bands is discussed in [36],
which shows surface flow profiles in a Couette split-bottom cell. The resulting flows are
similar to the split-bottom geometry for small H , but for increasing filling heights, the
flow profiles reach the inner cylinder, become independent of H , and exhibit exponen-
tial tails, independent of grain shape [17].

7.4.2. VARYING SHEAR RATE

Shear localization is a generic feature of flows in yield stress fluids and soft glassy mate-
rials but is incompletely understood. In the classical picture of yield stress fluids, shear
banding happens because of a stress heterogeneity. The shear band is given by a 6 to 8
grain diameters thick layer where the frictional dissipation is more intense than on the
average. A higher shear rate would result in a more intense frictional dissipation inside
the shear band. A natural effort to minimise this dissipation would result in shifting the
shear band inwards for higher shear rate [18]. On the other hand, transition in regime in
granular flow results in more heterogeneous force distribution network [50, 51], shorter
lengths of force chain and increasing diffusion of particles, indicating towards a wider
shear band. Dijksman [37] investigated the effect of shear rate on the surface width
and position of the shear band. We vary the external rotation rates between f = 0.01
to 0.50 s−1 keeping a constant filling height H ≈ 36 mm. The surface velocity profiles are
obtained for the varying rotation rates with images captured at a constant 120 frames
per second to conform with the threshold criteria for the highest rotational velocity of
0.50 s−1. The stationary velocity profiles are found to develop after two complete rota-
tions (covered in a time interval ti = 2/ f ) and remain stable thereafter in steady state.
Thereby, we obtain the position of the shear band center and its width from the flow
profile as mentioned in Sec. 7.3.2. Figure 7.6(a) and (b) show the scaled shear band cen-
ter location and the shear band width plotted against the external rotation frequency f
of the shear cell as obtained from our experiments given by the green ◦. The results are
also presented in Table 7.2. Our experimental data is also compared with [37] and the
comparisons are shown in the figures. The shear band moves inwards (a little) and gets
wider with increasing shear rate as expected.

We compare the results of our experiments with simulations of particle friction co-
efficient µp = 0.01 as given by the blue O in Figure 7.6. The shear band is wider and the
position of the shear band is outwards for the simulation data µp = 0.01, mean particle
diameter dp = 2.2 mm, dmax/dmin = 2.0 with a homogeneous size distribution of par-
ticles, as compared with the experimental data. Next we run simulations with particle
friction µp = 0.50 and mean particle diameter dp = 2.2 mm as given by the brown * in
Figure 7.6. The presence of friction does not affect the qualitative behavior of the center
position and the width: the shear band with friction moves inwards slightly more rapidly
and is also somewhat narrower. Thus for calibrating our simulation results with the ex-
periments, simulations with higher particle friction might approach our experimental
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results.
As a next step to match simulation results with experiments, we run new simulations

with µp = 0.50, mean particle diameter dp = 1.7 mm and particle size distribution as
mentioned in Sec. 7.2.2. However, the results deviate from the experimental results as
shown by the blue ¦ in Figure 7.6. Changing the particle friction to µp = 0.80 in our
simulations also does not change the simulation results significantly as shown by the red
4 in Figure 7.6(a) and (b). Though the simulation results do not agree quantitatively, all
the results show qualitative agreement with the experimental results. This observation is
consistent with the previous studies on non-cohesive dense emulsions in a split-bottom
shear cell geometry [38]. Slower shearing does not affect the position and width of the
shear band. Faster shearing moves the shear band inwards and makes it wider.

Table 7.2: Results for experiments with dry glass beads for different rotation frequencies and H = 36 mm.

Rotation frequency f [s−1] 0.01 0.03 0.07 0.19 0.50

Width W [mm] 7.30 7.90 8.30 8.70 8.60
Position Rc [mm] 68.3 67.4 67.3 67.4 66.9
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µp = 0.50, dp = 2.20 mm

µp = 0.50, dp = 1.70 mm
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Figure 7.6: a) Scaled position Rc /Rs of the shear band center b) scaled width W /dp of the shear band at the

surface as a function of the rotation frequency f . The dash-dotted line shows a power law W ∼ f 0.38 to allow
comparison with the predictions from Jop et al. [39] and the black solid • is the comparison with data from
Dijksman et al. [37]. Experimental data in the above figures (green ◦) are given in Table 7.2.

7.5. EXPERIMENTS WITH WET GLASS BEADS
Previous studies showed that the position and width of the shear band has a strong de-
pendence on inter-particle cohesion. Such inter-particle cohesion can be introduced by
adding interstitial liquid to the glass beads. Preceded by the preliminary experiments
on dry glass beads, the objective of this section is to study the effect of interstitial liquid
on shear band properties. Experiments are done for wet glass beads with two different
interstitial liquids; namely, glycerol and silicon oil. The idea is to compare the role of
interstitial liquids of different properties on the bulk rheology of wet glass beads. Sev-
eral runs of experiments were done for both the cases of interstitial liquid with different
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liquid volumes added to the system.

7.5.1. EFFECT OF GLYCEROL
We varied the glycerol content from 0 to 25 ml, added to bulk material of 1.97 kg, which
corresponds to a varying saturation of 0 to 0.41. We track the velocity of the particles and
get the continuous velocity profile in each of the cases of different saturation of glycerol.
With the addition of a small amount of glycerol to the glass beads, we observe a finite
slip velocity of the particles close to the stationary walls as shown in Figure 7.7(a). This
is due to the slippage of the particles on the wall surface. Thus, we fit the data with an
error function, taking into account the slip, given as:

ω(r ) = f

fe

(1+ s̄

2
+ 1− s̄

2
erf

( r −Rc

W

))
(7.6)

where s̄ is the slip in the velocity profile. It is further observed that the slip increases
with the net glycerol content added to the glass beads which is shown in Figure 7.7(b).
Addition of a small amount of glycerol to the glass beads make them sticky, forming
agglomerates. The agglomerates of particles move together as a clump and often they
have a slippage at the inner wall due to less friction between the walls and the particles.
Though precautions are taken to make the inner wall surface rough by fastening an ar-
tificial rough surface on the inner wall, this measure seems to be not enough to prevent
slippage even for small amount of glycerol. The shear band becomes wider and moves
inwards which is an indication of flow behavior of cohesive materials. The results are
presented in Table 7.3. Figure 7.8(a) shows an increasing trend of the width of the shear
band W scaled by the particle diameter dp plotted against the glycerol saturation S∗, in-
dicating that the shear band gets wider. Figure 7.8(b) shows an decreasing trend of the
position of the shear band center at the surface Rc relative to the split location Rs plotted
against the glycerol saturation S∗, indicating that the shear band moves inwards.

Table 7.3: Results for experiments with glass beads and glycerol for f = 0.03 s−1 and H = 36 mm.

Glycerol saturation S∗ 0 0.08 0.17 0.25 0.41

Width W [mm] 7.9 18.45 21.12 18.75 20.06
Position Rc [mm] 69.5 62.2 58.9 61.2 60.7
Slip s̄ 0 0.15 0.13 0.21 0.18

The shear band is the region with a strong velocity gradient and is caused by the slid-
ing motion of the particles. However, strong cohesive forces keep particles in contact
(in other words, the cohesive forces promote collective motions of particles) and prevent
them from sliding. As a result, the velocity gradient is smoothened and the width of
the shear band is broadened. This observation is consistent with the previous studies
on adhesive dense emulsions [20, 38]. Interestingly, such an effect of cohesion is sup-
pressed if the global Bond number is less than 1, where our experimental data agrees
well with previous theoretical/numerical studies on noncohesive particles. Hence, the
global Bond number, Bo, captures the transition between essentially noncohesive free-
flowing granular assemblies (Bo < 1) to cohesive ones (Bo > 1). The Bond number for
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Figure 7.7: Surface velocity profile ω/Ω as a function of radial position r for glass beads mixed with different
volumes of glycerol. Experimental data for slip in the above figure are given in Table 7.3.
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Figure 7.8: (a) Width of the shear band scaled with particle diameter W /dp and (b) position of the shear band
center at the surface relative to the split position Rc /Rs as a function of glycerol saturation S∗. Experimental
data for slip in the above figure are given in Table 7.3.

wet cohesive materials increase linearly with the surface tension of the liquid. Thus, the
Bond number increases by adding a small amount of liquid as compared with the dry
materials. However, the Bond number does not increase significantly with saturation,
adding more liquids. Thus the position and the width of the shear band increase signif-
icantly from dry to wet transition of granular system, but not the same by adding more
amount of liquid.

7.5.2. EFFECT OF SILICON OIL
The saturation of silicon oil is also varied from 0 to 0.41 for different experiments in the
similar way as experiments done with glycerol. The results of width W and position Rc of
the shear band at free surface for different saturation of silicon oil content are presented
in Table 7.4. Figure 7.9 shows the velocity profile for different saturation of silicon oil.
Unlike glycerol, we observe no slippage at the inner wall with addition of oil. Thus the
error function fit is given without slip effect as Eq. 7.3. We observe a rather decrease
in width and a outward shift of the shear band location for increasing silicon oil con-
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centration shown in Figure 7.10(a) and (b) respectively, in contrast to what we observe
for increasing concentration of glycerol. The wetting and the capillary action behavior
is strongly dependent upon the physical properties of the liquids (surface tension and
viscosity) and roughness of the surfaces. Glycerol having a higher surface tension com-
pared to silicon oil, is likely to exhibit a stronger capillary effect than silicon oil. However,
we use a sample of silicon oil of viscosity 1000 St which is highly viscous. The dynamic
contact angles increase with increasing the viscosity of liquids. Higher viscosity liquids
tend to produce low wettability caused by higher viscous dissipation that reduces the
rate of spreading. This is a probable reason why silicon oil as interstitial liquid exhibit
very weak changes to the shear band properties.
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Figure 7.9: Surface velocity profile of glass beads mixed with different volumes of silicon oil.
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Figure 7.10: (a) Width of the shear band scaled with particle diameter W /dp and (b) position of the shear band
center at the surface relative to the split position Rc /Rs as a function of silicon oil saturation S∗. Experimental
data for slip in the above figure are given in Table 7.4.
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Table 7.4: Results for experiments with glass beads and silicon oil for f = 0.03 s−1 and H = 36 mm.

Silicon Oil saturation S∗ 0 0.08 0.17 0.25 0.41

Width W [mm] 9.12 8.74 8.39 8.94 7.91
Position Rc [mm] 63.5 64.4 64.5 64.3 64.9

7.6. CONCLUSION
Our primary focus in the experiments is to determine the shear band properties from
the surface velocity profile, obtained by 2D Particle Tracking Velocimetry method. Pre-
vious studies focused primarily on the surface and bulk flows in shallow containers for
dry granular flow, while our goal in this paper is beyond that to do experiments on wet
granular flow: glass beads with interstitial liquids glycerol and silicon oil. This paper
describes the novel approach of successfully implementing the PTV-CG combination to
obtain discrete to continuum data from experiments. The MercuryCG tool which is pri-
marily designed for coarse-graining data from DEM simulations and evaluation of con-
tinuum fields, is proven to be applicable on discrete experimental data as well.

Preliminary studies on dry glass bead experiments showed that the shear band moves
inwards and gets slightly wider with increasing filling height of the material in the shear
cell. However, these results are not qualitatively conforming to the studies done before
which are quite extensive and robust. The reasons behind the disagreement of our re-
sults with earlier published trends with different filling heights is not clearly known. Pre-
liminary studies on dry glass bead experiments also showed that the shear band moves
inwards and gets wider with increasing rotation frequency of the shear cell. These re-
sults are in better agreement with some of the previous studies. Further, experiments
with glycerol added as interstitial liquid, resulted in an inner wall slippage, an increase
in width and inwards shift of the shear band. Unlike for glycerol, experiments with sil-
icon oil as interstitial liquid showed no significant change in the shear band width and
position. Highly viscous silicon oil is likely to have an increased dynamic contact an-
gle and thus the wettability is reduced. This is one probable reason for silicon oil not
showing significant effect on the shear band properties.

The deviations observed in the surface flow profile for different filling heights from
the earlier published results is noteworthy. We are working in the direction of finding a
possible explanation for this deviation; this work is in progress. Another open issue is to
re-do more experiments on very small saturation of glycerol and silicon oil in glass bead
as interstitial fluid.
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8
CONCLUSIONS AND OUTLOOK

The focus of this thesis concerned modelling the response of quasistatic dense wet gran-
ular flows subjected to shear. Granular media have been studied since decades using
several discrete simulation techniques like Contact Dynamics (CD), Event Driven (ED)
or the DEM approach. However, only small systems can be modelled at this level of de-
tail. Here, they are used to extract continuum constitutive relations, forming the basis for
a hydrodynamic theory of granular materials. Such multiscale granular research is the
way forward towards pure continuum modeling of these systems. Given that very little
was explored on wet granular flow, this thesis focused on partly saturated granular sys-
tems, primarily on their rheology, in the initial parts of this thesis. We make an attempt
to understand and predict the rheology of shear-driven partially saturated granular flows
through discrete particle simulations by utilising accurate discrete to continuum map-
ping methods, i.e. a micro-macro transition. In the second part of this thesis, we focus
on the migration of interstitial liquid itself within the granular media and predict their
flows through continuum models, discrete particle simulations and ensure close agree-
ment between the two methods. Additionally, we used also experimental techniques to
explore some of the rheological properties of dry and wet granular flows.

Dense granular materials obey a local, phenomenological rheology, known as the
µ(I )-rheology, that can be expressed in terms of relations between non-dimensional
quantities: shear to normal stress ratio µ and inertial number I . While the classical µ(I )-
rheology is well established from extensive studies in different geometries from simula-
tions and experiments, recent studies confirmed that the effect of local compressibility
p∗ must also be included to characterize the bulk granular flow behavior when particles
are not perfectly rigid. Confirming this and investigating further, we realized that other
non-dimensional numbers such as pressure scaled by gravity p∗

g and cohesion scaled by
pressure, i.e. the Bond number Bo, are vital for the full flow charaterization, especially
near the free surface and for cohesive materials, respectively. As a step forward, towards
application, in Chapters 2 and 3, we have showcased the strength of DEM in model-
ing generalized rheological constitutive relations for the macro friction coefficient and
the local volume fraction. This generalized phenomenological rheology is valid for a
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wide range of granular flows, from dense quasistatic to dynamic inertial flows, for a wide
range of compressibilities (hard to soft particles) and for non-cohesive to wet cohesive
material flows. A comparative study on the viscosity of non-cohesive to wet cohesive
granular materials shows a significant increase in viscosity and change in flow behavior
with increasing Bond number. Indeed, the shear-thinning rate of a granular fluid which
reduces with increasing Bond number, is captured remarkably well by the generalized
constitutive relation for the macro friction coefficient.

The mechanical properties of dry and wet granular materials are important both for
practical and fundamental reasons. Bulk cohesion is one extrinsic mechanical property
of wet granular materials that varies depending on the bulk saturation and the prop-
erties of the interstitial liquid. Previous analyses were done, starting from numerical
simulations and experiments to see the effect of micro adhesion on the bulk cohesion.
In Chapter 4 of this thesis, we have used Discrete Element Method simulations to study
the cohesive response of wet granular materials based on varying micro-properties. In
particular, we have obtained definite micro-macro correlations for the bulk cohesion as
a function of bulk saturation and interstitial liquid surface tension. Inter-particle cohe-
sion can arise from a variety of sources: van der Waals forces, electrostastic forces, liquid
bridging (capillary) forces; our motivation being the latter. We have identified the key
parameters of different contact models, pertaining to different origins of interparticle
cohesion, that result in identical bulk cohesion. The maximum adhesive force and the
adhesive energy dissipated per contact are identified as the two key parameters of the
contact models.

Interstitial liquid migration from the shear band is a known mechanism in unsatu-
rated granular media, supposedly established by experimental studies and continuum
description. We have studied in detail the transient and theoretical description of in-
terstitial liquid movement in Chapters 5 and 6. In Chapter 5, we investigate in depth
the interstitial liquid re-distribution on shear. A simple conceptual mechanism is shown
to be valid using DEM simulations: interstitial liquid re-distributes to the same state
or pattern under large shear strain, irrespective of the different transient behavior. The
final liquid distribution is highly sensitive to the maximal liquid bridge volume (an em-
pirical cap parameter, imposing a maximum volume of liquid bridge formed in simu-
lations). The liquid re-distribution process is limited to small shear, before the onset
of the dominating diffusive liquid migration behavior at large strains. The latter is the
focus of Chapter 6. We perform combined studies by DEM simulations, continuum so-
lutions and analytical solutions in this chapter. In previous experimental studies, the
mode of mass transfer of interstitial liquid in unsaturated granular media was stated as
a diffusive mode of transfer. Unlike previous observations, we re-phrase this mass trans-
fer of interstitial liquid as an advective-diffusive transfer process, when transformed to
a different coordinate frame. Further, we observe that the dynamic high density liquid
front between the shear band and the boundaries follows a trajectory which is diffusion
dominated. Still, both advection and diffusion are significant, their effects being additive
for short times, but deviating from the overall combined liquid migration on larger time
scales, which requires numerical solution schemes.

Unlike in previous chapters, we undertake experimental studies in Chapter 7. Our
primary focus was to experimentally determine the shear band properties from the sur-
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face velocity profile, obtained by 2D Particle Tracking Velocimetry. Previous studies fo-
cused on the surface and bulk flows in shallow containers for dry granular flow, while
our goal in this chapter has been to go one step further and do experiments on wet gran-
ular flow: glass beads with interstitial liquids glycerol and silicon oil. We have done this
using coarse-graining using the MercuryCG post-processing tool. This tool is primarily
designed for coarse-graining data from DEM simulations and evaluation of continuum
fields. However, we have shown that this technique is satisfactorily applied to postpro-
cess discrete data from experiments as well. Preliminary studies on dry glass bead ex-
periments confirmed that the shear band moves inwards and gets wider with increasing
rotation frequency of the shear cell. Further, experiments with glycerol added as inter-
stitial liquid resulted in an unexpected inner wall slippage, an increase in width and an
inwards shift of the shear band. Unlike for glycerol, experiments with silicon oil added as
interstitial liquid showed no significant change in the shear band, the reason still being
an open question.

Finally, some important messages and conclusions from this thesis:

1. Bulk cohesion is an extrinsic mechanical property of wet granular materials that
varies with the bulk saturation and the properties of interstitial liquid and a defi-
nite correlation is established between the micro- and macro- worlds.

2. Generalized constitutive relations are obtained for the macro friction coefficient
and the local volume fraction of granular materials steady state flow in terms of
granular dimensionless numbers. These form the basis of continuum modeling of
general granular flows.

3. Interstitial liquid bridges in partially wet granular materials re-distribute to the
same states under shear, irrespective of the initial distribution of the liquid and
this basic mechanism has wide range of industrial applications.

4. Mass transfer of interstitial liquid in unsaturated sheared granular media can be
re-phrased as a diffusive-convective process in a different coordinate frame, show-
ing that both processes are significant.

5. Shear band properties of granular glass beads flow are determined from experi-
mental measurements of the surface velocity. The addition of interstitial liquid
glycerol increases the width of the shear band significantly and moves it inwards,
while the addition of silicon oil shows very similar bulk behavior as dry particles.

OUTLOOK
1. It is shown in the thesis by simulations that the experimentally measurable torque

can be related to the bulk cohesion of the wet granular materials. Thus, experi-
mentally measuring torque would give us an estimation of wet materials hydrody-
namics. A proper validation of the micro-macro correlation through experimental
measurement of the torque is desirable. However, a sensitive enough torque me-
ter is required to capture the small differences in torque at different saturation of
granular materials.
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2. In experimental measurements, addition of glycerol and silicon oil as interstitial
liquids to glass beads show different responses in the shear band properties. It is
to be further investigated on the reasons for this and for the differences in bulk
properties arising from the two different interstitial liquids.

3. Having done experiments with glycerol and silicon oil as interstitial liquid in glass
beads, mostly in their intermediate to the limiting pendular regime saturation, we
realise that we have a gap in the trend from our experiments for very small sat-
uration of liquid. We need to conduct more experiments in the small saturation
regime to clearly capture the trend. Also, we need to do more experiments on dif-
ferent types of interstitial liquids having different surface wetting properties.

4. Our generalized phenomenological rheology takes into account the effect of differ-
ent micro-mechanical mechanisms via respective granular dimensionless num-
bers, which capture the effect of varying confining pressure, flow inertia, particle
softness and cohesion. However, the effect of kinetic energy of the particles’ ran-
dom motion is important in the inertial flow regime but not captured here. Thus,
the rheological models need to be extended to include the effects of granular tem-
perature.

5. Another prospective domain that still lacks clarity is to relate the generalized rhe-
ology with the micromechanics of wet granular materials such as the fabric and
contact anisotropy.

6. Our goal here was to define the rheology of granular materials in a continuum
framework. Now, the overall constitutive relations mentioned above are to be im-
plemented in continuum solvers to recover or even predict the flow rheology such
as shear bands and patterns, allowing for the simulation of large systems where
DEM simulations are no longer possible.
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A.1. CONTINUUM MODEL

A.1.1. CONTINUUM EQUATIONS
Previous studies show different approach for translating granular rheology in the con-
tinuum model framework [4]. The continuum equations that are solved are the steady-
state axi-symmetric Navier-Stokes equations in cylindrical coordinates. The assumption
in the axi-symmetric coordinates is that all derivatives with respect to the azimuthal-
coordinate,φ are zero. This implies the fluid in theφ-direction is constant and the equa-
tions can be solved in the two dimensional z − r -plane. The momentum equations after
this assumption reads as follows [1]:
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We assume incompressibility, thus mass balance is satisfied by the continuity equation:

∂ur

∂r
+ ur

r
+ ∂uz

∂z
= 0. (A.4)

The pressure in the momentum equation enforces this continuity equation; it functions

as a Lagrange multiplier. We assume hydrostatic pressure with ∂p
∂r = ∂p

∂θ = 0 and ∂p
∂z =

ρg . ρ is the bulk density and ū = (ur ,uθ,uz ) is the velocity. In a granular material the
viscosity is written in the form of:

η= µp

γ̇
, (A.5)

Schrojenstein Lantman, M.P. van, Roy, S., Weinhart, T., Thornton, A. R. and Luding, S., Continuum simulation
of granular flows: the split bottom ring shear cell, WCCM 2016, Seoul, Korea.
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where the friction, µ, is the constitutive relation described in Chapter 2. The equations
are solved using the open-source library Oomph-lib package. Using Crouzeix-Raviart el-
ements, the axi-symmetric Navier-Stokes equations are discretised and a Newton-iterati-
on method is used to solve the system of equations.

A.1.2. RHEOLOGY
Details of DEM simulations of a split-bottom ring shear cell, given in Chapter 2 have
revealed that the macroscopic friction coefficient, µ, depends on a few non-dimensional
numbers. For a simple non-cohesive system of particles, these numbers are given in the
table below. In these definitions k is the stiffness of a particle, dp is the mean particle
diameter, ρp is the material density of a particle, g is the gravity and p is the pressure.
Additionally, σ is the surface tension of liquid for wet granular materials (rheology for
wet granular materials is not discussed here).

Table A.1: Non-dimensional numbers.

Non-dimensional
numbers

Symbol Definition

Inertial number I
γ̇dp√

p
ρp

Softness number p∗ pdp

k

Surface number pg
∗ p

ρp dp g

Bond number Bo πσ
pdp

The inertial number I is mostly dominant in the flowing region and relates the motion
of the particles with the confining pressure, for instance in the shear band of the split-
bottom ring shear cell. The softness number p∗ is practically a non-dimensional pres-
sure in the DPM simulations as the stiffness and the particle diameter are often taken as
constants. The surface number p∗

g is active at the surface where the pressure forces start
to diminish compared to the gravity forces.

These non-dimensional numbers have a significant effect on the macroscopic fric-
tion. The most well-known effect is the µ(I ) rheology.

µI (I ) =µo f I (I ) =µo

[
1+ ∆µ/µo

1+ I0/I

]
(A.6)

Here, the static friction µo , the dynamic friction µ∞ = ∆µ+µo and I0 are rheological
coefficients that depend on the granular material properties. This rheology works very
well for values of 10−2 < I < 1. When using this rheology only, the friction goes to µo as I
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goes to zero, however in DPM simulations a lower limit has been observed that corrects
this behavior for smaller I , known as the stretched exponential as discussed by [2],

fq (I ) = 1−exp(−(I /I∗)α1 ). (A.7)

This equation contains the rheology coefficients I∗ and α1. The physical meaning be-
hind these coefficients still need to be investigated. The corrections for the softness
number p∗ and surface number pg

∗ are, respectively:

fp (p∗) = 1−
(

p∗

po
∗

)β
, (A.8)

and
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(
− pg

∗
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)
, (A.9)

with po
∗ and pg o

∗ as coefficients determined from DEM simulations. The complete
(dry) rheology for the split-bottom ring shear cell is thus given as [3]:

µ(I , p∗, pg
∗) =µo f I (I ) fq (I ) fp (p∗) fg (pg

∗). (A.10)

A.1.3. CONTINUUM SOLUTION
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Figure A.1: Comparison of shear band obtained from DEM and continuum solutions.

The components of the stress tensor in Eqns. A.1, A.3 and A.2 are substituted in terms
of the granular fluid viscosity obtained from Eq. A.5 [1]. Solving the continuum equa-
tions, we obtain the velocity profile and thereby the shear band position and width, fitted
by an error function. The shear band position and width, obtained at different heights of
the shear cell, are further compared DEM solutions, shown in figure A.1. The centers of
the shear band, obtain from continuum solution, are well aligned with the DEM results,
the small difference being due to the finite grain size in the DEM. However, the width
of the shear band is not aligned with DEM results, the width obtained from continuum
solution being asymmetric. Our work in progress is further to improve the continuum
results.
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