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SUMMARY

Granular materials and particulate matter display interesting bulk behaviors from static
to dynamic, solid to liquid or gas like states: sand can be compressed and behave like a
solid, or flow in a slurry like a liquid or fly in the air as a sand storm. The mystery of bridg-
ing the gap between the particulate, microscopic state and the macroscopic, continuum
description is one of the challenges of modern research.

Powders is a special class of granular materials that contain very fine particles that may
flow freely when shaken or tilted, but may stick when left at rest or being compressed.
During storage and transportation processes, the material undergoes various modes of
deformation and stress conditions, e.g. due to compression or shear. In many applica-
tions, it is important to know when powders are yielding, i.e., when they start to flow
under shear; in other cases it is necessary to know how much stress is needed to keep
them flowing. The flow behaviour changes dramatically from very low to very high stress
conditions.

The main focus of this thesis is to investigate how the micro-mechanical properties in-
fluence the macroscopic bulk responses of granular materials and it is structured as two
parts: the former one devoted to laboratory experiments and the latter one to numerical
simulations. The focuses of the first part are (i) characterization of granular materials at
different length scales, for both dry non-cohesive and cohesive materials, (ii) investigate
the flow behaviour in both low and high stress regimes using the same materials, (iii)
explore different testing devices to identify the most appropriate techniques on pow-
der flow measurement. While the focus of second part is (iv) the development of the
constitutive model to describe granular flows based on micro-mechanical insights from
discrete particle simulations.

In the first part of the study, we perform a wide and systematic experimental investiga-
tion to assess the influences of particle size and inter-particle cohesion on powder flows
at various stress regimes. We choose limestone powders as a reference material because
of its insensitivity to the environmental change through the whole study. Initially, we
investigate the effect of particle size on limestone powder yielding in low to moderate
stress regimes and we found an interesting non-monotonic trend of bulk friction and
cohesive strength due to the interplay between inter-particle cohesion and geometrical
interlocking. We also propose a simple empirical model based on van der Waals interac-
tion to describe the behaviour of cohesive strength.

Next, we further enter the high stress regime by compacting our powders at high loads,
and investigate the effect of particle size on the powder compaction and the tensile
strength of the final tablet. The geometrical influence which dominates at low stress
regime are found to be irrelevant at high pressure regime. Finally, we try to bridge the
limit of different dynamic and quasi-static flow tests at low towards zero confining pres-

xi
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xii SUMMARY

sure and found a good agreement between these two types of test. This novel approach
gives access to a stress regime normally forbidden to conventional shear cell experi-
ments.

In the second part of this study, instead of simulating each single case as presented in the
first part, we aim on finding a good generalized rheological model with the help of dis-
crete particle simulations (DPM) to describe different types of granular flow under vari-
ous conditions. We first give an overview of recent progress and some new insights about
the collective mechanical behavior of granular, deformable particles from diluted to
jammed states. Then we systematically investigate the interplay between inter-particle
friction and cohesion on sheared homogeneous and inhomogeneous granular media at
steady state and therefore extend our rheological model towards a more generalized de-
scription.
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SAMENVATTING

Granulaire en uit deeltjes bestaande materialen vertonen interessant bulk gedrag. Varië-
rend van statisch tot dynamisch, vast tot vloeistof en gas toestand, kan zand bijvoorbeeld
worden samengedrukt en zich gedragen als een solide materiaal, stromen in een slurry
als een vloeistof, of door de lucht te vliegen in een zandstorm. Het overbruggen van de
kloof tussen de microscopische toestand van de deeltjes en de macroscopische conti-
nuüm beschrijving is een van de uitdagingen van de moderne wetenschap.

Poeders zijn een speciale gradatie van granulaire materialen dat zeer fijne deeltjes bevat
dat vrij kan stromen wanneer deze wordt geschud of op een helling komt te liggen, maar
kan echter blijven kleven onder rust of na samendrukken. Tijdens opslag of transport
processen, ondergaat het materiaal verscheidende toestanden van deformatie en me-
chanisch spanning, bijvoorbeeld door compressie of afschuiving. In vele toepassingen
is het belangrijk om te weten wanneer het poeder zwicht, oftewel wanneer het begint
te stromen onder afschuiving. In andere gevallen is het van belang te weten hoeveel
afschuifkracht het kost om het te laten blijven stromen. Het vloeigedrag veranderd dra-
matisch onder zeer laag tot zeer hoge mechanische spanning condities.

Het hoofddoel van deze thesis is het onderzoeken hoe de micro-mechanische eigen-
schappen het macroscopische bulk gedrag beïnvloed van granulaire materialen. Hier-
voor wordt het opgesplitst in twee delen. Het eerste wordt toegewijd aan het doen van
laboratoriumexperimenten en het tweede spits zich toe tot numerieke simulaties. In het
eerste deel (i) wordt gefocust op het karakteriseren van granulaire materialen over ver-
schillende lengte schalen voor zowel droge niet plakkerige, als plakkerige materialen, (ii)
onderzoek naar het stroom gedrag in zowel lage als hoge mechanische spanningstoe-
standen met dezelfde materialen, (iii) het verkennen van verschillende test apparatuur
om de meest geschikte technieken voor het meten van poeder stromingen te vinden.
De focus van het tweede deel is (iv) het vormen van een model om granulaire stromen
te beschrijven gebaseerd op de micro-mechanische inzichten van de discrete deeltjes
simulaties.

In het eerste deel van deze studie wordt een breed en systematisch experimenteel onder-
zoek uitgevoerd om de invloeden van deeltjesgrootte en de plaksterkte tussen de deeltjes
op het stroomgedrag van het poeder over verschillende mechanische spanningstoestan-
den af te schatten. Wij kiezen voor kalksteen poeder als referentiemateriaal vanwege de
ongevoeligheid voor milieuveranderingen over de gehele studie. Als eerste, onderzoch-
ten we de invloed van de deeltjesgrootte op het zwichten van het kalksteen poeder in lage
tot matige mechanische spanningstoestanden. Hierbij vonden we een interessant niet-
monotone trend van bulk frictie en bulk plaksterkte vanwege de wisselwerking tussen de
plaksterkte tussen de deeltjes en het geometrische in elkaar grijpen van de deeltjes. We
leggen ook een empirisch model voor gebaseerd op de van der Waals interactie om het
gedrag van de plaksterkte te beschrijven.

xiii
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xiv SAMENVATTING

Als tweede gaan we naar de hogere mechanische spanningstoestanden door het samen-
persen van onze poeders onder hoge druk. Hierbij onderzoeken we het effect van de
deeltjesgrootte op de compactheid en de sterkte van het gevormde tablet. De geome-
trische invloed die dominant was onder de lagere mechanische spanningstoestanden
blijkt irrelevant onder hoge druk. Ten slotte hopen we de limieten van de verschillende
dynamische en quasi-statische stromingstesten met elkaar te verbinden door de druk-
krachten naar nul te laten gaan. Hierbij vonden we een overeenstemming tussen de
twee verschillende experimenten. Deze nieuwe benadering geeft toegang tot een me-
chanische spanningstoestand die niet bereikt kan worden met een conventioneel “shear
cell” experiment.

In het tweede deel van de studie wordt, in plaats van een simulatie van elk experiment
zoals uiteengezet in het eerste gedeelte, gezocht naar een goed gegeneraliseerd reolo-
gisch model doormiddel van discrete elementen methode simulaties (DPM) voor het
weergeven van verschillende granulaire stromingen onder variërende omstandigheden.
Als eerste geven we een overzicht over de recente voortgang en nieuwe inzichten over
het collectieve gedrag van granulaire, vervormbare deeltjes in zowel verdunde als vast-
gelopen toestand. Vervolgens onderzoeken we systematisch de wisselwerking tussen de
wrijving en de plakkracht tussen de deeltjes onder een constante stabiele afschuiving
van homogene en niet homogene granulaire materialen en hiermee wordt ons reolo-
gisch model uitgebreid naar een gegeneraliseerde omschrijving.
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1
INTRODUCTION

1.1. GRANULAR MATERIALS

Since I was a child, there was always a question arising in my mind: what matters con-
stitute the current world we are living in? After I have learned science, my answer is
now particulate material. One could focus on a scale as small as the length of atoms
but also zoom out as large as the gap between galaxies, and we always observe parti-
cles. In our common sense, matter is usually categorized into solids, liquids and gases,
and thus people study them separately or collectively. However, a collection of distinct
macroscopic particles, namely granular material, can behave sometimes like a solid, e.g.
sand castle; sometimes like a liquid, e.g. snow avalanche or landslides; sometimes like a
gas, e.g. sand storm; or all three states together, e.g. hourglass [1, 2] and granular jet [3].
The evolution of the particles follows Newton’s equation of motion, with repulsive forces
between particles that are non-zero only when there is a contact. Although the motion
of granular materials is rather simple to describe, they exhibit a tremendous amount
of complex behaviour, which has not yet been satisfactorily explained. The mixed be-
haviour encompassing solid, liquid and gas makes granular materials so challenging and
thus has led many researchers characterize granular materials as a new form of matter.

One commonly seen granular material in daily life are food spices (Figure 1.1), they come
to our home in many formats: separate distinctively as single particles or sticking to-
gether as powders, agglomerates, or tablets. In order to put them into our cooking dishes,
we treat them using different means: pour out of a container, get out with some vibra-
tions/shaking, or sometimes dig out with a spoon. If you forgot to close the container,
some powders will absorb moisture from the air and then get stuck inside the container
like a solid “rock”, which can happen especially for fine powders like spices. From these
experiences, we know how to insert energy into these materials to make them flow, al-
though it does not always work. But what most people do not know is that these mate-
rials (food grains, seasonings, etc.) are normally produced in huge bulk in food industry
and possibly stored in a big container – silo, before they are packaged and shipped to the
supermarkets.

1
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Figure 1.1: One of the most commonly seen granular material in our life: food spices. (Copyright Food and
Beverage Buzz Magazine).

1.2. GETTING TO KNOW MORE ABOUT POWDERS

Powders are a special sub-class of granular materials, although the terms powder and
granule are sometimes used to distinguish separate classes of material. Typically, pow-
ders refer to those granular materials that have the finer grain sizes, and that therefore
have a greater tendency to form clumps. As powders normally come into our life with a
wide range of particle sizes and form unstable clusters of variable sizes under different
situations, it is very difficult to characterize the mechanical behaviour of powder flows.
During storage and transportation in the processing industry, the powders undergo var-
ious modes of deformation and stress conditions, e.g. due to compression or shear. In
many applications, it is important to know when powders are yielding, i.e., when they
start to flow under shear. While in other cases, it is necessary to know how much stress
the materials generate or can sustain when they are at static or at flowing state. Inves-
tigation of these cases leads to a better understanding of various types of powders and
thus one can create a more reliable design of storage silos to avoid the failure/collapse
(Figure 1.2). Another important situation that many facing in their daily life is to make
the powders flow as you wish, e.g. take jammed/wet milk powder out of a container, mix-
ing different species in a blender or grinding/dosing of coffee beans in a coffee machine.
These situations are normally tackled using empirical correlations due to the complex-
ity of powder composition at micro scale. Thus the solutions found are not universal.
In order to understand and get deeper insight of the flow problems of powders, one has
to know more about the mechanical properties through various characterization exper-
iments, both in microscopic scale and bulk scale.

1.2.1. CHARACTERIZATION AT MICROSCOPIC SCALE

Powder usually comes with particle sizes from a few hundred nanometers to a few hun-
dred microns, which creates a lot of difficulties to focus on details of single primary par-
ticles. With the development of modern techniques, the micro level details have become
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accessible in the last few decades. Basic information on the nature and origin of granular
material can often be gathered from the size, shape and/or surface topology that charac-
terize individual particles. This type of information can be readily obtained by examin-
ing the particles in the scanning electron microscope (SEM). Powders usually come with
a mixture of different size particles, this makes a single size measurement meaningless.
To solve this issue, a particle size analyzer based on the laser diffraction or fast imaging
of a collection of particles can be used [4, 5]. The true particle density is also another
important property which can be used to evaluate the porosity of the primary particles.
The true density is often examined by Helium pycnometry [6]. In order to understand
the hardness and surface roughness of a single particle, and to correlate to tangential
frictional behaviours, one could use atomic force microscopy or nano-indentation [7, 8].

Figure 1.2: Grain silo in process of collapsing (Copyright Jenike & Johanson, Inc.).

1.2.2. CHARACTERIZATION AT BULK SCALE

Meanwhile, it is also useful to characterize the bulk mechanical responses of different
powders. A typical lab scale test is called element test if it is an ideally homogeneous
macroscopic test in which the force (stress) and/or displacement (strain) path can be
controlled. One of the most widely performed element tests in both industry and academia
is the shear test, where a granular sample is sheared at pre-defined confining stress until
failure is reached and the material starts to flow. Shear testers are usually classified into
two groups: direct and indirect methods [9, 10]. In direct shear testers, the shear zone
is pre-defined by the device design, and the shear failure is forced in a specific physical
location. On the contrary, in the indirect devices, the shear zone develops according to
the applied state of stress. The most common indirect devices are the uni-axial com-
pression tester (Oedometer or Lambda-meter) [11–16] and bi-axial shear box [17–19].
Direct devices can be further categorised into two sub-groups: translational and rota-
tional. Typical translational shear testers include the direct shear tester [20–22] and the
Jenike shear tester [23], while torsional or rotational shear testers include the FT4 pow-
der rheometer [24], the Schulze ring shear tester [25] and the Brookfield powder flow
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tester [26]. By gathering different reliable material mechanical responses under differ-
ent stress conditions, one could estimate how the powder will flow or not inside a silo
and therefore draw a reliable design.

1.2.3. THE MISSING CONNECTION

On one hand, microscopic scale characterization tests offer us many details on both sin-
gle primary particles as well as the statistics of a collection of particles. On the other
hand, the bulk scale element tests neglect the details and offer us a global response and
thus contribute more directly to the process design. There is a clear gap between these
two types of tests, which is the link from micro/particle level information to the bulk flow
behaviour. This link is the key element of modeling the powder or granular flows and
therefore predict or even fully control the flow behaviour. However, this link is very diffi-
cult or even sometimes impossible to find due to the complexity of details in the micro-
scopic scale, the combined influences from microscopic origins and different boundary
conditions. Nevertheless, the first major goal of this thesis is to address this complicated
question and shed a light on how to reconnect this micro-macro link by reducing the
complexity from materials.

1.3. MODELING GRANULAR FLOW

The final goal of studying granular material is to fully understand the physical behaviours
and then propose models that can predict the granular flow successfully. In general,
there are two ways of modeling granular materials: the continuum approach and the mi-
croscopic approach. The former approach is developed based on the classical solid/fluid
mechanics, while the latter one has only become available in the last few decades due to
the fast development of computers as well as new experimental techniques.

1.3.1. THE CONTINUUM VERSUS MICRO-MECHANICAL APPROACH

The continuum approach normally refers to those models that are derived from the be-
haviour of continuum media, i.e., gas/liquid/solid, which offers a general description
but neglecting small details, e.g. the discrete nature within the material themselves.
Many people try to draw analogies between granular materials and gas/liquid/solid. For
example, water, depending on the prevailing temperature and pressure, water may take
on different states of matter. Water usually comes into our sight as liquid at room tem-
perature and pressure. However, if we increase or decrease the temperature, water can
change state and become vapor (gas) or ice (solid) with different properties than when it
is in the liquid state. Due to this multi-variate nature, it is impossible to fully classify wa-
ter as a perfect solid, liquid or gas. Yet water is so complicated to describe, the behaviour
of granular material is even more complicated, due to the dissipative nature of collisions
between the grains. Collisions are inelastic and thus lead to energy loss. Hence the gran-
ular materials are not in thermal equilibrium and the classical laws governing the flow
of fluids and gases do not predict well granular flows in general.

For example, to model a granular flow in the gaseous regime, one can apply the tradi-
tional standard kinetic theory (SKT) to the granular gas [27, 28]. SKT was rigorously de-
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rived under very restrictive assumptions. In particular, the granular system is assumed
to be mono-disperse and composed of spherical, frictionless and rigid particles, inter-
acting only through binary and uncorrelated collisions [29–31]. SKT was extended to
include dissipation, friction, polydispersity, etc. and can then be used up to moderately
dense fluids of volume fractions around 0.5. On the other hand, when a granular flow is
getting very dense, the flow behaves closer to the plastic deformation of a solid. There-
fore, elasticity/plasticity theories from solid mechanics are often used to model dense
granular packing [32, 33]. Although many have attempted to find continuum models
that cover both dilute and dense regimes, they are still not yet widely accepted due to
the lack of simplicity and too many restrictive assumptions needed.

Unlike the continuum approach, micro-mechanical studies of granular materials can
give a much deeper understanding of their macro-scale behavior, as dense granular
materials are usually characterized by enduring contacts between particles and the ex-
istence of force chains [34–38]. The main drawback of this approach is time or/and
computational power cost, which limits its applicability to only small scale systems.
Many studies [34, 39–44] classify the contacts into subnetworks of strong and weak con-
tacts, where it is shown that the anisotropic shear stress of granular materials is primar-
ily carried by the strong contacts. From the perspective of granular flow, researchers
have investigated different flow configurations like plane shear, Couette shear cell, silos,
flow down inclined planes, or avalanches on piles and in rotating drums [45–49]. Shear
bands, localized regions of concentrated shear, are an important feature of complex flu-
ids like granular materials, when deformed irreversibly [50, 51]. However, the need for
bulk predictions has restricted the studies of granular materials mainly to real systems
which are far too complex for a microscopic approach. One rather uses continuum mod-
els, with empirical material laws as input which exhibit effects similar to those observed
in the real systems of materials.

1.3.2. CLASSICAL μ− I RHEOLOGY

The μ− I rheology is one widely used phenomenological models in the last two decades,
as proposed by GDR-Midi in 2004 [47, 48]. It can be expressed as relations between three
non-dimensional quantities: volume fraction, shear to normal stress ratio, usually called
μ = τ/p, and inertial number I = γ̇d

√
ρp /p, defined as the ratio of the time scales as-

sociated with the motion perpendicular and parallel to the flow [49, 52]. The inertial
number provides an estimate of the local rapidity of the flow, with respect to pressure,
and is of significance in dynamic/inertial flows, as shown in [53]. In dense, quasi-static
flows, particles interact by enduring contacts and inertial effects are negligible, as I goes
to zero.

1.3.3. TOWARDS A MORE GENERALIZED μ− I RHEOLOGY

The classical μ− I rheology is only valid for dense granular flows of rigid particles over
a limited range of the inertial regime. Thus various constitutive relations, based on this
GDR-MiDi μ− I rheology, have been developed [48, 54–56] in order to extend the validity
of the model. In particular, the influence of particle deformability has been accounted
for in the soft μ(I )-rheology proposed in [57–59]. This model tries to simplify the com-
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plex behaviour by quantifying additional mechanisms by different dimensionless num-
bers, which are intrinsically the competition among different time scales.

Although these studies proposed many nice models that might work in many different
situations, so far they were derived and tested but only for specific granular materials. It
is still not yet clear how micro-mechanical properties influence granular bulk flow, and
thus the model. Therefore, the second goal of this study is to address this complicated
problem by focusing on how the microscopic particle properties influence the bulk flow
behaviour using DEM simulations as a tool to further extend the classical μ− I rheology
towards a more general description and to provide data for calibration and validation.

1.4. DISCRETE ELEMENT METHOD - A NUMERICAL TOOL
The Discrete Element Method (DEM) is a particle-scale numerical method for model-
ing the bulk behavior of granular materials and tracking the details at microscopic level.
Based on the Newton’s law of motion, it can capture the movement of each single par-
ticle in the system as well as their collision details at each contact. The main ingredient
of this method is the force contact model, which defines how particles deform and in-
teract with each other when they are at contact, e.g. the force-displacement behaviour
of a single particle. Although it is computationally very costly, the method offers a much
deeper insight at the microscopic level of a granular system and thus allows to investi-
gate micro-mechanical influences separately. The popularity of this method increased
dramatically in the last decades due to the development of computer hardware. People
apply it widely to many granular materials such as coal, ore, soils, rocks, aggregates, pel-
lets, tablets and powders, based on different kinds of contact/interaction models. The
first application of DEM date back to the seventies of the last century and are associated
with rock mechanics (In 1971, Peter Cundall completed his doctorate at Imperial College
London: The Distinct Element Method for modeling jointed rock and granular material)
that published in 1979 [60]. The work then has been extended and more generalized
towards different granular assemblies.

1.4.1. FROM SHEAR BANDS TOWARDS CONTINUUM THEORY

Continuum constitutive relations for bulk granular flow, form the basis for a hydrody-
namic theory are mostly derived and verified from small scale representative micro-scale
simulations, e.g. DEM simulations [60–64]. Many studies have focused on the shear
band formation for plastic granular flows in rectangular, vertical-pipe chute configura-
tions. In these geometries, granular flows exhibit plug flow in the central region with
shear bands near the side walls. Until 2001, it was mostly reported that granular shear
bands are narrow, i.e., a few particle diameters wide. In a modified Couette cell, or so-
called split-bottom shear cell, granular flow is driven from the bottom, instead from the
side walls [65–69]. Typically, a disc of radius Rs , mounted at the bottom is rotated at
a rate Ω while the outer container is fixed. The differential motion of the disc and the
container creates a very thin shear band at bottom that becomes wide further upwards
and remains away from the walls. The tails of the velocity profile decay as an error func-
tion, not an exponential function like in the Couette cell. These observations indicate
that there is a continuum theory with its own domain of validity, that should capture this
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smooth quasi-static granular flow regime even though one can not expect a “universal”
continuum theory for all granular flow situations [70]. All the geometries with real walls
have same influence from the boundaries and this will have to be included inside the
theory. In order to remove the effect of boundaries, there is another commonly used ge-
ometry in numerical study, which is a cuboid box with periodic boundary and/or Lees-
Edwards boundary [71–73]. Using this technique, one can focus on the flow behaviour
of pure granular materials without any effects from the real walls/boundaries.

1.5. THESIS OUTLINE

The aim of this thesis is to study the deformation behaviour of a wide range of granular
materials from free flowing to cohesive under different stress, strain and dynamic con-
ditions, to bridge the gap between the micro-mechanical parameters and macroscopic
bulk mechanical responses. Both laboratory tests and discrete element simulations are
used as tools to understand the micro-macro responses. The thesis can be split into two
distinct, yet interrelated parts:

1. The first part is accomplished purely using laboratory experiments. Both flow and
compaction behaviours of limestone powders of different sizes are investigated in
a wide range of confining stresses and presented in Chapter 2 to 4.

2. The second part (Chapter 5 and 6) focuses on the constitutive modeling of sheared
granular flow, and on how to develop a generalized granular rheology. This part of
study is conducted using discrete element simulations (DEM).

Both parts focus on investigating the correlations between microscopic and macroscopic
granular deformation/flow behaviour. The micro-macro mechanical links we found in
the experimental part are always a mix of various micro-mechanical factors and it is al-
most impossible to separate one from another. In simulations, one could use idealized
spherical particle as well as simplified contact laws, to study one micro-mechanical fac-
tor per time and fully isolate from other parameters. Therefore, instead of reproducing
exactly the bulk stress-strain response from a single experimental/element test, we fo-
cus more on the qualitative bulk behaviour influenced by both single/multiple micro-
mechanical parameters.

In Chapter 2, we have systematically examined the powder flow behaviour of limestone
powder samples with varying median particle sizes in different shear testers at differ-
ent confining stress levels. All shear testers investigated show highly reproducible re-
sults and good overall, consistent agreement among each other, while automated de-
vices minimize the operator influence. We observe that differences in the protocol can
result in considerable differences in the measured material response even if the qual-
itative trends are found to be consistent among different shear testers. When the me-
dian particle size increases over three orders of magnitude, the macroscopic powder flow
resistance shows a non-monotonic trend: first decreases then increases with a bottom
plateau. From this observation, we further identify two regimes that are dominated by
different mechanisms: contact cohesion between fine particles and geometrical slid-
ing/rolling effects between coarse particles.
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The confining pressure in Chapter 2 ranges from 5 to 35 kPa, which is typical for pow-
der process engineering. One could ask how would these powders behave when pres-
sure increases. Thus, Chapter 3 complements the study in Chapter 2 with the analysis
of powder behaviour in the high compaction pressure regime. Here, we mainly focus
on exploring the pressure and particle size influences on two different aspects: i) the
density-stress-strain behaviour during a uniaxial compaction process; ii) the tablet qual-
ity parameters after the compaction process, e.g. the elastic recovery ratio and the tablet
tensile strength.

In the other limit, we look at the material behaviour at very low confining pressure. This
problem is approached by extending the limits of several types of test to lower stresses.
In Chapter 4, we study differences between the static, quasi-static and the dynamic flow
tests, namely GranuHeap (angle of repose), Schulze ring shear tester and GranuDrum
(flowing angle). Goal is to stretch the quasi-static test towards lower stress, while the
dynamic test is extended towards lower rotation speed, using both free-flowing and co-
hesive limestone powders. A good agreement of frictional angles among these tests are
found for both free flowing and cohesive powders. This chapter closes the first part of
the thesis.

For the second part of this work, in Chapter 5, we first give an overview of recent progress
in understanding and theoretically describing the collective mechanical behavior of dis-
sipative, deformable particles in different states, both fluid-like and solid-like. We also
provide here a few methods and some phenomenology, as well as theories that can de-
scribe the systems residing in different states, and focus on their dependencies on the
material properties, for example, the contact duration/deformation (stiffness), the dissi-
pation (restitution coefficient) and the size distribution (polydispersity) of the particles.

Chapter 6 is a continuation of Chapter 5, in which we extend an existing rheological
model [59] to predict the steady state volume fraction of granular flow including the in-
fluences of inter-particle friction and cohesion and find an interesting interplay between
the two micro-mechanical parameters. This offers a deeper insight into the link between
microscopic mechanical properties and macroscopic flow behaviour. We calibrated this
extended steady state rheological model using two different simulation geometries: ho-
mogeneous stress controlled simple shear box and inhomogeneous split bottom shear
cell.

Finally, we give our conclusion and an outlook in Chapter 7.
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2
EFFECT OF PARTICLE SIZE AND

COHESION ON POWDER YIELDING

AND FLOW

The bulk properties of powders depend on material characteristics and size of the primary
particles. During storage and transportation processes in the powder processing industry,
the material undergoes various modes of deformation and stress conditions, e.g. due to
compression or shear. In many applications, it is important to know when powders are
yielding, i.e., when they start to flow under shear; in other cases it is necessary to know
how much stress is needed to keep them flowing. The measurement of powder yield and
flow properties is still a challenge and will be addressed in this study.
In the framework of the collaborative project T-MAPPP, a large set of shear experiments
using different shear devices, namely the Jenike shear tester, the ELE direct shear tester, the
Schulze ring shear tester and the FT4 powder rheometer, have been carried out on eight
chemically-identical limestone powders of different particle sizes in a wide range of con-
fining stresses. These experiments serve two goals: i) to test the reproducibility/consistency
among different shear devices and testing protocols; ii) to relate the bulk behaviour to mi-
croscopic particle properties, focusing on the effect of particle size and thus inter-particle
cohesion.
The experiments show high repeatability for all shear devices, though some of them show
more fluctuations than others. All devices provide consistent results, where the FT4 pow-
der rheometer gives lower yield/steady state stress values, due to a different pre-shearing
protocol. As expected, the bulk cohesion decreases with increasing particle size (up to 150
μm), due to the decrease of inter-particle cohesion. The bulk friction, characterized in
different ways, is following a similar decreasing trend, whereas the bulk density increases
with particle size in this range. Interestingly, for samples with particle sizes larger than
150 μm, the bulk cohesion increases slightly, while the bulk friction increases considerably

This chapter has been published in KONA Powder and Particle Journal 35 (2018): 226-250 [1].
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– presumably due to particle interlocking effects – up to magnitudes comparable to those
of the finest powders. Furthermore, removing the fines from the coarse powder samples
reduces the bulk cohesion and bulk density, but has a negligible effect on the bulk friction.
In addition to providing useful insights into the role of microscopically attractive, van der
Waals, gravitational and/or compressive forces for the macroscopic bulk powder flow be-
haviour, the experimental data provide a robust database of cohesive and frictional fine
powders for industrially relevant designs such as silos, as well as for calibration and vali-
dation of models and computer simulations.

2.1. INTRODUCTION

Granular materials are omnipresent in our daily life and widely used in various indus-
tries such as food, pharmaceutical, agriculture and mining. Interesting granular phe-
nomena like yielding and jamming [2–5], dilatancy [6–8], shear-band localization [9, 10],
history-dependence [11], and anisotropy [12, 13] have attracted significant scientific in-
terest over the past decades [14–23]. Various laboratory element tests can be performed
to study the bulk behaviour of granular materials [24]. Element tests are also a valuable
tool to understand the influence of particle properties, e.g. density, size-distribution and
shape, on the macroscopic bulk response. Moreover, such element tests are commonly
used for the industrial designs of silos [25–27].

Element tests are (ideally homogeneous) macroscopic tests in which the force (stress)
and/or displacement (strain) path are controlled. The most widely performed element
test in both industry and academia is the shear test, where a granular sample is sheared
until failure is reached and the material starts to flow. Shear testers are usually classi-
fied into two groups: direct and indirect methods [24, 26]. In direct shear testers, the
shear zone is pre-defined by the device design, and the shear failure is forced in a spe-
cific physical location. On the contrary, in the indirect devices, the shear zone develops
according to the applied state of stress. The most common indirect devices are the uni-
axial compression tester [11, 28, 29] and bi-axial shear box [30–32]. Direct devices can
be further categorised into two sub-groups: translational and rotational. Typical trans-
lational shear testers include the direct shear tester [33–35] and the Jenike shear tester
[36], while torsional or rotational shear testers include the FT4 powder rheometer [37],
the Schulze ring shear tester [38] and the Brookfield powder flow tester [39]. Detailed
reviews of testers have been presented by several authors [24, 40, 41], and more (non-
commercial) shear testers with higher complexity can be found in literature [42–44].

Quality and reproducibility of results are key aspects for proper material characteriza-
tion. Although shear testing technologies have been developed and studied extensively,
significant scatter in measurements is still common when testing powder flowability us-
ing different devices in different labs/environments [37–39, 45–47]. Previous studies
have been focusing on this problem by performing round-robin experimental studies
on the Jenike tester [48], the Schulze ring shear tester [45] and the Brookfield powder
flow tester [39] as well as comparing different devices [49]. The earliest round-robin
study [48] resulted in a certified material (CRM-116 limestone powder) and a common
standard experimental testing procedure for determining the yield locus. Schulze [45]
has collected 60 yield loci obtained using the small Schulze shear tester RST-XS (21 labs)
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and 19 yield loci using the large Schulze shear tester RST-01 (10 labs) on one limestone
powder (CRM-116). Results have been compared among them as well as with the re-
sults from reference Jenike tester. While results from RST-01 and RST-XS are in good
agreement, a considerable deviation (up to 20 %) was observed when comparing results
from the Schulze ring shear tester to the Jenike shear tester. Similar outputs are found
by other researchers [39, 49, 50], where yield loci from the Brookfield powder flow tester,
the Schulze ring shear tester, the FT4 powder rheometer and the Jenike shear tester are
compared. The Brookfield powder flow tester and the FT4 powder rheometer show sys-
tematically lower shear responses in comparison to the other two shear testers.

Other studies have compared different industrially relevant powders but only in a sin-
gle device [51, 52]. Moreover, these comparative studies have been limited to relatively
low stresses. A deeper understanding of the flow behaviour of powders in several shear
devices over a wide stress range is still missing.

Our collaborative network, EU/ITN T-MAPPP (www.t-mappp.eu), offers the unique pos-
sibility to shed light on the complex topic of powder yielding and flow, extending beyond
the boundaries of previous projects. The network involves 16 partners in both academia
and industry across Europe. The present study has multiple goals. Firstly, we want to
investigate the consistency and repeatability of yield loci measurements between com-
monly used shear testers. This can provide a robust platform to establish the reliability of
the testing methodology and procedures. Secondly, we aim to study the influence of co-
hesion on powder flowability by testing powders that have same chemical composition
but different particle size, leading to different degrees of bulk cohesion. Finally, once the
agreement between the shear devices is established, measurements can be combined
to characterise the powders over a wider stress range, which is not achievable with a
single device. To achieve this goal, a systematic study has been carried out by testing 8
powders (Eskal limestone with median particle diameter from 2.2 to 938 μm) in 5 shear
testers (the Jenike Shear Tester, the Direct Shear Tester, the Schulze Ring Shear Tester
with two shear cell sizes, and the FT4 Powder Rheometer) at 4 partner locations by dif-
ferent operators. Limestone powder has been chosen due to its negligible sensitivity
towards humidity and temperature changes.

The work is structured as follows: In section 2.2, we provide information on the lime-
stone samples/materials, in section 2.3 the description of the experimental devices and
in section 2.4 the test procedures. Sections 2.5 and 2.6 are devoted to the discussion of
experimental results with focus on shear devices and materials, respectively, while con-
clusions and outlook are presented in section 2.7.

2.2. MATERIAL DESCRIPTION AND CHARACTERIZATION

In this section, a brief description of the limestone samples along with their material
properties is provided. Eight size grades with the same chemical composition, i.e., Eskal
limestone (calcium carbonate), are used, with median particle sizes that almost span
three orders of magnitude from μm to mm.

The Eskal series (KSL Staubtechnik GmbH, Germany) is extensively used in many fields
including construction and automotive industries. Eskal is also used as a reference pow-
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Table 2.1: Material parameters of the experimental samples. The initial bulk density represents bulk density
from raw materials. Here, K0.1-0.5 means Körnung 0.1-0.5, which follows the commercial product naming.
The initial bulk density values are provided by the manufacturer.

Property (Eskal) Unit 300 500 15 30 80 150 K0.1-0.5 K0.5-0.8

d10 μm 0.78 1.64 12 21 39 97 4.5 738

Particle Size d50 μm 2.22 4.42 19 30 71 138 223 938

d90 μm 4.15 8.25 28 43 106 194 292 1148

Span (d90-d10)/d50 [-] 1.52 1.50 0.84 0.73 0.94 0.70 1.29 0.44

Particle density ρp kg/m3 2737 2737 2737 2737 2737 2737 2737 2737

Moisture content w % 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9

Roundness Ψ [–] 0.75 0.55 0.48 0.66 0.84 0.88 0.74 0.85

Initial bulk density ρ0 kg/m3 540 730 1110 1230 1330 1370 1400 1276

der for standard testing and calibration of equipment in powder technology, for instance,
shear testers [53, 54] and optical sizing systems due to the favourable physical proper-
ties: high roundness, low porosity and an almost negligible sensitivity towards humidity
and temperature changes, which allows to avoid sample pretreatment.

Table 2.1 summarizes the physical properties of the Eskal samples. Median particle size
d50 ranges from 2.22 μm (cohesive, sticky primary particles that form clumps) to 938 μm
(free-flowing primary particles). In this study, all powders are named with their origi-
nal commercial name (e.g. Eskal150, Eskal300), except for Eskal K0.1-0.5 and K0.5-0.8
(original product names are Eskal Körnung 0.1-0.5 and Körnung 0.5-0.8), which for sake
of brevity, is referred to as “K”. The particle size distributions were determined by laser
diffraction (HELOS+RODOS, Sympatec GmbH) with the dry dispersion unit. The span
of the particle size distribution decreases with increasing particle size from 1.52 to 0.7,
whereas the initial bulk density (bulk density measured directly after filling) increases
from 540 to 1400 kg/m3. Primary particle density ρp is measured using a helium py-
cnometer at 0.9% moisture content and is found to be independent of size. Particle
roundness, which is the ratio of the perimeter of the equivalent circle to the real perime-
ter of the projected primary particle, was measured with the Sympatec-QICPIC imaging
system. The working principle of this technique consists of a high-speed image analysis
sensor capable of capturing 500 frames per second with low exposure time below 1 ns;
this set-up allows to capture and measure with a high detail size and shape information
of an extremely large number of particles in the size range of 1 μm to 30 mm [55]. Val-
ues are the average over approximately the range between 20000 and 8000000 particles,
depending on the median size of primary particles in the powders. The median particle
size, d50, is used in the following as reference to the different Eskal samples.

Figures 2.1 and 2.2 show the scanning electron microscopy images of EskalK0.1-0.5 and
Eskal30, in two different length scales. The topography of the surfaces are created using
secondary electron imaging (SEI) method. In Fig. 2.1, we see that all the Eskal30 primary
particles have similar shapes (left) and rough surfaces (right). But for Eskal K0.1-0.5, in
Fig. 2.2, we observe more fines between the coarse particles (left) as well as on the surface
(right). The other Eskal samples have mostly similar shapes (difference in the range of
20%, considering the mean values of roundness) irrespective of median particle size of
the samples.
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Figure 2.1: SEM topography images of Eskal30 (d50 = 30 μm) in two different length scales as shown in the scale
bars.

Figure 2.2: SEM topography images of EskalK0.1-0.5 (d50 = 223 μm) in two different length scales as shown in
the scale bars.

2.3. EXPERIMENTAL SET-UP

Many testers have been invented for measuring the yielding and flow properties of bulk
solids in the last 70 years, ranging from the Jenike Shear Tester to the semi-automated
or fully automated testers that are being developed in the present days [56]. Here we
present a comparison between measurements in five direct shear devices, specifically
the two “translational” devices, namely the ELE direct shear tester and the Jenike shear
cell, and three “rotational” devices (The Schulze ring shear testers and the FT4 powder
rheometer).

A detailed comparison between the main features of all testers is shown in Table 2.2 and
a comparison of results from all these testers is presented in section 2.5. Two main char-
acteristics of these devices are the degree of automation and the normal stress regime.
The Schulze ring shear tester and the FT4 powder rheometer are in most of the oper-
ational stages completely automated, which strongly reduces the operator influences.
The ELE direct shear tester can reach the highest normal stress among all the devices we
investigated.

2.3.1. JENIKE SHEAR TESTER

The Jenike tester is a direct translational shear tester, developed in the 1960s [36] and it is
recognized as one of the industrial standards for designing reliable bulk solids handling
equipment such as storage bins, silos and hoppers. The tester consists of a shear cell
(D = 93 mm) which includes a closed-bottom hollow base fitted to a fixed bearing plate.
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A shear ring capable of moving horizontally is placed over the base with a top lid, used
to close the cell, see Fig. 2.3(a). The shear cell is filled with the test sample, which rests
within the base and the shear ring, as shown in Fig. 2.3(b). A normal force is applied to
the shear lid by loading weight on a hanger. A shear force is then applied using a bracket
and a pin on the shear ring. The bulk solid undergoes shear deformation due to the
simultaneous displacement of the upper ring and the lid against the stationary bottom
ring. The stem is moved by a motor at a constant speed of around 1-3 mm/minute and
the shear force is measured by a force transducer and is recorded on a computer.

(a) (b)

Figure 2.3: (a) Jenike direct shear tester and (b) the schematic representation of the Jenike shear cell. For tech-
nical details see Table 2.2. Fig. 2.3(b), reprinted with permission from author [57]. Copyright: (2002) Dietmar
Schulze.

For conducting a shear test, a sample of powder is uniformly filled into the shear cell
using a spatula and/or a sieve. The sample is initially pre-consolidated by twisting a
special lid covering the powder bed under a certain normal load. Then the lid and the
filling ring are replaced with a shear lid and the pre-consolidated sample is pre-sheared
until a steady state flow is reached, which is defined as a state of constant shear force
and bulk density for a given normal stress. After retracting the shear stem and reducing
the normal load, the shearing process is re-initiated under a reduced normal load until a
maximum shear stress is recorded. This peak value represents a single point on the yield
locus. The pre-shear and shear process is repeated for lower normal loads in order to get
the complete yield locus. A more detailed description of the standard testing procedure
is reported in the ASTM standard D-6128 [58]. The laborious work of filling and sample
conditioning as well as a potential influence of the operator are the major drawbacks of
this technique.

2.3.2. ELE DIRECT SHEAR TESTER (DST)

The second direct shear tester (ELE International, United Kingdom), is illustrated in Fig.
2.4(a). It operates with specimens with a square cross-section of 60mm x 60mm and a
height of 30mm. The apparatus is enclosed in a robustly constructed case. It is designed
for and can reach shear stress up to 1250 kPa and normal stress up to 2778 kPa. The
speed range is between 0.0001 to 2 mm/min. The ELE direct shear tester is designed for
much higher load in soil testing, employs a simple shear principle as the Jenike shear
cell, has a larger shear displacement range (up to 12 mm in horizontal direction) and the
possibility of reverse box movement.



529608-L-sub01-bw-Shi529608-L-sub01-bw-Shi529608-L-sub01-bw-Shi529608-L-sub01-bw-Shi
Processed on: 18-3-2019Processed on: 18-3-2019Processed on: 18-3-2019Processed on: 18-3-2019 PDF page: 35PDF page: 35PDF page: 35PDF page: 35

2.3. EXPERIMENTAL SET-UP

2

21

(a)

Normal 
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(b)

Figure 2.4: (a) The ELE direct shear tester and (b) the schematic representation of the ELE direct shear cell
set-up. For technical details see Table 2.2.

The shear test sequence starts with the filling of the shear box by dry pluviation of the
powder into the box until a height of approximately 40 mm is reached; then the top ex-
cess powder is removed by a scraper to ensure that the top surface of the sample is flat.
Finally the top lid is mounted and the powder sticking to the sides of the box is removed
carefully using a small paint brush. In addition to the typical direct shear testers as listed
in Sec. 2.3.1, the main drawback for this tester is the possible ejection of powder through
the inter-quadrate opening. In order to compare results in DST with other devices prop-
erly, shear tests in this study are performed following the same ASTM standard D-6128
[58] as in Jenike shear tester. For the steady state test, in analogy to the normal wall
friction procedure, the sample is first sheared to steady state at the highest normal load
chosen. Then step by step the normal load is decreased and shear is continued until
steady state is reached.

2.3.3. SCHULZE RING SHEAR TESTER - RST-01 AND RST-XS

Among the shear devices for powder characterization, the Schulze rotational ring shear
tester (1994) is one of the most widely used testers. The Schulze ring shear tester (RST-
01) operates connected to a personal computer running a control software that allows
the user to obtain, among other things, yield loci and wall yield loci. A smaller version
of the ring shear tester with exactly the same working principle is the so-called RST-XS,
developed for smaller specimen volumes (3.5 ml to 70 ml, rather than 204 ml for the RST-
01). For both testers, ring-shaped (annular) bottom ring of the shear cell contains the
bulk solid specimen. An annular-shaped lid is placed on top of the bulk solid specimen
and it is fixed at a cross-beam (Fig. 2.5).

A normal force, FN , is exerted on the cross-beam in the rotational axis of the shear cell
and transmitted through the lid onto the specimen. Thus a normal stress is applied to
the bulk solid. In order to allow small confining stress, the counterbalance force, FA ,
acts in the centre of the cross-beam, created by counterweights and directed upwards,
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(a) (b)

Figure 2.5: (a) The Schulze ring shear tester RST-01 and (b) the working principle of the Ring shear cell set-up.
The difference between RST-XS and RST-XS is the shear cell size. For technical details see Table 2.2. Fig. 2.5(b),
reprinted with permission from author [59]. Copyright: (2003) Dietmar Schulze.

counteracting the gravity forces of the lid, the hanger and the cross-beam. Shearing of
the sample is achieved by rotating the bottom ring with an angular velocity ω, whereas
the lid and the cross-beam are prevented from rotation by two tie-rods connected to the
cross-beam. Each of the tie-rods is fixed at a load beam, so that the forces, F1 and F2, act-
ing on the tie-rods can be measured. The bottom of the shear cell and the lower side of
the lid are rough in order to prevent sliding of the bulk solid on these two surfaces. There-
fore, rotation of the bottom ring relative to the lid creates a shear deformation within the
bulk solid. Through this shearing the bulk solid is deformed, and thus a shear stress τ

develops, proportional to the forces on the tie-rods (F1 + F2). All the tests performed
here follow the ASTM standard [60].

2.3.4. FT4 POWDER RHEOMETER

The last experimental equipment used in this work is the FT4 Powder Rheometer (Free-
man technology Ltd., UK), depicted in Fig. 2.6(a). Standard accessories for the shear test
include the 50-mm-diameter blade for sample conditioning, the vented piston for com-
pression, the shear head for the shearing process and the 50-mm-high with 50 mm diam-
eter borosilicate test vessel. One advantage of the commercial FT4 Powder Rheometer is
the automated nature of the test procedure requiring minimal operator intervention.

The shear test sequence under the ASTM standard D7891 [61] can be summarized as
follows: the test vessel is carefully filled with the powder of interest using a spatula af-
ter obtaining the tare weight. The conditioning procedure involves the movement of
the conditioning blade into the test sample to gently disturb the powder bed for a user-
defined number of cycles before it is removed slowly. A cycle consists of the inward and
outward movement of the conditioning blade into the powder bed with a constant ro-
tation movement all the time. In order to prevent the conditioning blade from touching
the base of the vessel, the direction of the blade movement is reversed as soon as it is
within 1 mm of the vessel base. It is believed that this creates a uniform, loosely packed
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(a) (b)

Figure 2.6: (a) The FT4 Powder Rheometer and (b) the working principle of the FT4 shear cell set-up. For
technical details see Table 2.2.

test sample that can be readily reproduced [37].

In this study, we perform three pre-conditioning cycles before the shear tests are carried
out (pre-conditioning does not involve a confining stress like in the other 3 testers). The
portion of the base insert of the test vessel are excluded from the calculation of the vessel
height, leading to a maximum vessel height of 44 mm instead of 50 mm and an aspect
ratio α of 0.88. Subsequent to pre-conditioning, the blade is replaced with a vented pis-
ton, which incorporates a stainless steel mesh to allow the enclosed air in the powder
to escape uniformly across the surface of the powder bed. The vessel assembly is then
split (and thus levelled) after the vented piston executes the compression until the pre-
shear normal stress level is reached. Then the powder mass is recorded after splitting to
compute the bulk density before the shear tests start. A detailed description of the vessel
split-and-levelling procedure is reported by [62].

A shear test begins after changing the vented piston to the shear head as shown in Fig.
2.6(b). The shear head moves downwards inserting the blades into the powder and in-
duces a normal stress as the shear head bottom surface is in contact with the top of the
powder. The shear head continues to move downwards until the required pre-shear nor-
mal stress is reached. At this point slow rotation of the shear head begins, inducing an
increasing shear stress. As the powder bed resists the rotation of the shear head, the
shear stress increases until failure, at the point a maximum shear stress is observed. As a
consequence, a shear plane is formed just below the ends of the blades. The shear head
is kept moving until the shear stress does not change anymore for the pre-shear step
and is stopped immediately after the maximum is reached for each shear step. A con-
stant normal stress is maintained throughout each pre-shear or shear step. Note that
pre-shear in FT4 is a multi-stage process and will be discussed in the next section. All
the tests performed with the FT4 powder rheometer follow ASTM standard [61].
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2.4. TEST PROCEDURES

In this section, an overview of the testing procedures as well as all the details of the tests
performed using shear devices for different limestone specimens are presented.

Figure 2.7: Schematic drawing of typical yield locus measurement steps for RST-01 (top) and FT4 (bottom).

Figure 2.8: Schematic drawing of linearized yield locus, effective yield locus and steady state locus.

The diagram in Fig. 2.7 illustrates the common testing procedures used for measuring
the yield locus. The Schulze ring shear tester RST-01 only requires one single pre-shear
cycle before the first shear point and the steady state is reached (Fig. 2.7 top). And this
pre-shear determination is also similar in the DST and Jenike. However, the FT4 powder
rheometer involves multiple pre-shear cycles before the first shear is initiated, and it
determines the steady state only when the difference between the end point shear stress
values from two consecutive pre-shear cycles is within 1% (Fig. 2.7 bottom). The number
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of multiple pre-shear cycles in the FT4 usually varies from 4 for cohesive powders to 6
for free-flowing powders. And the influence of this difference on powder flow properties
will be further elaborated in Sec. 2.5.3.

The main quantities referred to in this study (linearized effective yield locus, yield locus
and steady state/termination locus) are explained in Fig. 2.8, where the pre-shear and
shear points are the measured values as indicated in Fig. 2.7. The connection among all
the shear points is defined as yield locus, which represents the yield limit of a consoli-
dated bulk solid. Here in Fig. 2.8, we show the linearized yield locus for only one normal
stress at preshear, i.e., for one well-defined state of consolidation. If a different normal
stress is applied at preshear, one will obtain a different yield locus. Then the angle of in-
ternal friction, φ, is represented by the slope of the linearized yield locus. A straight line
through the origin of the σ− τ diagram, tangent to the large Mohr circle (steady-state
flow), is the effective yield locus. The slope of the effective yield locus is called the effec-
tive angle of internal friction, φe . Similarly, the straight line goes through both the origin
and the pre-shear point is called steady state yield locus and gives the steady state angle
of internal friction, φss , as depicted in Fig. 2.8 and the details are given by [41]. The in-
tercept of yield locus for normal stress equals to zero is named as cohesive strength, σc ,
and it qualitatively indicates the bulk cohesion of a given sample under a given normal
stress. Note that all the quantities measured from different testers are using the same
definition here.

Figure 2.9: Schematic drawing of typical yield locus. Black arrows at the bottom: typical normal stress ranges
used for each device; dashed lines are extended normal stress limits. Black points indicate the actual normal
stress levels used for different shear testers.

Since all the devices investigated here have been designed for different purposes, they
are adapted to test the materials in preferable normal stress ranges. In Fig. 2.9, we show
schematically the range of normal stress that each device can cover with acceptable ac-
curacy. In the same plot, we indicate the extended normal stress ranges of Jenike and
DST (dashed lines). For Jenike in higher normal stress range, the data are highly difficult
to acquire and less reliable due to insufficient shear path available in shearing direction.
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Table 2.3: Summary of the tests performed. The numbering in the table are the number of powders tested with
a certain device under a certain pre-shear stress level. For more details, see Table 2.5. Note that the values in
the parentheses refer to the pre-shear normal stress values used for a specific device.

Stress in kPa Low Stress Moderate Stress High Stress

Device 5 (4.3) 20 35 (36.1)

Jenike 2 (4.3) [-] [-]

DST [-] [-] 4 (36.1)

RST-01 7 8 7

RST-XS 4 (4.3) [-] [-]

FT4 [-] 4 [-]

On the other hand, low/intermediate normal stress results from DST are less accurate
due to the limit of the force sensor. The actual normal stresses used for this study are
also highlighted with black dots on the solid lines and summarized in Table 2.5. In Fig.
2.9, we divide the whole normal stress range into three regimes: i) low normal stress,
where Jenike, RST-0 1/RST-XS and FT4 can be used; ii) moderate normal stress, where
RST-01 and FT4 are available; iii) high normal stress that DST and RST-01 can be relied
on.

The Schulze RST-01 was chosen as a reference device and used to test all 7 Eskal samples
at 3 different pre-shear normal stress levels since it covers the widest stress range. A
limited number of cases were tested with the other devices depending on the accuracy
and material availability. However, for each pre-shear normal stress, tests on one powder
have been performed using at least two devices in order to check the reproducibility of
the results between the testers. Each test was repeated three times (3 fresh samples) to
investigate the repeatability within a single device.

Details on the pre-shear and shear normal stress levels used are given in Table 2.5. In
addition, we have also performed steady state locus study using 4 powders in DST. We
have chosen a pre-shear normal stress values between 1.4 and 36.1 kPa. The test details
are summarized in Table 2.4.

2.5. COMPARISON OF SHEAR DEVICES

In this section, we compare the measurement from different shear devices and a gen-
eral overview of the repeatability and reproducibility of the test results is given. In order
to compare the yield loci from different testers, two limestone powders were chosen as
reference powders (see Table 2.3), namely cohesive Eskal300 (2.22 μm) and free flowing
Eskal150 (138 μm).

2.5.1. LOW NORMAL STRESS: SCHULZE RING SHEAR TESTER (RST-01) VS

JENIKE TESTER

In the low normal stress regime, we first compare the RST-01 with the standard Jenike
tester at pre-shear normal stress of 5kPa. Each shear point is measured with 3 fresh sam-
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Figure 2.10: Yield locus (shear stress versus normal stress) of Eskal150 (138 μm) and Eskal300 (2.22 μm) using
RST-01 and Jenike. The pre-shear normal stress is kept at 5 kPa for both devices. Points with and without lines
are shear and pre-shear points, respectively. Lines are guides to the eye.

ples to acquire the standard deviations. The yield loci for Eskal150 (138μm) and 300 (2.22
μm) are shown in Fig. 2.10. Both testers show quite good repeatability with a higher stan-
dard deviation from the Jenike tester. When we look at the individual powders, the agree-
ment between the two shear testers for Eskal150 is good, with the difference increasing
slightly with increasing normal stress. The pre-shear stress values are also close within
the deviation range. For the finer Eskal300, the discrepancy between the two devices
becomes higher, but still within the standard deviation. A big discrepancy is observed
for the pre-shear points, where the Jenike shows lower values and higher standard devi-
ations compared to RST-01. This may be related to the manual control procedure of the
Jenike shear cell. Often the pre-shear must be stopped to prevent the risk of running out
the shear displacement.

2.5.2. LOW NORMAL STRESS: SCHULZE RING SHEAR TESTER (RST-01) VS

(RST-XS)
In the same low normal stress range, we have also tested the two reference powders using
the smaller RST-XS, and the data are compared to RST-01 as shown in Fig. 2.11. For both
devices, the repeatability is very high, with the standard deviations within the symbol
size. For the free flowing Eskal150, the yield loci measured by the two devices demon-
strate a very good agreement although a slightly different pre-shear normal stresses are
used. For the cohesive Eskal300, data from RST-XS are consistently lower than data from
RST-01. However, both devices show a non-linear behaviour with the slope (decreasing
with increasing normal stress).

To further investigate RST-XS, we have tested Eskal300 in the RST-XS using the same
pre-shear and shear stress levels as in RST-01, and results are also plotted in Fig. 2.11.
We observe that, also in this case of same pre-shear normal stress, the RST-XS values are
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Figure 2.11: Yield locus (shear stress versus normal stress) of Eskal150 (138 μm) and Eskal300 (2.22 μm) using
RST-01 and RST-XS. The pre-shear normal stresses are set to 5 and 4.3 kPa for RST-01 and RST-XS, respectively
(Eskal300 has one extra 5 kPa pre-shear using RST-XS). Points with and without lines are shear and pre-shear
points, respectively. Lines are guides to the eye. Note that here the data for RST-01 are the same as in Fig. 2.10.

systematically lower than the RST-01 values (around 5%). As the only known difference
between RST-XS and RST-01 is the shear cell size, our results indicate that the powder
response may be influenced by the system size in the case of cohesive material.

2.5.3. MODERATE NORMAL STRESS: SCHULZE RING SHEAR TESTER (RST-
01) VS FT4 POWDER RHEOMETER

In the moderate normal stress regime, we compare the most commonly used rotational
shear testers, the RST-01 and the FT4 rheometer. Both testers are automated and allow
selection of a pre-shear normal stress value, σpr e , which was set to 20 kPa for our com-
parison.
The yield loci for Eskal300 and Eskal150 are shown in Fig. 2.12. Both the RST-01 and the
FT4 show good repeatability for each measurement point, with the standard deviations
within the symbol size. For the free-flowing Eskal150, the yield loci measured by the
two devices are in very good agreement except for the pre-shear points, where the FT4
gives a much lower value than the RST-01. However, for the cohesive Eskal300, we see
a pronounced difference between results obtained by the two devices (around 10-20%),
although the angle of internal friction (slope) between the two devices stays almost the
same. A similar trend is observed with the other two cohesive samples: Eskal500 and
Eskal15, with the values measured by FT4 systematically lower than the ones from RST-
01 (data not shown here, for details see Tables 2.6 and 2.7).

We associate the difference in the behaviour between the two devices to the test proto-
cols as explained in Sec. 2.4. The Schulze ring shear tester, based on the ASTM standard
D-6773 [60], uses the conventional pre-shear determination criterion: the steady state
shear stress plateau is determined in one pre-shear stage and the following pre-shear
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Figure 2.12: Yield locus (shear stress versus normal stress) of Eskal150 (138 μm) and Eskal300 (2.22 μm) using
RST-01 and FT4. The pre-shear normal stress is kept at 20 kPa for both devices. Points with and without lines
are shear and pre-shear points, respectively. Lines are guides to the eye.

stages after incipient flow follows this one pre-shear state value. On the other hand, for
the FT4 powder rheometer, based on the ASTM standard D7891 [61], several pre-shear
cycles are performed until the steady state reaches a constant shear stress value (within
1% difference). This value is the assumed as pre-shear steady state and the shear stage
starts. In the case of cohesive powders, the samples need 3-10 repetitions for the pre-
shear to fulfil the steady state criterion in the FT4. This may lead to formation of a pre-
defined shear failure plane in the sample that reduces its shearing resistance along the
shear direction. We point out here that both shear devices are automated using their own
test software where the test protocols are in-built and therefore impossible to change by
the users. In addition, there is another significant difference between the two testers in
that the Schulze ring shear tester has an annular cross-section where the shear displace-
ment is applied fairly uniformly over the solid shearing surface; whilst the FT4 rheometer
has a circular cross-section where the shearing displacement is highly non-uniform with
values decreasing towards zero at the centre of the cross-section. It is thus probable that
critical shearing state may not be fully achieved particularly near the central zone of the
cross-section, thereby producing a smaller overall critical shear stress.

2.5.4. HIGH NORMAL STRESS: SCHULZE RING SHEAR TESTER (RST-01)
VS DIRECT SHEAR TESTER (DST)

In the high normal stress regime, we compare the reference Schulze ring shear tester
(RST-01) with the direct shear tester (DST) as shown in Fig. 2.13. The pre-shear stress
σpr e is set to 35 kPa for the RST-01 and 36.1 kPa for the DST. This small difference in the
pre-shear normal stress applied is due to the design limitation of DST, where one can
only change the normal stress discontinuously.

As we can see clearly from the figure, the results from DST and RST-01 are in good agree-
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Figure 2.13: Yield locus (shear stress versus normal stress) of Eskal150 (138 μm) and Eskal300 (2.22 μm) using
RST-01 and DST. The pre-shear normal stresses are kept at 35 and 36.1 kPa for RST-01 and DST, respectively.
Points with and without lines are shear and pre-shear points, respectively. Lines are guides to the eye.

ment for both powders. The standard deviation of DST data is higher than the RST-01,
and becomes more prominent for low stress levels as well as for the free-flowing sample
Eskal150. In the case of pre-shear points, the DST shows a slightly lower value compared
to the RST-01, but the difference is negligible. For the yield locus of Eskal150, data from
the two devices overlap within the error bars. When we focus on Eskal300, DST under-
estimates the shear stress values on the yield locus with respect to the RST-01, especially
for low normal stresses. We want to point out that the low stress data from DST may be
less reliable that the shear force measurement system of DST has a lower limit value of 1
N (1 kPa).
Finally, in order to confirm the reproducibility between the two devices, we further test
the steady state shear responses for EskalK0.1-0.5 and EskalK0.5-0.8, as shown in Fig.
2.14. Results from the two shear devices show good agreements for the tested two pow-
ders, with the data points following the two linearized yield loci within the standard de-
viations.

2.5.5. SUMMARY OF DEVICE COMPARISON

In order to validate the consistency of the results obtained from different shear devices,
we extrapolate the linearized yield loci and compare both angle of internal friction as
well as cohesive strength (interception of linearized yield locus on y-axis) for the two
reference powders (Fig.s 2.15 and 2.16).

The data from different shear testers are interpreted in different ways. In the case of
the yield locus from the Jenike tester and DST, the shear points are linearized using a
least square method, while the RST-01, RST-XS and FT4 are linearized using the default
software with pro-rating method. For a free-flowing powder, Eskal150 (138 μm), we get a
good agreement among the RST-01, the RST-XS and the FT4 for the cohesive strength, c,



529608-L-sub01-bw-Shi529608-L-sub01-bw-Shi529608-L-sub01-bw-Shi529608-L-sub01-bw-Shi
Processed on: 18-3-2019Processed on: 18-3-2019Processed on: 18-3-2019Processed on: 18-3-2019 PDF page: 46PDF page: 46PDF page: 46PDF page: 46

2

32 2. EFFECT OF PARTICLE SIZE AND COHESION ON POWDER YIELDING AND FLOW

Figure 2.14: Steady state locus (shear stress versus normal stress) of EskalK0.1-0.5 (223 μm) and K0.5-0.8 (938
μm) using RST-01 and DST. The lines are the least mean square linear regression to the data with angle φss =
36.2◦ for EskalK0.1-0.5 and 41.5◦ for EskalK0.5-0.8.

(a) (b)

Figure 2.15: (a) Cohesive strength, c and (b) angle of internal friction, φ, plotted against normal stress, σn , for
Eskal150 (138 μm tested using all the devices in this study..

but higher values from the Jenike and especially from the DST with also larger standard
deviations (Fig. 2.15(a)). A similar observation is also found for the angle of internal
friction as shown in Fig. 2.15(b), but the φ value obtained from the DST is lower than the
other devices. This is caused by the limit of the direct shear tester in the low stress range
(below 1.0 kPa). The direct shear tester is initially designed for measuring the strength
of soil samples in civil engineering, where the stresses applied are usually high, whereas
our tests were performed at much lower stress levels, close to the accuracy limit (around
0.5 kPa) of the force ring on direct shear tester, resulting in a decrease in measurement
accuracy for the direct shear tester using free-flowing powders. In the case of the Jenike
shear tester, the φ value is higher than the other devices, but still within the deviation
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range.

(a) (b)

Figure 2.16: (a) Cohesive strength, c and (b) angle of internal friction, φ, plotted against normal stress, σn , for
Eskal300 (2.22 μm) tested using all the devices in this study.

In Fig. 2.16, we investigate the reproducibility of all the devices by looking at the most
cohesive Eskal300 powder (2.22 μm). DST shows a good agreement with the highest
standard deviation for cohesive strength, c, (Fig. 2.16(a)). However, the difference be-
tween the DST and the RST-01 is around 20%. The RST-XS, Jenike and the RST-01 have
a good agreement but FT4 shows a relatively lower value for c, thus underestimating
the flowability of very cohesive powders. When we look at the φ value as shown in Fig.
2.16(b), Jenike unexpectedly gives the lowest value with the highest standard deviation.
The DST shows slightly lower values than the RST-01 and the FT4 has a good agreement
with the RST-01 (within deviation range). Similar behaviour is observed for two other
Eskal powders tested using RST-01, RST-XS, FT4 and DST: cohesive Eskal500 and easy-
flowing Eskal15 (data are not shown here, see the Tables in Appendix B). Note that the
vertical axes on the left plots are different while on the right plots are the same.

2.6. EFFECTS OF VARYING PARTICLE SIZE

In this section, we present the comparison of seven Eskal powders tested by the Schulze
ring shear tester (RST-01) at different pre-shear stresses as given in Table 2.3. For the
analysis of RST-01 data, we used the standard RST-CONTROL 95 software with “N-RHOB-
correction” activated [45]. The powders have sizes ranging from 2.22 to 938 μm, and
identical chemical composition as explained in Table 2.1. We characterize the above
mentioned seven powders in terms of bulk density, angle of internal friction, cohesive
strength, steady state angle of internal friction, effective angle of internal friction and
flow function.
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2.6.1. BULK DENSITY AT STEADY STATE

As a first step, we look at the dependence of the bulk density on the normal stress and
particle size for all the powders. Data are shown in Fig. 2.17(a). Zero normal stress
(arrows on bulk density axis) corresponds to the initial bulk density of the fresh sam-
ples before applying any stresses (provided by the manufacturer). By increasing normal
stress, the bulk density increases for all powders with different rates, higher for small-
particle-size powder and almost zero for Eskal80 (71 μm) and 150 (138 μm). However,
for EskalK0.1-0.5 (223 μm), the bulk density increases with increasing normal stress. We
associate this trend to the wider particle size distribution (large span value 1.29 as shown
in Table 2.1) and the visible huge amount of fines as shown in Fig. 2.2. A wider particle
size distribution allows easy rearrangement of the packing structure when applying ex-
ternal load.

(a) (b)

Figure 2.17: Bulk density in steady state, ρb , plotted against (a) normal (pre-shear) stress, σn , (b) median
particle size, d50. Arrows represent the initial bulk density of the raw samples before stress and shear are
applied. Symbols in the dashed area are sieved EskalK0.1-0.5 (223μm) sample sheared at σn = 20 kPa. Lines
are guides to the eye.

In Fig. 2.17(b), we plot the bulk density with respect to the median particle size for dif-
ferent normal stresses. We observe an increasing trend with increasing particle size con-
sistent for all normal stresses. This can be explained by the presence of cohesive forces
(van der Waals) between primarily particles other than gravitational forces. Since Eskal
powders are relatively dry, the presence of liquid bridging and other forces are expected
to be small, the dry cohesive interaction will result in forming clusters and create many
voids in the bulk, and therefore decrease the bulk density. As cohesive forces become
smaller with increasing size, particles will have mainly frictional and gravitational forces
without forming clusters and therefore the material can form a denser bulk solid. One
extra powder, EskalK0.5-0.8 (938 μm), is also tested under 20 kPa normal stress. This
powder breaks the trend seen previously and shows a lower bulk density associated with
the largest median particle size.

In order to investigate further the role of the span in the bulk density behaviour, we
perform sieving on the sample with largest span, EskalK0.1-0.5 (223 μm). Two sieving
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method are used: standard vibration sieving and high pressure air sieving. The median
particle size reduce to 101 μm and 208 μm, in the case of vibration sieving and air siev-
ing, respectively. The vibration sieving is only effective in removing the coarse particle
but not the fines and thus leads to an increase of the span from 1.289 to 2.173. While
the air sieving is effective enough to remove both coarse and fines and decrease the span
to 0.395. The bulk densities for EskalK0.1-0.5 (223 μm) after sieving are plotted in the
dashed area of the same Fig. 2.17(b). The bulk density of the sieved samples both de-
crease to values that are similar to the values of the largest median particle size powder,
EskalK0.5-0.8 (938 μm). This indicates that for a given median particle size, the span has
a dominating effect on the bulk density of a powder.

2.6.2. BULK RESPONSES FROM INCIPIENT AND STEADY STATE FLOW

ANGLE OF INTERNAL FRICTION FROM INCIPIENT FLOW

The angle of internal friction describes the bulk friction during incipient flow of a pow-
der, which is determined from the linearized yield locus as shown in Fig. 2.8. Although
the yield locus for cohesive powder is non-linear by nature, the linearized yield locus
can still be used to estimate the angle of internal friction in a certain stress range. This
estimated value is one important property that determines the maximum bulk friction
of a powder from a given pre-consolidation history. Here, unless specified, all angles of
internal friction originate from linearized yield loci.

In Fig. 2.18, we plot the angle of internal friction against normal stress at three different
pre-shear normal stress and particle size for the 7 powders studied (EskalK0.5-0.8 is also
included here but with only one point). Within the stresses investigated, there is no ap-
parent dependence of the angle of internal friction on the normal stress (Fig. 2.18(a)).
However, if we focus on the dependence on the particle size as shown in Fig. 2.18(b), we
observe that when d50 is lower than approximately 30 μm, φ decreases with increasing
particle size. Then, for 30 < d50 < 150 μm, we observe that the φ is almost constant with
changing particle size for the three pre-shear normal stresses chosen. Interestingly, if the
particle size keeps rising to d50 > 150 μm, φ follows a parallel rise and achieves similar
values to the ones obtained for samples smaller than 30 μm. For EskalK0.1-0.5 (d50 = 223
μm), the angle of internal friction increases back to around 38◦.

We have run several tests/checks with the goal of elucidating the non-monotonic be-
havior that observed in Fig. 2.18(b). First, we further test another sample in the range
of d50 > 150 μm, namely EskalK0.5-0.8 (d50 = 938 μm), at 20 kPa pre-shear stress. The φ

value of EskalK0.5-0.8 increases even further to around 42◦. This confirms that the in-
creasing trend is not limited only to a specific sample. As second step, we have measured
the angle of internal friction for the two sieved samples obtained after sieving EskalK0.1-
0.5 (223 μm) via vibration and air methods that are already introduced in Sec. 2.6.2.
While the bulk density strongly reduces after sieving, the angle of internal friction re-
mains unaffected as shown in the dashed area of Fig. 2.18(b), which indicates that the
span of particle size distribution is not the primary factor influencing the bulk friction.
Finally, in order to check the influence of the devices, we have further tested EskalK0.1-
0.5 (223 μm) and K0.5-0.8 (938 μm) in the direct shear tester (DST), and the results are
reported in Fig. 2.14. The flow behaviour of both powders are very similar using RST-01
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(a) (b)

Figure 2.18: Angle of internal friction, φ, plotted against (a) pre-shear normal stress, σn , (b) median particle
size, d50. Symbols in the dashed area are sieved EskalK0.1-0.5 (223μm) sample sheared at σn = 20 kPa. Lines
are guides to the eye.

and DST. This agreement clarifies that the behaviour originates from material properties
rather than from a specific shear device.

One possible explanation of this interesting behaviour on bulk friction would be that the
different size particles have a similar shape (this is visible by comparing the roundness
between EskalK0.1-0.5 and K0.5-0.8 in Table 2.1) but different surface roughness/asperity,
but this has to be further investigated and it is far beyond the scope of this study. Another
possibility is the competition between the inter-particle cohesion and inter-particle fric-
tion (caused by shape). When the particles are small, the inter-particle cohesion dom-
inates the flow behaviour and enhances the shear resistance. Also when a sample is
confined under a given confining stress, if the inter-particle cohesion is high, the sam-
ple bulk density will be low, which gives more free spaces for particles to move around.
Therefore, the geometrical interlocking does not play an important role here. When the
particle size is large, we have almost no influence from inter-particle cohesion and the
whole powder is more densely packed, so that the inter-particle friction/interlocking
(shape/geometry) is the ruling mechanism of the bulk friction behaviour. For an inter-
mediate particle size, these two effects are both reducing but still competing with each
other, and they cannot be distinguished.

COHESIVE STRENGTH FROM INCIPIENT FLOW

As a complement to the angle of internal friction, one has to also look at the cohesive
strength, which is the extrapolated intercept from the linearized yield locus, and gives an
indication of the strength of the powder under zero confining stress (σn). In Fig. 2.19(a),
we plot the cohesive strength against the pre-shear normal stress. As expected, the val-
ues of cohesive strength at given stress levels are higher for powders with finer particle
size. The cohesive strength of all powders increases with increasing normal stress, but
with different slopes. The cohesive strength of the two finest powders, Eskal300 (2.22
μm) and Eskal500 (4.42 μm), increase conspicuously with normal stress.
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(a) (b)

Figure 2.19: Cohesive strength, c, plotted against (a) pre-shear normal stress, σn , (b) median particle size, d50.
Symbols in the dashed area are sieved EskalK0.1-0.5 (223 μm) sample sheared at σn = 20 kPa. Lines are from
the fitted function: c(d50) =σpr e ∗dc /d50 with dc = 0.6919, 0.3953 and 0.2809 μm for σpr e = 5, 20 and 35 kPa,
respectively.

As we focus on the particle size dependence in Fig. 2.19(b), we see a monotonically de-
creasing bulk cohesion with increasing particle size for all the normal stress levels inves-
tigated. However, the cohesive strength for raw EskalK0.1-0.5 (223 μm) increases above
this trend (as shown in the dashed area in the figure). This apparent discrepancy was
also observed in the bulk density and the angle of internal friction, as explained earlier.
We further investigated this behaviour by sieving the sample using different techniques.
It seems that our air sieving procedures are effective and reduce the cohesive strength of
the powder by separating the fines from the coarse fractions. the fine and coarse frac-
tions. The theory that smaller particles have the strongest cohesive forces, acting most
effectively on each other, is consistent with the strongest decrease in cohesion for the
air-sieved samples in which the fines are most effectively removed. The observation of
removing fines reduces bulk cohesion but does not affect bulk friction supports the hy-
pothesis that frictional flow behaviour of powders in the range of d50 > 150 μm is gov-
erned by particle interlocking.
In Fig. 2.19(b), we have also given fitted lines based on the equation as shown in the cap-
tion. All our data fitted well with a power law dependence and this power has its origin
from the adhesive forces between two particles, as introduced by Rumpf in 1990 [63, 64],
where the adhesion force between two particles is linearly proportional to particle diam-
eter: Fad ∝ d . While for the cohesive strength, it is a bulk property with an unit of stress.
Therefore, cohesive strength is proportional to the adhesion force divided by effective
contact area: c ∝ Fad /d 2, and finally we get c ∝ d−1, which is the relation used for our
fitting.

BULK FRICTION FROM STEADY STATE FLOW

Along with the bulk density (volume fraction), angle of internal friction and cohesive
strength, the steady state angle of internal friction, φss , also plays a major role in de-
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(a) (b)

Figure 2.20: Steady state angle of internal friction, φss , plotted against (a) pre-shear normal stress, σn , (b)
median particle size, d50. Symbols in the dashed area are sieved EskalK0.1-0.5 (223μm) sample sheared at σn
= 20 kPa. Lines are guides to the eye.

termining the powder flow behaviour. The steady state flow does not depend on time
change or sample history and one could get a unique bulk friction response to shearing
for each normal stress level for a given sample. We first look at the φss with respect to the
applied normal stress in Fig. 2.20(a). For samples with median particle size higher than
20 μm (Eskal30, 80, 150 and K0.1-0.5), the φss behaves similarly as φ, no clear depen-
dence on normal stress is observed. However, for samples smaller than 20 μm (Eskal300,
500 and 15), φss decreases with increasing normal stress.

When we look at the size influence on φss in Fig. 2.20(b), we observe a very similar trend
to the angle of internal friction in Fig. 2.18(b). However, the value of φss for largest size
powder is lower than the value of the finest powder, where φ of the coarsest powder
exceeds the finest. This indicates that the inter-particle cohesion contributes more to
the shear resistance at steady state flow than at incipient flow. When looking at the be-
haviour of the two sieved samples, φss stay almost unchanged after sieving, which is
consistent with Fig. 2.18(b).

2.6.3. QUANTITIES RELEVANT FOR SILO DESIGN

The parameters mentioned in the sections above are determined directly from the phys-
ical response of powders in the shear tester, e.g. bulk friction values can be directly
calculated from the measured normal and shear stresses, and are very useful for under-
standing the powder’s physical behaviour. However, for designing a silo, some additional
parameters play an important role [41, 65, 66]. These will be discussed in the following
sections.

EFFECTIVE ANGLE OF INTERNAL FRICTION

The effective angle of internal friction is defined as the angle of the effective yield locus,
which is the line starting at the origin of the σn −τ plane and tangent to the Mohr circle



529608-L-sub01-bw-Shi529608-L-sub01-bw-Shi529608-L-sub01-bw-Shi529608-L-sub01-bw-Shi
Processed on: 18-3-2019Processed on: 18-3-2019Processed on: 18-3-2019Processed on: 18-3-2019 PDF page: 53PDF page: 53PDF page: 53PDF page: 53

2.6. EFFECTS OF VARYING PARTICLE SIZE

2

39

(a) (b)

Figure 2.21: Effective angle of internal friction, φe , plotted against (a) pre-shear normal stress, σn , (b) median
particle size, d50. Symbols in the dashed area are sieved EskalK0.1-0.5 (223μm) sample sheared at σn = 20 kPa.
Lines are guides to the eye.

(see Fig. 2.8). And this property is crucial for designing the hopper angle in order to
achieve mass flow in a silo.

In Fig. 2.21, the effective angle of internal friction is plotted against the normal stress and
median particle size. Within the stress levels investigated, φe decreases with increasing
normal stress, except for two intermediate size powders - Eskal30 (30 μm) and 150 (138
μm), which shows a consistent behaviour with φss independent of the normal stress.
Interestingly, for even higher particle size, EskalK0.1-0.5 (223 μm), φe again decreases
with applied normal stress.

When we focus on the dependence of the effective angle of internal friction on the parti-
cle size as shown in Fig. 2.21(b), we observe a very similar trend as φ and φss , especially
with values of φe consistently higher than φss for both very fine and very coarse powders.
Also in this case, sieving barely affects the behaviour of the powders, see dashed area in
Fig. 2.21(b).

FLOW FUNCTION AND POWDER FLOWABILITY

Finally, we process the results to look at the powder flowability in the form of the flow
function to evaluate how a given powder would fail/flow under a given major consolida-
tion stress (see Fig. 2.8). This is also of great significance for designing the outlet diameter
of a silo [67]. When a powder sample is compressed in a confined geometry, e.g. a cylin-
der in a uni-axial tester, the major consolidation stress is named as σ1, which indicates
the maximum compressive stress achieved in the sample. If the powder is sufficiently
cohesive, it will form an intact bulk/block after the confinement is removed. If the block
is compressed again, the minimum stress needed to achieve sample failure/breakage is
called the unconfined yield strength, σc . Note that the sample stress paths in uni-axial
testers and shear testers are different, but the stress states could be linked using Mohr’s
Circle. The curve σc = f (σ1) is called flow function in powder engineering, which can be
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used to characterize material flowability, ff c = σ1/σc [41]. The flowability is defined as
follows:

• ff c < 1 not flowing

• 1 < ff c < 2 very cohesive

• 2 < ff c < 4 cohesive

• 4 < ff c < 10 easy flowing

• ff c > 10 free flowing

Figure 2.22: Flow function: unconfined yield strength, σc , plotted against major consolidation stress, σ1 under
3 different pre-shear stresses using RST-01. Different symbols/colours represent different materials. Note that
for EskalK0.5-0.8, there is only one point, and we have error bars with both σc and σ1. Lines are guides to the
eye.

In Fig. 2.22, we plot the flow functions for 7 limestone powders. As we can see, our pow-
ders cover almost the whole range of flowability, from cohesive to free flowing. In the
stress range we investigated, σc increases for all the samples with increasing σ1. As ex-
pected, the slope of the increase trend becomes higher with decreasing particle size, with
the maximum slope of Eskal300 (minimum particle size). The flowability of a certain
powder depends not only on the major consolidation stress σ1, , but also on particle
size.

2.7. CONCLUSION AND OUTLOOK

In this study, we have systematically examined the powder flow behaviour of limestone
powder samples with varying median particle sizes in different shear testers at differ-
ent confining stress levels. The major goal is to understand the relation between mi-
croscopic properties such as particle size and contact cohesion and macroscopic, bulk
properties such as bulk density, cohesive strength and shear resistance (characterized by
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the effective angle of internal friction, the internal friction at steady state flow, and the
internal friction).

All shear testers investigated show highly repeatable/reproducible results and good over-
all, consistent agreement among each other. Direct shear devices (Jenike and ELE di-
rect shear tester) give the highest standard deviations. The yield loci obtained by the
Schulze ring shear tester (RST-01) are consistently slightly higher than the results from
other testers, which, on the practical side, results in a more conservative but safer silo de-
sign. The shear protocol evidently influences the measurements as shown by comparing
the RST-01 and the FT4, where the latter gives a significantly lower yield locus, which we
attribute to a different pre-shear protocol. As a conclusion, while the automated devices
minimize the operator influence, the output should be carefully interpreted, as differ-
ences in the protocol can result in considerable deviations in the measured material re-
sponse even if the qualitative trends are found to be consistent among different testers.

In order to study the material behaviour, eight limestone powders with identical chem-
ical composition and median particle size ranging from 2.2 μm to 938 μm have been
tested in a wide range of normal stresses (5, 20 and 35 kPa). Both factors, size and stress,
are found to influence the bulk flow significantly. As expected, the bulk density and co-
hesive strength increase with increasing normal stress, the effect being stronger for finer
particles. On the other hand, the angle of internal friction seems to be unaffected by the
normal stress (at least in the range investigated here), while the effective angle of inter-
nal friction and the steady state angle of internal friction show a decreasing trend with
normal stress.

When we look at the dependence of the macroscopic flow on particle size, two regimes
can be distinguished, above and below the median particle size of about 150 μm. For
the fine particle regime, contact cohesion dominates the bulk behaviour, the effect get-
ting smaller with increasing particle size. The bulk density increases monotonically with
particle size, and the bulk cohesion (cohesive strength) decreases to nearly zero. The
friction angles (effective angle of internal friction, angle of internal friction and steady
state angle of internal friction), follow a similar decreasing trend as bulk cohesion.

In the coarse particle regime (150 to 938 μm), the bulk behaviour is less obvious. The
bulk cohesion slightly increases while bulk density increases then decreases. The bulk
friction angles increase with increasing particle size up to values comparable to those of
the finest powders. In order to check the effect of small particles in this regime, fines are
removed from the coarse samples via air sieving. This results in a significant reduction
in bulk density and bulk cohesion, while the bulk friction angles are barely affected. This
proves that the fine particles being the main source of cohesion. The competition be-
tween contact cohesion and geometrical effects can explain the transition between the
two regimes. For dry powders consisting of large particles, the inter-particle cohesive
forces, especially the van der Waals forces, become negligible. The interlocking between
particles due to the surface roughness and shape dominates the bulk behaviour of coarse
samples, while cohesion is the key contribution that governs the shear strength of fine
powders. The geometrical interlocking effect is further enhanced by the increase of the
bulk density for coarse samples. On the other hand, low density is associated with small
median particle size, due to the presence of clusters and large pores.
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For the sake of completeness, we also look at the flow behaviour of our powders, as rel-
evant for the silo-design procedure. Overall, the flowability increases when increasing
normal stress (powders become more free flowing) for finer samples, with the effect be-
coming weaker for coarse samples that are more free flowing anyway. The present paper
is the beginning of a collection of experimental data that, in the future, can be enriched
with more data from many more materials of both industrial and academic interest. Our
speculations on the interesting bulk cohesion and friction behaviour with increasing
particle size have to be further investigated. Furthermore, this experimental database
can be used as a source for design (e.g. silo) procedures and as a benchmark for further
experimental studies. Last but not least, the development, calibration and validation of
particle models and simulations, especially the DEM contact models, and simulations of
element tests (shear tests), require experimental data as presented here.

NOMENCLATURE

ρp Particle density (kg/m3)

ρ0 Initial bulk density (kg/m3)

ρb Bulk density (kg/m3)

w Moisture content (%)

d10 Particle diameter where 10% of

distribution is below this value (μm)

d50 Particle median size where 50% of

distribution is below this value (μm)

d90 Particle diameter where 90% of

distribution is below this value (μm)

Ψ Roundness ([-])

τ Shear stress (kPa)

τss Steady state shear stress (kPa)

τp Peak failure shear stress (kPa)

σn Normal stress (kPa)

σpre Pre-shear normal stress (kPa)

c Cohesive strength of yield locus

or bulk cohesion (kPa)

css Cohesive strength of steady state

locus (kPa)

σc Unconfined yield strength (kPa)

σ1 Major consolidation stress (kPa)

σ2 Minor consolidation stress (kPa)

φ Angle of internal friction (◦)

φe Effective angle of internal friction (◦)

φss Steady state angle of internal friction (◦)

ff c Flowability ([-])
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APPENDIX A. TEST DETAILS ON YIELD LOCUS AND STEADY STATE

LOCUS

Table 2.4: Summary of normal stress values applied using direct shear tester (DST) to measure steady state
locus.

Samples Normal Stress Applied (kPa)

Eskal 300, 500, 15, 150
1.4, 2.8, 4.2, 5.5, 6.9,

8.2, 9.6, 11, 12.3, 13.9,

19.4, 25, 30.5, 36.1

EskalK0.1-0.5 13.9, 36.1

EskalK0.5-0.8 13.9, 19.4, 25, 30.5, 36.1

Table 2.5: Summary of pre-shear/shear normal stress values used in each shear device to measure yield locus.

Device Samples Normal Stress Applied (kPa)

RST-01

Eskal 300, 500, 15, 30, Pre-Shear at 5

80, 150, K0.1-0.5 Shear at 0.5, 1, 1.5, 2, 3

Eskal 300, 500, 15, 30, Pre-Shear at 20

80, 150, K0.1-0.5, K0.5-0.8 Shear at 2, 5, 8, 12, 16

Eskal 300, 500, 15, 30, Pre-Shear at 35

80, 150, K0.1-0.5 Shear at 2, 5, 10, 15, 20

RST-XS
Eskal 300, 500, Pre-Shear at 4.3

15, 150 Shear at 0.35, 0,85, 1.4, 2.1, 3.6

DST
Eskal 300, 500, Pre-Shear at 36.1

15, 150 Shear at 1.4, 13.9, 19.4, 25, 30.5

FT4
Eskal 300, 500, Pre-Shear at 20

15, 150 Shear at 0.1, 0.5, 1, 2, 5, 8, 16

Jenike Eskal 300, 150
Pre-Shear at 5

Shear at 0.5, 1.5, 3

APPENDIX B. TEST RESULTS OF ALL THE POWDERS AND DE-
VICES
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APPENDIX C. THE EXPLANATION ON THE GRAPHICAL ABSTRACT.

Figure 2.23: Steady state bulk friction, μss = tan(φss), plotted against median particle size, d50. Solid line is
the fitted function, μ, in Eq. (2.1). Orange and purple dashed lines represent contributions from inter-particle
cohesion and geometrical/inter-locking, respectively.

In Fig. 2.23, we have plotted the same data as shown in Fig. 2.20(b), but with a proposed
theory which fits the data with σpre = 20 kPa:

μ=μ0(1+ dcμ

d50
+ d50

dgμ
) (2.1)

where, the fitted values are μ0 = 0.57, dcμ = 1.12 μm and dgμ = 1790 μm with “c” de-
noting cohesion and “g” geometry. In Fig. 2.23, the curve μ1 represents the first con-
tribution inversely proportional to d50 due to inter-particle cohesion, which decays to
zero with increasing particle size and it has the same power law as the cohesive strength,
see Fig. 2.19(b). In contrast, the second term μ2 is an empirical relation due to contri-
butions from particle geometrical/inter-locking, which increases with particle size. The
combination of these two contributions gives the total steady state bulk friction of the
limestone powders in Eq. (2.1).
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EFFECT OF PARTICLE SIZE ON

POWDER COMPACTION AND TABLET

STRENGTH USING LIMESTONE

Process-ability of powders in high load compaction constitutes a challenge due to the
crossed phenomena (particle rearrangement and breakage) occurring simultaneously. Pre-
viously Shi, et al. [KONA Powder and Particle Journal, 35, 226-250 (2018)] studied the
effect of particle size on the powder flow behavior during shear under low confinement
pressure (5-40 kPa), as relevant for the powder processing industry. Here, compaction to
1000 times higher stress levels (10-400 MPa) is addressed in the same spirit using a com-
paction simulator. A set of tabletting experiments is carried out on eight Eskal limestone
grades of varying particle size, over 3 orders of magnitude, maintaining the chemical com-
position, morphology as well as crystallinity. One goal of extending the pressure range is
to compare the powder behaviours at low and high confining stresses. Second goal is re-
lating the powder bulk properties as well as the quality properties of final tablets to the
microscopic particle properties, such as median particle size and thus cohesion. As a ma-
jor finding, the tablet tensile strength does not follow a monotonic trend with median
particle size. For fine grade Eskal powders, the tensile strength is not sensitive to the size
variation. However, for the coarse grade Eskal powders, the tensile strength decreases with
median particle size at all compaction pressures. The earlier addressed geometrical effects
on bulk flow, relevant for coarse grades, become irrelevant at such high pressures due to
the enormous compaction, so that inter-particle cohesion seems not to be the dominating
factor. The qualitative effects of both compaction pressure and particle size on the bulk
density at high pressure compaction are found to be very similar compare to low pressure
results.

Cabiscol, R., Shi, H., Finke, J.H., Luding, S. and Kwade, A. Effect of particle size on powder compaction and
tablet strength using limestone, to be submitted.
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3.1. INTRODUCTION

Granular media are envisaged as a collection of microscopic particles which interact
through dissipative contact forces; their natural discontinuity poses many challenges
for both academia and industry in understanding their bulk behavior [1]. A continuum
description of the flow behavior of granular media is highly desirable, for application in
both natural phenomena studies and industrial applications [2].

Powders are a special class of granular material that contains fines. They may flow when
shaken or tilted, but stick when left at rest or being compressed. It is widely used in
construction, food or pharmaceutical industries. An understanding of the material me-
chanical properties is crucial in order to predict the performance of a new formulation
or to avoid segregation and poor powder flow [3]. A series of characterization techniques
with empirical indices, such as the Hausner ratio [4], the Carr’s index [5] or different vari-
ants of the angle of repose [6] are used to quantify and generalize the performance of a
material. Element tests are also commonly applied to get a deeper understanding of the
influence of particle properties such as friction, cohesion, size (distributions) and shape
on the bulk mechanical responses [7–10].

During the process of high load compaction or tabletting, a bulk solid is conveyed to
a new structure with physical properties different from the original ones. Many efforts
have been made to correlate the powder flow-ability with classical instrumentation to
the performance of tabletting processes [11–14]. Experimentally, due to limited material
availability, there is still little focus on systematically studying a single micro-mechanical
parameter’s influence while isolate other influences as much as possible [15, 16]. Thus, a
precise understanding of the tabletting process from a micro-mechanical point of view
is still pending. A wide range of physical phenomena occur simultaneously in very short
time and it is difficult to track the mechanics of compaction on the particle scale. Den-
sification of powders through (uni-axial) compaction takes place by four main mecha-
nisms: rearrangement, elastic deformation, plastic deformation and fragmentation. Re-
arrangement of particles is a phenomenon normally restricted to relatively low stress, as
a series of non-deformation related mechanisms such as rotation, translation and perco-
lation of fines produce an initial reallocation of particles within the bulk [17]. Elastic de-
formation can be defined as a reversible deformation of particles that after removing the
load, return to their original form [18]. Plastic deformation is an irreversible deforma-
tion mechanism occurring after reaching the yielding point, where particles start flowing
elasto-visco-plastically and remain deformed after withdrawing the load. Former phe-
nomenon are the principal densification paths for ductile powders (the paradigmatic ex-
ample is micro-crystalline cellulose), whereas for brittle specimens or agglomerates, the
elasto-plastic deformation is restricted to very low compaction forces. In this case, the
main mechanism for the densification of a bulk is particle fragmentation, an irreversible
process of diametrical and edge fragmentation [19, 20].

The goal of this study is to analyze the effect of the median particle size on the tablet-
ting performance of a series of limestone powders. Prior to the compaction, a charac-
terization of raw powders (density, size distribution, crystallographic structure, specific
surface area and flow properties) is performed in order to elucidate the interplay of mor-
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phology and shape on the final tablet strength. The latter results are from a previous
report on the same limestone powder specimens [16] that demonstrated a successful
characterization of the flow-ability at low confining stress in correlation with their par-
ticle size. The most relevant parameters to interpret the densification paths up to very
large stress and overall the quality of the final tablets are computed from acquired in-
die and out-of-die data: yield pressure, in-die elastic recovery, bulk density and tensile
strength.

This study is structured as follows: in section 3.2, we provide information on the lime-
stone samples/materials, in section 3.3 the description of the experimental devices and
in section 3.4 the test procedures as well as the method used for analysis. Section 3.5
is devoted to the discussion of experimental results for different compaction pressures
and, particle sizes, while conclusions and outlook are presented in section 3.6.

3.2. MATERIAL DESCRIPTION AND CHARACTERIZATION

In this work, eight grades of pre-sieved limestone powders under the commercial name
Eskal (KSL Staubtechnik GmbH, Germany) are used. Limestone has been used as a ref-
erence powder for standard testing [16] and calibration of equipment in powder tech-
nology, for instance, shear testers [21, 22] and optical sizing systems due to the favorable
physical properties: high roundness, low porosity and an almost negligible sensitivity to-
wards humidity and temperature changes, which allows to avoid sample pretreatment.

Each grade of the Eskal series is milled and then sieved to ensure a certain range of its
particle size distribution. In the current study, the median particle size almost spans
three orders of magnitude, from μm to mm. This permits to analyze the crossed-effects
of cohesion, mechanical interlocking, blockiness and electrostatic forces, some of them
predominant only on a reduced particle size range.

Apart from the original eight commercial grades, the air sieved fraction between 200 and
400 μm of Eskal Körnung 0.1-0.5 is also analyzed. After sieving, the very fine and coarse
particles are removed which narrows down the span of the particle size distribution. The
air jet sieve process is conducted using the Alpine Labortyp 200 system, which is an early
model of the Hosokawa Alpine Air jet sieve e200 LS. The underpressure in Labortyp 200
system provides a continuous air flow through the sieve meshes and lifts all the small size
particles and therefore separates them from large size fraction. Additional details about
the test setup are provided in [16]. Note that all powders here presented are identified in
most of the cases with their median particle size d50 in the following sections.

Table 3.1 summarizes the physical properties of the calcium carbonate samples used in
the current study. The skeletal particle density ρp has been measured with helium pyc-
nometry (ULTRAPYC 1200e, Quantachrome GmbH, Germany) at 0.9% moisture content.
Results showed that true particle density remains in the same range (from 2748 to 2868
kg/m3) for all the samples.

The surface structure and shape of Eskal150 and Eskal300 are analyzed by means of
Scanning Electron Microscope (SEM) imaging. Materials were sputtered with silver and
investigated with a field emission instrument (Helios G4 CX, FEI Deutschland GmbH,
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Table 3.1: Material parameters of the experimental samples. The initial bulk density represents bulk density
from raw materials. Here, K0.1-0.5 means Körnung 0.1-0.5, which follows the commercial product naming.
While in the text of the paper, powders are referred to by their median particle size, d50. The initial bulk density
values are provided by the manufacturer.

Property (Eskal) Unit 300 500 15 30 80 150 K0.1-0.5 Air-sieved K0.5-0.8

Particle Size d10 μm 0.78 1.64 12 21 39 97 4.5 164 738

(Dynamic image analysis) d50 μm 2.22 4.42 19 30 71 138 223 223 938

d90 μm 4.15 8.25 28 43 106 194 292 292 1148

Span (d90-d10)/d50 [-] 1.52 1.50 0.84 0.73 0.94 0.70 1.29 0.57 0.44

Particle density ρp kg/m3 2853 2868 2799 2758 2753 2761 2775 2775 2748

Moisture content w % 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9

Roundness Ψ [–] 0.75 0.55 0.48 0.66 0.84 0.88 0.74 0.74 0.85

Initial bulk density ρ0 kg/m3 540 730 1110 1230 1330 1370 1400 1269 1276

Specific surface area SS A m2/g 2.11 1.13 0.48 0.36 0.30 0.24 - - -

Figure 3.1: SEM images of Eskal150 (d50 = 138 μm) in two different magnifications: 185x (left) and 502x (right).

Figure 3.2: SEM images of Eskal300 (d50 = 2.2 μm). Magnifications: 2500x (left) and 15000x (right).

Germany) with an EDX detector, applying an acceleration voltage of 5 kV and a working
distance of 4 mm. Different magnifications between 185x and 15000x were applied. Fig-
ures 3.1 and 3.2 show the SEM images of Eskal150 and Eskal300, respectively. In Fig. 3.1,
it can be seen that all Eskal150 primary particles have similar shapes (left) and rough sur-
faces (right), and do not agglomerate. But for Eskal300 in Fig. 3.2 (left), we observe some
clusters of primary particles, with an approximate size between 10 and 20 μm, which
is about 5 to 10 times median particle size of Eskal300. Zooming into a single cluster as
shown in the Fig. 3.2 (right), smaller fines (< 1μm) sticking on the surface of primary par-
ticles can be clearly seen, and also that the shape of Eskal300 particles is more irregular
than that of Eskal150. The other Eskal samples have mostly similar shapes, irrespective
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of median particle size of the samples.

The morphology and internal structure of Eskal agglomerates is studied by powder X-
ray diffraction (PXRD) and nitrogen adsorption. PXRD was carried out on vacuum-dried
Eskal150, 300 and 500 samples to determine the crystal structural variations using Cu
K radiation (Empyrean Cu LEF HR goniometer, Almelo, The Netherlands) on a Si sam-
ple holder in a range between 20 and 90° (2θ) with a step size of 0.05° (Empyrean series
2, PANalytical PIXcel-3D detector, Almelo, The Netherlands). Fig. 3.3 summarizes the
diffraction patterns of three representative grades of Eskal. Due to the absence of a ref-
erence pattern, it is not possible to estimate neither the proportion of the crystalline and
amorphous phases nor the crystallization system of the samples. However, characteris-
tic peaks of all three samples are placed at the same diffraction angles, highlighting no
significant changes on the crystallography.

Figure 3.3: Diffraction patterns of Eskal300 (2.22 μm), Eskal500 (4.42 μm) and Eskal150 (138 μm).

The specific surface area (SSA) of Eskal is determined by nitrogen sorption using the
NOVA 2000e Surface Area and Pore Size Analyzer (Quantachrome GmbH, Germany).
Each limestone grade is inserted into the degassing chambers, where they are treated for
24 h at 55 °C at vacuum conditions in order to remove physisorbed compounds. Then, a
conditioning interval of 500 s precedes the sorption of nitrogen at a pressure ratio with
increasing relative pressure levels of 0.06, 0.12, 0.18, 0.24, and 0.30, and an absolute tem-
perature of −196 °C. The specific surface area is calculated with the best linear fit for
the BET model. As reported in Table 3.1, the specific surface area follows an inverse de-
pendency with median particle size: the finest grades present the highest surface per
unit of mass and therefore, the largest specific surface area. Thus, grades with a larger
SS A exhibit a better bond-ability and thus, a higher tensile strength, as the possibility
to establish an effective interaction between granules is maximized. Complementing
the crystallographic patterns described in Fig. 3.3, it can be stated that all Eskal grades
hereby analyzed present almost identical internal composition, morphology and shapes,
which narrows down the differences in process-ability to the median particle size.
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3.3. COMPACTION SIMULATOR STYL’ONE

The compaction simulator STYL’One Evolution is the machinery used for the high load
compaction of limestone (Medel Pharm S.A.S, France). Standard EURO B die and punches
(punch diameter d=11.38 mm) were set up in order to produce cylindrical tablets (Fig.
3.4). The compaction sequence comprises the filling of the die up to a height of 10 mm
with the powder of interest (conditioned for all cases at 20◦C and 45% RH for 24 h) and
the symmetrical movement of the punches at a constant speed of 0.27 mm/s until the
target pressure is achieved. In the current study, compaction pressures running from 10
MPa up to 400 MPa are investigated. Two distinct strategies have been followed for pow-
der dosing. Due to the extremely high cohesivity of Eskal300 and Eskal500, a target mass
of 520 mg is weighted externally and inserted manually into the die with the help of a
spatula. The other grades are automatically dosed with a rotary, gravitory filling shoe, in
order to speed up the compaction sequence. The poor process-ability of fine limestone
powders and the extraordinarily high ejection forces exerting on the tablet press (up to
4 kN) might cause damage to the whole system and make the direct processing unfea-
sible. Therefore, an external lubrication with magnesium stearate (MGST) (Magnesia
4264; Magnesia GmbH, Germany) is carried out to reduce the friction with the instru-
mentation. Prior to a compaction sequence of 3 tablets, some MGST is gently spread on
the die lateral walls, upper and lower punches and adjacent surfaces by a cotton swab.

Figure 3.4: Close view of the Styl’One Compaction Simulator assembled with Kilian EURO B 11.35 mm flat
punches

3.4. TEST PROCEDURES AND ANALYSIS METHOD

In this section, we present an overview of the procedures as well as all the details of the
tests performed using the Compaction Simulator and tablet quality control tester for
different limestone specimens.

In order to investigate the tablet-ability of the limestone grades, the maximum compres-
sion force is systematically varied from 1 to 40 kN (10 to 400 MPa). Typical tabletting
pressures are commonly set above 100 MPa and the current analysis is extended to two
smaller pressures (10 and 50 MPa), in order to quantify also the mechanical stability
threshold at low compaction pressure.
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Repeatability for a selected maximum compressive pressure is investigated by tabletting
5 different specimens. If the compressed formulation offers a stable tablet after ejection
from the die, it is stored for 24 h at 20 ◦C and 45% RH. Then, the weight, dimensions
and maximum tensile strength are extracted by means of the MultiTest 50 Manual Tablet
Hardness Tester (Sotax AG, Switzerland).

Compressibility of limestone can also be analyzed with the widely reported model of
Heckel [23]. This approach assimilates the process of compression with a first-order
chemical reaction. On one hand, there are the pores of the tablet (the reactant) and, on
the other hand, the densification of the bulk (the advance of the reaction). It is formu-
lated as:

ln

(
1

ε

)
= kP + A (3.1)

where ε is the porosity of the bulk and P the applied compaction pressure. The param-
eter A is a constant that accounts for the particle rearrangement and 1/k is used to cal-
culate apparent mean yield pressure Py . The latter is a relevant magnitude in assessing
the plasticity of the material, as a lower Py value represents more plastically deforming
material, whereas higher Py values suggest more brittle behavior [24]. An analysis of the
Heckel plots extracted with the in-die porosity and compaction pressure at the loading
part of the compaction cycle is presented in Sec. 3.5.1.

3.5. RESULTS AND DISCUSSIONS

3.5.1. HECKEL ANALYSIS

(a) (b)

Figure 3.5: The Heckel plots for (a) fine grade Eskal powders (d50 < 50μm), (b) coarse grade Eskal powders
(d50 > 50μm). Note that slopes of the curve are evaluated of compaction pressure between 100 and 300 MPa,
which is not too far from linear for all the samples presented here.

In-die compaction data of the selected powders are first analyzed with the Heckel plots
(Fig. 3.5). In order to enhance the readability, data is split into two groups: i) fine grades
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(d50 < 50μm); ii) coarse grades (d50 > 50μm). As it can be seen, all materials exhibit
approximate linearity above 100 MPa, suggesting applicability of this empirical equation
(3.1). A direct proportionality between bulk porosity and median particle size can then
be extracted for the analyzed process conditions.

The evolution of the inverse of porosity is represented in (Fig. 3.5). Py is fitted for the
loading compaction cycles in the range 100-300 MPa. According to the classification
introduced by Führer et al. [19], materials with a Py > 80 MPa can be classified as hard or
brittle. Regardless of the particle size, empirical observations are aligned with the results
reported in Fig. 3.5 and all materials are placed above this threshold. Fine grades exhibit
a more pronounced brittle behavior and a poorer process-ability.

3.5.2. EFFECT OF COMPACTION PRESSURE

In this section, the effect of compaction pressure on powder bulk properties during com-
paction and the final properties of the tablet are studied.

ELASTIC RECOVERY RATIO: IN-DIE AND 24 HOURS OUT-OF-DIE

The in-die axial elastic recovery (ERdi e−ax ) is defined as

ERdi e−ax = δF=0 −δF=max

δF=max
(3.2)

where δF=0 is the distance between the upper and the lower punch at the point of de-
tachment during the withdrawal of the upper punch and δF=max is the distance at the
target compaction pressure. ERdi e−ax has been extracted for all calcium carbonate grades
from in-die data as shown in Fig. 3.6.

Figure 3.6: In-die elastic recovery ratio plotted against compaction pressure for (a) fine grade Eskal powders
(d50 < 50μm), (b) coarse grade Eskal powders (d50 > 50μm). Lines are guides to the eye.

Fine grades present larger values of in-die elastic recovery, which can be attributed to the
larger strain at Fmax (lower distance between punches) as the packing permits higher
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particle rearrangement prior to fragmentation. For the coarse series that has median
particle size larger than 30 μm, the effects of particle size are not remarkable as they all
have very similar values of in-die elastic recovery except for the 223 μm grade, which is
special. At the same time, for a given grade/size, by increasing the compaction pressure,
ERdi e−ax increases with a high slope when the compaction pressure is below 50 MPa but
with a lower slope for the compaction pressure above 50 MPa.This is an indication of the
change of the dominating mechanism from rearrangement and elasto-plastic deforma-
tion to fragmentation.

BULK DENSITY

(a) (b)

Figure 3.7: Bulk density, ρb , plotted against the compression pressure (a) logarithmic scale, (b) linear scale for
all the powder samples with different median particle sizes. The lines are guides to the eye.

The bulk density (solid fraction) is the reciprocal of the porosity term presented in the
Heckel equation and it is used hereby for better comparability with previous results [16].
Bulk density evolution with normal consolidation stress is plotted in Fig. 3.7 jointly with
the data reported in [16]. Normal stress at low compaction pressure range (0.005 to 0.035
MPa) accounts for the steady state bulk density under shear of RST, while 10-400 MPa
data originate from uni-axial compaction in the tablet press. Nevertheless, for all Eskal
grades, the bulk density increases with the compaction pressure for both stress ranges
and the qualitative increasing trend is similar and consistent. A peculiar effect is to be
seen on the bulk density of the coarsest fraction: EskalK0.5-0.8 (d50 = 938 μm). The ρb

series of EskalK0.5-0.8 is the largest at the highest compression, whereas for the lower
normal stress, ρb drops significantly below the corresponding values of 138, 223 μm and
223 μm sieved fractions. This phenomenon has its origin in a dual effect. On one hand,
at high load compaction, the large particles tend to fragment into smaller fractions and
the geometrical effect from the confinement is fully removed. On the other hand, in the
low pressure shear process, inter-particle movement is mainly taking place by sliding
or rolling, which constitute low energy interactions producing tangential wear driven
damage that do not affect drastically the overall bulk density. In contrast with that, the
geometrical effect enhances the shear dilation pushing the shear lid upwards and thus
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reduces the bulk density at the steady state.

TENSILE STRENGTH

The dependence of tensile strength on the compaction pressure is shown in Fig. 3.8(a)
and Fig. 3.8(b). The presentation order in the legends also corresponds to d50 size order,
ranging from the finest grade (2.22 μm) to the coarsest (938 μm).

(a) (b)

Figure 3.8: Tensile strength of tablet, σt , plotted against compaction pressure for (a) fine grade Eskal powders
(d50 < 50μm), (b) coarse grade Eskal powders (d50 > 50μm). All the tablets here are compressed with loading
rate 0.27 mm/s and punch size 11.35 mm. Lines are guides to the eye. Note that for coarse Eskal grades, the
stable tablet is only formed when compaction pressure is above 50 MPa.

As expected beforehand, the tensile strength increases with compaction pressure for all
samples with similar slopes for all grades by comparing fine (a) vs. coarse grades (b). As a
general trend, the tensile strength at the same compaction pressure is weakly decreasing
with d50. This is caused by the higher bond-ability of finer particles, resulting in higher
contact areas and therefore extended possibilities to from a coherent structures. This
fact occurs irrespectively of the crystallographic structure and the degree of amorphicity
as Subhatu et al. reported in [25]. Leaving aside the effects of crystallinity, the only mor-
phological parameter that might alter this general tendency is particle roundness. Less
rounded particles, have higher surface area and therefore, are prone to form stronger
compacts. The tensile strength of 223 μm and 938 μm collapse on each other, while after
removing the fines from the coarse part of 223 μm, tablets become slightly stronger. This
is compatible with the principle of flow aids like aerosol: adding cohesive fines (< 30
μm) to a non-cohesive coarse powder has a negative effect on its cohesion and thus on
the tablet tensile strength. The cohesive fines might not be acting as a binder between
coarse particles but rather as a lubricant, making the connection between the coarse
particles weaker (lower tensile strength).
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3.5.3. EFFECT OF MEDIAN PARTICLE SIZE

YIELD PRESSURE

The yield pressure has been regarded as a constant describing the tendency of com-
pacted material to undergo deformation in general. Powder deformation behavior or
compressibility is assessed with the “in-die” yield pressure that derived from the lin-
ear part (100 to 300 MPa) of the Heckel curves (Fig. 3.5). Deformation described by Py

may include elastic deformation, plastic flow or fragmentation of particles. In Fig. 3.9,
the yield pressure is plotted as a function of median particle size d50 for all our Eskal
grades at highest compaction pressure 400 MPa. Here we chose only the highest com-
paction pressure to obtain the yield pressure because this pressure level gives a larger
pressure range for the linear estimation. A poorer plasticity has been determined for the
finest grades, as d50 goes from 2.2 μm to 938 μm and Py changes from around 1500 MPa
to about 500 MPa, with the exception of the 71 μm grade, which presents a higher Py .
By reducing primary particle size, fracturing becomes more difficult as the initiation of
cracking requires more energy, and therefore, these grades exhibit higher yield pressure.
If the primary particle is sufficiently small, the inter-particle cohesion force starts domi-
nating over the external forces, which allows stable structures at low bulk density. In the
same plot, we also add the yield pressure of sieved powder with d50 = 223 μm and the
value gets lower after sieving. In other words, adding fines into a coarse grade powder
has a direct effect on the increase of the yield pressure. This further confirms that enough
fine particles within the bulk carry some of the stresses, leading to a larger contribution
to the powder deformation tendency and result in an increased yield pressure.

Figure 3.9: Yield pressure (Py ) plotted against median particle size (d50). Py is fitted by Eq. (3.1) to the com-
paction loading curves between 100 and 300 MPa.

BULK DENSITY

Sequel to the influence of compaction pressure on bulk density in Sec. 3.5.2, the influ-
ence of the median particle size in different grades of limestone powder is hereby pre-
sented. In Fig. 3.10(a), the bulk density is plotted against median particle size for dif-
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ferent compaction pressures. At given compaction pressure, the bulk density increases
with the median particle size, with a similar trend for different compaction pressures.
This fact is consistent with what it was found for steady state shear conditions as shown
in Fig. 3.10(b), which is taken from [16].

(a) (b)

Figure 3.10: The influence of median particle size, d50, on bulk density, ρb for different compression pressures.
(a) tabletting at pressure larger than 10 MPa, (b) steady state shear as in [16].

At the low compaction pressure/confining stress regime, however, no strong effects on
the bulk density can be seen for median particle size larger than 30 μm. At the high
pressure range, bulk density differences between two different pressure levels are larger.
This fact is attributed to different deformation mechanisms at different pressure levels.
At low pressure levels, the particles are only slightly (not yet plastically) deformed so that
the bulk density changes mainly occur due to the rearrangements accompanied by the
reduction of the free spaces between particles/clusters. At high pressures, most parti-
cles deform plastically or even fracture and thus, the bulk density changes take place in
combination with the reduction of the free space between particles and also the volume
decrease of particles themselves.

TENSILE STRENGTH

Following the pressure influence on tensile strength in Sec. 3.5.2, the effect of the median
particle size is analyzed in Fig. 3.11. The compaction pressures 10 and 50 MPa are inten-
tionally neglected, because these two low pressures in most cases offer very unstable
tablets after ejection.

Unlike the previous categorization, the data here are split into two regimes: d50 < 10
μm and d50 > 10 μm and named as “very fine grades” and “normal grades”, respectively.
For very fine grades, the tensile strength does fluctuate significantly with median parti-
cle size. For normal grades, a clear decreasing trend with median particle size is seen at
all compaction pressures, consistent between different grades. This effect is very simi-
lar to what was observed for the cohesive strength as introduced in [16]. Therefore, in
analogy to the cohesive strength, we introduce also here empirical fittings based on the
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Figure 3.11: The tensile strength, σt , plotted against median particle size, d50, for compaction pressures that
can form stable tablets (σmax = 100, 200 and 400 MPa). Lines are fittings using Eq. (3.3) with d50 > 10 μm at
different compaction pressures with σt = 114∗ (1+35/d50) for 100 MPa, σt = 227∗ (1+35/d50) for 200 MPa
and σt = 520∗ (1+35/d50) for 400 MPa.

particle adhesion theory proposed by Rumpf [26]: if the adhesion force ft ∝ d increases
linearly with the primary particle size, the tensile strength σt ∝ ft /d 2 is proportional to
the inverse of particle size:

σt =σ0
t (1+dc /d50) (3.3)

Thus, we propose an empirical function as in Eq. (3.3) and fit all the three compaction
pressures separately for d50 > 10 μm. σ0

t dc represents the stiffness scale of the tablets,
with σ0

t the tensile strength at zero cohesion and dc the characteristic particle size where
the cohesion loses its dominance. All the fitting lines agree well with each dataset and
the values of σ0

t follow a logic increase trend with compaction pressure (slightly larger
than the compaction pressure values). The characteristic particle size dc is found to be
around 35 μm for all the data presented here. The tensile strength of the 223 μm sieved
grade is also reported in Sec. 3.5.2. Interestingly, the tensile strength of the latest in-
creases after sieving, strictly the opposite evolution of yield pressure reported in Fig. 3.9.
The yield strength seems not to be the main influencing factor to the strength of the fi-
nal tablet, but the span of particle size distribution. To further confirm this point it is
required a detailed study only focusing on the effect of the span of particle size distribu-
tion, which might constitute a key point for future work.

3.6. CONCLUSION AND OUTLOOK

In this study, we have systematically examined the powder compaction behaviour of
limestone powders with varying median particle sizes at different high compaction levels
in the same spirit of [16]. The major goal is to understand the relation between micro-
scopic properties such as particle size (cohesion) and macroscopic, bulk properties such
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as yield pressure, bulk density as well as tensile strength of final tablets.

The selection of limestone as a reference material has permitted to isolate and analyze
the effects of the median particle size on the tabletting performance of a material. The
material morphology and consistency of raw powders are examined by various charac-
terization techniques, confirming that their properties, e.g. true particle density, parti-
cle size distribution, crystallographic structure and specific surface area are very similar
among the sizes.

Measurements of the in-die stress-strain data are used to extract the yield pressure by
means of the classical Heckel analysis, which is more to the practical relevance. As ex-
pected, both compaction pressure and particle size, are found to influence the com-
paction behaviour significantly. The yield pressure increases with the compaction pres-
sure but decreases with the median particle size. Higher yield pressure of finest Eskal
grades suggests a poorer process-ability (for both flow and compaction) and a more brit-
tle behavior.

Following by the classical Heckel analysis, we also investigated the influences of both
compaction pressure and size dependencies on the quantities that are more relevant to
the compaction process or the quality of final tablets, e.g. in-die axial elastic recover,
bulk density and tensile strength. When we increase the compaction pressure, the in-
die axial elastic recover, bulk density (solid fraction) and tensile strength all increase.
The increasing trends of bulk density found are consistent with the trends found in [16]
indicating the possibility of bridging over a large range of pressures. Interestingly, if the
pressure is high enough in the MPa regime, the geometrical influence of coarse particle
fractions which dominates at low stress regime (kPa regime) becomes irrelevant.

When looking at the size dependence, the bulk density (solid fraction) increases with
the median particle size, which qualitatively also agrees well with the bulk density at low
stress shear flows. For tensile strength of final tablets, the global trend is decreasing with
the increase of median particle size. We correlate this trend to the decrease of inter-
particle cohesive force and proposed an empirical prediction based on the Rumpf’s ad-
hesion theory [26] that describe well this decreasing trend. However, the two fine Eskal
grades (two highest yield pressure) show a more brittle behaviour and thus have lower
strengths that do not follow the empirical predictions.

For future work, a detailed investigation on the mechanism that influences the quality
of tablets formed only by very fine Eskal powders should be performed. Moreover, the
effect of the span of the particle size distribution can be introduced by mixing/sieving
of the raw commercial materials. At the same time, the interplay of process parameters
such as the loading rate and the tooling size also has to be elucidated. Furthermore, the
comparison of our experimental data can be used to calibration or validate simulation
models of tabletting, with both DEM or continuum methods.
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4
STRETCHING THE LIMIT OF

DYNAMIC AND QUASI-STATIC FLOW

TESTING ON LIMESTONE POWDERS

Granular materials are ubiquitous in our daily life. A special class of them is powders
consisting of fine particles that may flow when shaken or tilted, but stick when left at
rest or being compressed, during storage and transport in powder processing industry. In
order to measure the complex flow properties of powders, a variety of characterization
techniques have been proposed: the (static) angle of repose measurement, the quasi-static
tapped density measurement, the dynamic rotating drum or rotating blade systems in-
spired by liquid rheometer or standard shear testing procedure. These techniques are based
on different geometries with very different flow fields under different confining stresses,
and make the cross link between different techniques non-trivial. As a consequence, re-
sults are traditionally considered dependent on specific technique and only valid for that
geometry/pressure/flow profile. In this study, we attempt to bridge the gap between the
static angle of repose test, the dynamic rotating drum measurement and the quasi-static
ring shear test using free flowing and cohesive limestone powders, differing only in me-
dian particle size. This connection between different tests opens new perspectives in the
field of powder flow characterization for measurement interpretation and also for a better
link with powder behavior in industrial process lines. Choosing the low speed limit of a
dynamic drum test and the low stress limit for quasi-static shear test, the drum flowing
angle and the shear cell friction angle are converging for both free flowing and cohesive
limestone powders. Moreover, the repose angle is linked to the flowing angle in the rotat-
ing drum extrapolated to zero speed with a small deviation for cohesive powder that is
sensible to its pre-stress history.

Shi, H., Lumay, G. and Luding, S. Stretching the limit of dynamic and quasi-static flow testing on limestone
powders, to be submitted.
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4.1. INTRODUCTION

Granular media are envisaged as a collection of microscopic particles which interact
through dissipative contact forces; their natural discontinuity poses many challenges
for both academia and industry in understanding their bulk behavior [1].

Since decades, granular media have been subjects of many studies, ranging from static
conditions to flowing, from hard to soft-particles. Micro-mechanical studies of granular
materials gives an essential understanding of their macro-scale behavior. For example,
at micro or meso scale, the study by Radjai et al. [2] classifies the contacts into subnet-
works of strong and weak contacts, and show that the anisotropic shear stress of granular
materials is primarily carried by the strong contacts. This method offers insight into the
micro structure change from the contact origin but has its limitation on studying the real
life materials, e.g. limestone powders, etc.

At macroscopic scale, from the perspective of granular flow, researchers have investi-
gated different dynamic flow configurations like plane shear, Couette cell, silos, flows
down an inclined plane, or avalanches on piles and in rotating drums [3–11], where the
granular materials are usually under very low or even free surface conditions. From
the perspective of material characterization, researchers have developed various ele-
ment tests in the lab to quantify the bulk responses of granular materials under specific
stress/strain conditions. Element tests are (ideally homogeneous) macroscopic labora-
tory tests in which the force (stress) and/or displacement (strain) path are controlled.
One of the most widely performed element test in both industry and academia is the
shear test [12–20], where a granular sample is sheared until failure is reached and the
material starts to flow. Here, the shear zone is pre-defined by the device design, and the
shear failure is forced in a specific physical location. Other common element tests are
the uni-axial compression tester [21–23] and bi-axial shear box [24–26], where the shear
zone develops according to the applied state of stress.

Almost all the element tests shown in literature are done in static to quasi-static regimes,
with the stress applied usually above a few hundred pascals, while the granular flow tests
mentioned above are normally under dynamic, low stress conditions. The link between
the dynamic and quasi-static to even static tests is still missing and represents a great
challenge. Therefore, in this study, we try to explore the connection between the two
types of test by stretching their limits: explore the dynamic rotating drum towards very
low rotation rate, hence going to quasi-static regime; and bring the quasi-static ring
shear tests towards very low confining stress condition, thus matching the stress con-
ditions in the dynamic drum test.

This study is structured as follows. Section 4.2 introduces the limestone materials, in
section 4.3 the description of the experimental devices and the test procedures. Section
4.4 is devoted to the discussion of experimental results and finding the link between
dynamic and quasi-static tests, while conclusions and outlook are presented in section
4.5.
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4.2. MATERIAL DESCRIPTION AND CHARACTERIZATION

Limestone powder is a widely used powder in fields ranging from construction to auto-
motive industries. In this work, eight grades of pre-sieved limestone powder under the
commercial name Eskal (KSL Staubtechnik GmbH, Germany) are used. Eskal has been
used as a reference powder for standard testing [20] and calibration of equipment in
powder technology, for instance, shear testers [27, 28] and optical sizing systems due to
the favourable physical properties: high roundness, low porosity and an almost negligi-
ble sensitivity towards humidity and temperature changes, which allows to avoid sample
pretreatment.

Each grade of the Eskal series is milled and then sieved to ensure a certain particle size
distribution. Two grades of Eskal are chosen specifically from the experience in previous
study [20]: fine/cohesive Eskal300 (d50 = 2.22 μm) and coarse/free-flowing Eskal150 (d50

= 138 μm). The details of their physical properties are summarized in Table 4.1.

Table 4.1: Material parameters of the experimental samples. The initial bulk density represents bulk density
from raw materials. The initial bulk density values are provided by the manufacturer.

Property Unit Eskal 300 Eskal150

d10 μm 0.78 97

Particle Size d50 μm 2.22 138

d90 μm 4.15 194

Span (d90-d10)/d50 [-] 1.52 0.70

Particle density ρp kg/m3 2853 2761

Moisture content w % 0.9 0.9

Roundness Ψ [–] 0.75 0.88

Initial bulk density ρ0 kg/m3 540 1370

Figure 4.1: SEM images of Eskal150 (d50 = 138 μm) in two different magnifications: 185x (left) and 502x (right).

The aspect, shape and morphology of Eskal150 and Eskal300 are analyzed by means of
Scanning Electron Microscope (SEM) imaging. Materials were sputtered with silver and
investigated with a field emission instrument (Helios G4 CX, FEI Deutschland GmbH,
Germany) with an EDX detector, applying an acceleration voltage of 5 kV and a working
distance of 4 or 6 mm. Different magnifications between 185x and 15000x were applied.
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Figure 4.2: SEM images of Eskal300 (d50 = 2.2 μm). Magnifications: 2500x (left) and 15000x (right).

Figures 4.1 and 4.2 show the SEM images of Eskal150 and Eskal300, respectively. In Fig.
4.1, we see that all the Eskal150 primary particles have similar shapes (left) and rough
surfaces (right), and every particle is clearly distinguished/separated from the others.
But for Eskal300 in Fig. 4.2 (left), we observe some clusters of primary particles, and the
size of clusters are typically around 10 to 20 μm, which is about 5 to 10 times median
particle size of Eskal300. When we zoom into a smaller scale, focusing on one single
cluster as shown in the Fig. 4.2 (right), we see even smaller fines (< 1 μm) sticking on the
surface of primary particles. Moreover, the shape of Eskal300 particles are more irregular
than Eskal150 particles.

4.3. EXPERIMENTAL SETUP

In this study, we combine three experimental devices: GranuHeap (Angle of Repose),
Schulze ring shear tester (Steady state friction angle), and GranuDrum (Dynamic flowing
angle), to perform measurements in both static and dynamic regimes. The details of
each setup are shown in Fig. 4.3 and will be explained in the following.

Figure 4.3: Left: GranuHeap for measuring angle of repose; middle: the Schulze ring shear tester RST-01.pc;
right: GranuDrum for measuring the dynamic flowing angle.

4.3.1. GRANUHEAP - STATIC FREE SURFACE

GranuHeap instrument [10] is an automated repose angle measurement device based
on image processing. A powder heap is created on a cylindrical support to be analyzed
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by image processing. The geometry of the measurement and a typical heap cell are pre-
sented in Fig. 4.3 (left). In order to obtain reproducible results, an initialization tube with
an internal diameter equal to the circular support is installed on the support. After filling
the initialization tube by hand with a fixed volume of powder (100 ml in the case of the
present study), the tube moves up at a constant speed of 5 mm/s. Thereby, the powder
is flowing from the tube to form a heap on the cylindrical support, which is then eval-
uated by image analysis. A controlled rotation of the support allows obtaining different
heap projections. In the present study, 16 images separated by a rotation of 11.25◦ were
recorded. A custom image recognition algorithm determines the position of the pow-
der/air interface. The repose angle αr refers to the angle of the isosceles triangle with
the same projected surface as the powder heap. The isosceles triangle corresponds to
the ideal heap shape. The lower the repose angle is, the better the powder flowability is
[10].

4.3.2. SCHULZE RING SHEAR TESTER - RST-01 - QUASI-STATIC CONFINED

SURFACE

Shear tester is used for powder characterization since decades, the Schulze rotational
ring shear tester (1994) is one of the most widely used testers and it is semi-automated.
The Schulze ring shear tester (RST-01) operates connected to a personal computer run-
ning a control software that allows the user to obtain, among other things, yield loci and
wall yield loci. The ring-shaped (annular) bottom ring of the shear cell contains the bulk
solid specimen. An annular-shaped lid is placed on top of the bulk solid specimen and
it is fixed at a cross-beam (Fig. 4.3 middle). A normal force, FN , is exerted on the cross-
beam in the rotational axis of the shear cell and transmitted through the lid onto the
specimen. Thus a normal stress is applied to the bulk solid. In order to allow small con-
fining stress, the counterbalance force, FA , acts in the centre of the cross-beam, created
by counterweights and directed upwards, counteracting the gravity forces of the lid, the
hanger and the cross-beam. Shearing of the sample is achieved by rotating the bottom
ring with an angular velocity ω, whereas the lid and the cross-beam are prevented from
rotation by two tie-rods connected to the cross-beam. Each of the tie-rods is fixed at a
load beam, so that the forces, F1 and F2, acting on the tie-rods can be measured. The
bottom of the shear cell and the lower side of the lid are rough in order to prevent sliding
of the bulk solid on these two surfaces. Therefore, rotation of the bottom ring relative to
the lid creates a shear deformation within the bulk solid. Through this shearing the bulk
solid is deformed, and thus a shear stress τ develops, proportional to the forces on the
tie-rods (F1 + F2). All the tests performed here follow the procedure as in ASTM standard
[29].

The typical confining pressure used in the shear cell tests are between 1 and 10 kPa.
However, this is too high compared to the pressure range of free or nearly free surface.
Thus, in order to explore the low confining pressure regime, we employ the pre-shear
normal stresses down to the device’s lowest limit: 2, 1.5, 1.0, 0.8, 0.6, 0.4, 0.2 and 0.1
kPa. For cohesive Eskal300, we could apply the pre-shear normal stresses down to 0.1
kPa, while for free-flowing Eskal150, this minimum limit stays at 0.2 kPa. And in order to
achieve very low pre-shear normal stress in RST-01, we use a special shear cell made of
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PVC instead of aluminium, which has a lower self weight of the lid and allows to apply
very low stress. However, the pre-consolidation becomes questionable and the output
are not representative. For each sample on each pre-shear normal stress, we performed
the test for three runs with 3 fresh samples in order to investigate repeatability. In all
tests here, the shear velocity is kept constant as default to ensure the shearing is within
the quasi-static regime.

4.3.3. GRANUDRUM - DYNAMIC FREE SURFACE

The GranuDrum instrument [10] is an automated powder flowability measurement tech-
nique based on the rotating drum geometry, which characterizes materials at dynamic
flowing regime. A horizontal cylinder with vertical glass side walls called drum is half
filled with the sample of powder. For the present study, the drum rotates around its axis
at rotating speeds from 2 RPM to 10 RPM and we do not analyze the flow during the ro-
tating speed decrease sequence. A CCD camera takes snapshots (50 images separated by
0.5s) at each angular velocity (see Fig. 4.3 right). The air/powder interface is detected on
each snapshot with an edge detection algorithm. Afterward, the average interface po-
sition and the fluctuations around this average position are computed. Then, for each
rotating speed, the flow angle α f is measured at the center of the average interface posi-
tion. A dynamic cohesive index σ f can be also measured from the interface fluctuations.

4.4. RESULTS AND DISCUSSION

4.4.1. STATIC GRANULAR HEAP

Fig. 4.4 shows two typical heaps obtained with Eskal150 (left) and Eskal300 (right). The
cohesive Eskal300 powder makes strongly irregular heap with a high repose angle (αr =
69.1±1.9◦) due to the influence of cohesion between particles. As the opposite, the heap
obtained with Eskal150 has almost conic shape with a low repose angle (αr = 33.0±0.1◦).
The repose angle measurement of each Eskal powder has been repeated four times with
fresh samples to obtain a representative value with standard deviations. Moreover, in
each single measurement, the stably formed heap were rotated slowly to take 16 pictures
at different viewing angles from the side of the heap.

Figure 4.4: Typical heaps obtained with Eskal150 and Eskal300.
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4.4.2. QUASI-STATIC RING SHEAR TESTER

Figure 4.5: Yield locus (shear stress versus normal stress) of Eskal150 (138 μm) using RST-01.pc. The pre-shear
normal stress is kept between 0.2 and 2 kPa. Points with and without lines are shear and pre-shear points,
respectively. Lines are only guides to the eye.

In the low normal stress regime, we first look at the yield loci at different pre-shear
stresses (0.2 to 2 kPa). Each yield locus is measured with 3 fresh samples to acquire the
standard deviations. The yield loci for Eskal150 (138 μm) are shown in Fig. 4.5. With
increase in pre-shear normal stress, all the yield loci collapse on a single curve. This
is expected behaviour for free flowing powder, where the flow behaviour is not sensi-
tive to the pre-shear confining stress. The pre-shear points stay consistently lower than
the corresponding yield loci. However, the difference between the pre-shear points and
yield loci increases with the pre-shear normal stress. Both pre-shear and shear points
show very good repeatability with maximum standard deviations around symbol size.
We only manage to measure representative yield locus of Eskal150 down to 0.2 kPa pre-
shear normal stress, while the data measured at lower stress levels are not reliable. Note
that we have also measured the yield loci at 3, 4 and 5 kPa, but for the sake of brevity, the
data are not shown here. They all follow the trend of low stress levels data.

For the cohesive Eskal300 (2.2 μm), we measured the yield loci in the normal stress range
between 0.1 and 2 kPa, and the data are shown in Fig. 4.6. Unlike the free flowing Es-
kal150, the yield loci of Eskal300 move upwards with the increase of the pre-shear nor-
mal stress, which indicates the cohesive Eskal300 is sensitive to the pre-shear normal
stress. The yield loci of Eskal300 show a concave curvature and clearly visible from the
guide lines. Similar to the case of Eskal150, the yield loci of Eskal300 show very good
repeatability with maximum standard deviations around symbol size.
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Figure 4.6: Yield locus (shear stress versus normal stress) of Eskal300 (2.2 μm) using RST-01.pc. The pre-shear
normal stress is kept between 0.1 and 2 kPa. Points with and without lines are shear and pre-shear points,
respectively. Lines are only guides to the eye.

4.4.3. DYNAMIC GRANUDRUM

Similar to Fig. 4.4, Fig. 4.7 shows two typical flowing patterns obtained in the rotating
drum with Eskal150 (left) and Eskal300 (right). The free flowing Eskal150 shows a very
smooth free surface with a slightly concave shape, while the cohesive Eskal300 gives a
much rougher free surface with some clumps due to cohesion.

Figure 4.7: Snapshots of typical flow inside the rotating drum with Eskal150 and Eskal300.

The flowing angles of our two limestone powders at different rotating speeds are mea-
sured with the GranuDrum and plotted in Fig. 4.8. As a function of the rotating speed,
the flowing angle increases for the free flowing Eskal150 and decreases for the cohesive
Eskal300. This behavior is also commonly seen for other powders [10].

The increase for non-cohesive granular material is due to the inertial effect, while the
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Figure 4.8: Repose angle measured with the GranuHeap (plain symbols) and the flowing angles for different
rotating speeds measured with the GranuDrum (open symbols). A linear regression allows to extrapolate the
angle at 0 rpm from GranuDrum data with φ= 0.37Ω+32 for Eskal150; and φ= 0.2Ω+62 for Eskal300.

decrease for cohesive powder is due to strong aeration at high rotating speeds. A lin-
ear regression allows us to extrapolate the angle at 0 rpm. We obtain 32◦ for Eskal150
and 62◦ for Eskal300. In addition, we also added here the two angle of reposes mea-
sured with the GranuHeap on the same figure. For the cohesive Eskal300, the repose
angle measured from the heap is higher than the angle extrapolated with the drum. The
difference here can be explained by the angles that measured before or after the slope
instability (avalanche), which are named as upper and lower angle [30]. The static angle
of repose we measured represents here are the highest stable angle Eskal300 could ever
reach (upper angle) while the dynamic flowing angle stays between the upper and lower
angles. This is not the case for the free flowing Eskal150, where the two measurement
techniques give comparable results.

4.4.4. UNIFYING STATIC AND DYNAMIC

After confirming the repeatability of each test, we come back to the main focus of this
study: linking different flow regimes. Our first step is to explore the lowest confining
stress limit of the quasi-static Schulze ring shear tester at quasi-static flow regime and
extrapolate the frictional angles. The second step is to evaluate the values of effective
confining stress for both static GranuHeap and dynamic GranuDrum. Results can then
be presented in a unique comprehensive plot showing the dependence of frictional an-
gle φ on the confining stress σ for the three tests. Note that the confining stress (angle
of repose test and rotating drum test) can be confused with the pre-shear normal stress
(Schulze ring shear test).

In Fig. 4.9, the frictional angle measured by the Schulze ring shear tester is plotted against
the confining stress (normal stress applied to the lid at the pre-shear stage) for two Eskal
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powders. The confining stress axis is shown in logarithmic scale in order to represent
better the range below 0.1 kPa. We have fitted data for both Eskal150 and 300 with spe-
cific functions and those have been extended towards the very low stress regime. For
free flowing Eskal150, we fit our data with a linear regression towards the large confining
stress. On one hand, in the low confining stress regime (σ< 10 kPa), the fitted line stays
almost constant. On the other hand, if the confining stress becomes larger (σ> 10 kPa),
the fitted line decreases with the confining pressure. At low confining stress, the flow
behaviour of Eskal150 is dominated by the surface properties of primary particles, e.g.
shape, roughness, and thus almost not influenced by the confining stress. For cohesive
Eskal300, the best fit is obtained by a reducing power law, where higher frictional angle
corresponds to lower confining stress. This decreasing trend with confining stress is ex-
pected as powders normally flow better at larger confining stress regime. The reason is
that large confining stress leads to large plastic deformation and possible contact flatten-
ing, which reduces the influences from surface roughness and geometrical interlocking,
and thus a reduction of flow resistance.

Figure 4.9: Frictional angles, φ, from different types of test as a function of confining stress, σ for Eskal150 (138
μm) and Eskal300 (2.2 μm) in semi-log scale. For the confining stress refers to normal stress at preshear stage
in ring shear test, and estimated from weight of single particle layer and effective flowing depth of powder in
GranuHeap and GranuDrum, respectively. Lines are the fitting to the shear tests data: black linear regression
line with φ = −0.08σ+ 33.73 for Eskal150; blue line with φ = 45.72− 4.18 log(σ) for Eskal300. Arrows with 0
rpm indicate the frictional angles extrapolated from rotating drum tests, while the other arrows indicate the
estimated effective confining stresses assuming single particle layer or effective flowing depth he f f = h/r in
the rotating drum.

In the same figure, we have also indicated the angle of repose values and the extrapo-
lation of the flowing angle from rotating drum at 0 rpm for both Eskal150 and Eskal300.
Moreover, in order to estimate the (effective) confining stress on flowing powders in both
GranuHeap and GranuDrum tests, we have used two principles: single particle layer h0

and effective flowing depth of the rotating drum h. The first one represents the effec-
tive pressure induced by a single layer of primary particles, which can be correlated to
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the static angle of repose test. In the static situation, one expects the flow depth close
to the free surface to be the same order of magnitude of single particle diameter. The
effective flowing depth is valid only for the case of the rotating drum and given by the
ratio between the actual flowing depth h and the radius r of the drum he f f = h/r . The
flow depth of non-cohesive granular materials in a rotating drum depends on the ro-
tating speed and on the ratio between the drum diameter and the grain diameter [31].
For cohesive powders, the flowing depth increases with the cohesiveness [32]. It is al-
most impossible to get accurate measure of depth of the flowing layer for our cohesive
Eskal300. Therefore, instead of giving an accurate estimation of the flowing depth of our
cohesive Eskal300, we use a depth range: 1% to 20% of the drum radius, which covers al-
most all the possible depths of cohesive powder flows in a rotating drum [32]. Then, the
effective confining stresses are evaluated at different depths h inside the powder consid-
ering the hydrostatic pressure σ= ρbulk g h, where ρbulk is the powder bulk density and
g is gravitational acceleration. The points given by the estimated confining stress and
the extrapolated frictional angles in the drum (0 rpm) are shown with arrows in Fig. 4.9.

For free flowing Eskal150, both angle of repose (black square) and flowing angle at 0 rpm
(black Drum-0 rpm) match well with the prediction (black fitting line) from the Schulze
ring shear tester data. This material is free flowing and insensitive to the confining stress
change in the whole pressure range of our interest. The angle of repose of Eskal300 (blue
diamond) is very close to the prediction of the confining stress from single particle layer
and also agrees well with the frictional angle of Eskal300 as extrapolated by the fitting of
shear test data. The frictional angle of GranuDrum at 0 rpm (blue Drum-0rpm) is also
plausible and sit well on the dotted line. Finally, the confining stresses estimation at
the bottom of the drum (he f f = 100%) for both Eskal150 and 300 are also given on the
same figure. They both collapse with the data points obtained by shear cell measure-
ments at low confining stress levels. The good agreement of the three types of test shows
the possibility of extending the instrumental measuring limits by means of an accurate
comparison of different types of test.

4.5. CONCLUSION AND OUTLOOK

In this study, we have examined the flow behaviour of both non-cohesive and cohesive
limestone powders in three types of characterization tests: GranuHeap (static angle of
repose), Schulze ring shear test (quasi-static frictional angle) and GranuDrum (dynamic
flowing angle). Various confining stresses at low levels are performed in the Schulze ring
shear tester and the results are extrapolated towards almost zero confining stress with
empirical laws. This offers the possibility to extend the low limit of the confining stress
and thus link to the other types of tests, specifically dynamic tests.

The static angle of free flowing Eskal150 measured with GranuHeap is much lower than
the value of Eskal300, which indicates that higher cohesion leads to a higher angle of
repose for the same type of material.

The dynamic flowing angle of Eskal150 measured with GranuDrum increases with the
rotating speed, while decreases for the case of Eskal300. This is expected as common
flow behaviour of free flowing and cohesive powders are dominated by inertial effect and
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aeration, respectively. The estimation of the flowing angle of Eskal150 at 0 rpm agrees
well with the measured static angle of repose. But the estimation of Eskal300 at 0 rpm is
significantly larger than the static angle of repose. We attribute this to the angle variance
between the static angle of repose before the slope instability and the dynamic flowing
angle that comes after the avalanches.

Finally, the frictional angle obtained by quasi-static ring shear test is found to be a func-
tion of confining stress. The data of free flowing Eskal150 is fitted well with linear regres-
sion and the cohesive Eskal300 is well described by a power law. These two empirical
laws allows us to gain insight at very low confining stresses that are comparable with
the other two types of test. For free flowing Eskal150, all 3 tests agree well with each
other. For the cohesive Eskal300, the estimations of the effective confining stresses be-
come very difficult. An extrapolation approach is needed in order to calculate the ef-
fective confining stress in the rotating drum. Nevertheless, the results of Eskal300 from
three different tests agree well with the range of confining stress estimated, confirming
the validity of the approach. Our method opens new perspectives in the field of powder
flow characterization for measurement interpretation and also allows to find a better link
with powder behaviour in industrial process lines.

In future, a more detailed study of the effective flowing layer depth in a rotating drum for
cohesive powders is needed. The strength of proposed empirical laws could be further
checked by including either new materials or new testing techniques.
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GRANULAR FLOW: FROM DILUTE TO

JAMMED STATES

Particulate systems and granular matter display dynamic or static, fluid- or solid-like
states, respectively – or both at the same time. The mystery of bridging the gap between
the particulate, microscopic state and the macroscopic, continuum description is one of
the challenges of modern research. This book chapter gives an overview of recent progress
and some new insights about the collective mechanical behavior of granular, deformable
particles.

5.1. INTRODUCTION

Dune migration, landslides, avalanches and silo instability are a few examples of systems
where granular materials play an important role. Furthermore, handling and transport
of these materials are central to many industries such as pharmaceutical, agricultural,
mining and construction and pose many open questions to the researchers. In spite of
their ubiquity, understanding and predicting the flow behavior of granular materials is
still a major challenge for science and industry. Even in a seemingly simple system such
as dry sand, the presence of large numbers of internal degrees of freedom leads to highly
nonlinear effects making it difficult to relate the microscopic grain-level properties to
the macroscopic bulk behavior.

Granular systems can show properties commonly associated with either solid, or liq-
uid. They can behave like a fluid, i.e., yielding under an applied shear stress. On the
other hand, they can also behave like solids, being able to resist applied stresses without
deforming, showing also interesting anisotropic structure (contact-and force-networks)
[2, 3]. Lucretius (ca. 98 – 55 B.C.) was among the first ones to recognize this interesting
behavior of soil-like materials, when he wrote “One can scoop up poppy seeds with a

This chapter is based on Granular Flow: From Dilute to Jammed States, in Granular Materials. (InTech, 2017)
pp. 43-67, [1].
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ladle as easily as if they were water and, when dipping the ladle, the seeds flow in a con-
tinuous stream” (quotation taken from Jacques [4]). Granular materials exhibit solid-like
behavior if the particles are packed densely enough and a network of persistent contacts
develops within the medium, resulting in a mechanically stable jammed structure of the
particles. On the other hand, when the grains are widely spaced and free to move in any
direction, interacting only through collisions, the medium is unjammed and behaves
like a fluid [5].

Due to their microscopic, discrete nature and their interesting macroscopic, bulk be-
havior response, granular materials are studied using both discrete and continuum me-
chanics frameworks. In the realm of the discrete approach, several numerical techniques
that are able to reproduce the single particle motions with the given micro-mechanical
properties of the grains have been developed. In such an approach the dynamic be-
havior is studied by integrating the Newton’s equations of motion for each grain using
micro-mechanical properties and specific interaction law. Following the pioneer work
by Goldhirsch [6, 7] several numerical techniques have been developed to obtain con-
tinuum fields from discrete particle data.

Using these numerical methods, one can study the flow behavior of the idealized grains,
characterized by some specific micro-mechanical properties, which might not exist in
the nature, but is helpful in understanding the underlying global physical behavior. In
spite of their versatile applicability and benefits, these numerical methods have limi-
tations such as excessive computational requirements, round off or truncation errors,
and an intrinsic dynamic that is sometimes not reflecting the experimental reality. On
the other hand, continuum models give a macroscopic view to investigate granular ma-
terial behaviors. Continuum mechanics theories solve the conservation equations for
the whole medium i.e., the balance of mass, momentum and when necessary, energy.
Although the balance laws are easily deducible, defining the constitutive relations poses
the bigger challenge. The latter relate stresses and strains taking into account the physics
of the grain-grain interaction.

The goal of the present book chapter is to study the constitutive behavior of granular
systems using particle, numerical simulations and micro-macro transition. In particu-
lar, we focus on the different mechanical responses of a granular material in dense and
dilute conditions, corresponding to the solid and fluid behaviors, respectively. In order
to systematically analyze the influence of some crucial material parameters, which affect
the flow behavior, we focus on an idealized material composed of frictionless, spherical
particles, in the absence of any interstitial fluids. Moreover, in order to concentrate on
the rheology of particulate systems, disregarding boundary effects, we have considered
two system setups which allow to simulate steady and homogeneous flows.

This chapter is organized as follows. Section 5.2 introduces the general rheological frame-
work to describe the flow behavior of granular materials. In the same section, we also
briefly review some existing granular rheological models. The particle simulations along
with micro-macro transition are introduced in Section 5.3, where different system setups
that are used to study the steady and homogeneous granular flows are shown. Finally,
in Section 5.4, we present a comprehensive comparison of the existing simulation data
with frictionless particles in dilute and dense regimes. In the same section, we highlight
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the effect of various micro-mechanical properties (coefficient of restitution, polydisper-
sity and particle stiffness) on the macroscopic fields (stresses and volume fraction). We
present a comparison of these results with the theoretical models in two regimes: The ki-
netic theory in the dilute regime, and a recently proposed generalized rheological model
in the dense regime.

5.2. GRANULAR RHEOLOGY

5.2.1. A MICRO-MECHANICAL BASED CONTINUUM APPROACH

Despite the fact that granular materials are discontinuous media, their behavior is com-
monly described by a continuum approach. Continuum mechanics theories solve the
conservation equations of the whole medium, i.e., the balance of mass, momentum
and, when necessary, energy. Although the balance laws are easily deducible, the big
challenge is the definition of the constitutive relations, i.e., the rheology. The latter cap-
tures the macroscopic behavior of the system, incorporating the micro-scale grain-grain
interaction dynamics.

A granular flow can undergo different behaviors depending on both properties at the
particle level and the macroscopic characteristic of the flow (i.e., velocity and concen-
tration). At the microscopic level, each particle is characterized by its shape, dimension,
material and contact properties. For the sake of simplicity, in this chapter an assembly
of identical spheres, of diameter d , density ρp and equivalent linear contact stiffness kn

is considered. The density of the continuum medium can be computed as the product
of the particle density and the volume fraction, ν, defined as the fractional, local vol-
ume occupied by the spheres: ρ = ρpν. Given that each grain i moves with velocity v i ,
the macroscopic velocity of N -particles flow in a volume V can be defined as the aver-
age u = 1

N

∑N
i=1 v i . Similarly, we can introduce the strain rate tensor, calculated as the

symmetric part of the velocity gradient. Its off-diagonal components describe the shear
rate between two Cartesian directions and are often used as control parameters to de-
scribe flow problems. In particular, considering a granular system with mean flow in
the x direction only and sheared along the y direction, we introduce the shear rate as
γ̇ = 2ε̇x y = ∂ux

∂y . Finally, in continuum mechanics, the stress tensor, σ, represents the
manner in which force is internally transmitted. Each component of the stress tensor,
σi j , represents the force in the i -direction on a surface with inward pointing normal
unit vector in the j direction. The isotropic part of the stress tensor is the hydrostatic
stress or pressure p, while the shear stress τ is proportional to the second invariant of
the stress tensor. A detailed description of how to calculate strain rate and stress tensors
in the case of granular assemblies will be provided in Section 5.2.2.

In the framework of continuum mechanics, dimensionless numbers are often intro-
duced in order to describe the material behavior. These dimensionless numbers are
defined as the ratio of different time scales or forces, thus signifying the relative dom-
inance of one phenomenon over another. In the case of granular flows, the macroscopic
time scale associated with the shear rate plays an important role. Then, it is convenient
to scale all the quantities using the particle diameter, particle density and shear rate γ̇, so
that the dimensionless pressure and stiffness are given as p/(ρp d 2γ̇2) and kn/(ρp d 3γ̇2),
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respectively. On the other hand, when particle deformability becomes relevant, quan-
tities are usually made dimensionless using the particle stiffness; pressure and shear

rate are then expressed as pd/kn and γ̇
√

(ρp d 3/kn). In the following, we will see how

these dimensionless numbers are used to characterize granular flows in their different
regimes, namely fluid-like and solid-like.

5.2.2. CONTINUUM MODELS

In the early modeling attempts, granular flow is envisaged as existing in either dense
solid-like, or loose gas-like regimes. Early works using shear cell experiments observed
these regimes by varying the shear rate and allowing the bed to dilate or compact. Gran-
ular materials exhibit solid-like behavior if the particles are packed densely enough and
a network of persistent contacts develops within the medium, resulting in a jammed
mechanically stable structure of the particles. On the other hand, when the grains are
widely spaced and free to move in any direction, interacting only through collisions, the
medium is unjammed and behaves like a fluid [8].

In the fluid-like limit, the system is very dilute and the grains interact mainly through
binary, instantaneous, uncorrelated collisions. One of the first rheological models for
granular flows in this regime was proposed in 1954 by Bagnold [9]. This empirical model,
derived from experiments in two-dimensional plane shear flows, basically states that the
stresses are proportional to the square of the strain rate. This simple law, now known as
“Bagnold scaling”, has been the first to understand the physics of granular dynamics at
large deformations and has been verified for dry grains in a number of experimental and
numerical studies [10–13]. In the fluid-like regime, the generalization of kinetic theory
of granular gases provides a meaningful hydrodynamic description.

On the other hand, when the system is very dense, its response is governed by the en-
during contacts among grains, which are involved in force chains; the deformations
are extremely slow because the entire network of contacts has to be continuously re-
arranged (jammed structure). In these conditions, the granular material behaves like
a solid, showing an elastic response in which stresses are rate independent. The cor-
responding flow regime is usually referred to as quasi-static. Slowly deforming quasi-
static dense granular materials has been mainly investigated in the framework of geo-
mechanics. There, the majority of the constitutive models are based on the theories of
elasto-plasticity and visco-plasticity [14–17], and many of them have been conceived by
starting from the well-known critical state theory [18, 19].

In the transition phase, the grains interact via both force chains and collisions. None of
the models cited above is able to deal with this phase-transition of granular materials
– from a solid-like to a fluid-like state, and vice-versa. Intensive studies of the granular
rheology at the phase transition have been conducted in the last decades, e.g. by Camp-
bell [20], Ji and Shen [21, 22] and Chialvo et al. [23] using 3D simulations of soft frictional
spheres at imposed volume fractions. In these works, the authors derived a flow-map
of the various flow regimes and analyzed the transition areas. In particular, they found
that, for a collection of particles, the solid-fluid transition occurs in the limit of zero con-
fining pressure at the critical volume fraction νc . Then the solid-like regime, in which
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stresses are independent of shear rate, occurs for volume fractions ν > νc , whereas, at
volume fractions ν< νc the system shows a fluid-like behavior with stresses scaling with
the square of the shear rate. In the proximity of the critical volume fraction, a continu-
ous transition between the two extreme regimes takes place, for which the rheological
behavior is still not fully understood.

More recently, new theories have been developed to model the phase transition. The
French research group GDR-MiDi [24] has suggested that dense granular materials obey
a local, phenomenological rheology, known as μ(I )-rheology, that can be expressed in
terms of relations between three non-dimensional quantities: volume fraction, shear to
normal stress ratio, usually called μ, and inertial parameter I . The latter is defined as
the ratio of the time scales associated with the motion perpendicular and parallel to the
flow: I = γ̇d

√
ρp /p [25, 26]. The inertial number provides an estimate of the local rapid-

ity of the flow, with respect to pressure, and is of significance in dynamic/inertial flows,
as shown in [27]. In dense, quasi-static flows, particles interact by enduring contacts and
inertial effects are negligible, that is I goes to zero. Two main assumptions on the basis
of the μ(I )-rheology are: (i) perfectly rigid (i.e. non-deformable) particles and (ii) ho-
mogeneous flow. Various constitutive relations, based on the GDR-MiDi rheology, have
been developed [10, 28–30] in order to extend the validity of the model. In particular,
the influence of particle deformability has been accounted for in the soft μ(I )-rheology
proposed in [31–33].

Below we present a summary of the two continuum theories that well describe the flow
behavior in the limits and their extension to the intermediate regime. Kinetic theory in
its standard form (SKT) provides a meaningful hydrodynamic description for frictionless
particles in the very dilute regime, while μ(I ) rheology holds for both frictionless and
frictional particles for dense flows. It is important to mention that both theories work
only for ideal systems, made of rigid, perfectly elastic, monodisperse particles. Finally,
the extension of μ(I )-rheology to deal with soft, deformable particles, is also introduced.

STANDARD KINETIC THEORY (SKT)

This section is largely based on the notable works of: Brilliantov et al. [34], Garzo et al.
[35, 36], Goldhirsch [6, 37], Pöschel et al. [38].

The term “granular gas” is used in analogy with a (classical) molecular gas, where the
molecules are widely separated and are free to move in all directions, interacting only
through instantaneous, uncorrelated collisions. The main differences between molec-
ular and granular gases are that in the latter case part of the energy is irreversibly lost
whenever particles interact and the absence of strong scale separation. These facts have
numerous consequences on the rheology of granular gases, one of which being the siz-
able normal stress differences [39].

Analogous to the molecular gases (or liquids), the macroscopic fields velocity and mass
density are defined for granular systems [6]. An additional variable of the system, the
granular temperature, T , is introduced as the mean square of the velocity fluctuations
of the grains, in analogy with molecular gases, quantitatively describing the degree of
agitation of the system. Following the statistical mechanics approach, the kinetic theory
of granular gases rigorously derives the set of partial differential equations given by the
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conservation laws of mass, momentum and energy (the latter describing the time devel-
opment of the granular temperature) for the dilute gas of inelastically colliding particles.

In this section, we summarize the standard kinetic theory (SKT) for the case of steady
and homogeneous flows for a collection of ideal particles, i.e., they are rigid, monodis-
perse, frictionless with diameter, d , and density, ρp . In this case, the mass balance is
automatically satisfied, the momentum balance trivially asserts that the pressure, p, and
the shear stress, τ, are homogeneous and the flow is totally governed by the balance of
energy, which reduces to

Γ= τγ̇ (5.1)

where Γ is the rate of energy dissipation due to collisions and γ̇ is the shear rate. The
constitutive relations for p, τ and Γ are given as [40]:

p = ρp f1T

τ= ρp d f2T
1
2 γ̇ (5.2)

Γ= ρp

d
f3T

3
2

where, f1, f2, and, f3, are explicit functions of the volume fraction ν and the coefficient of
restitution, en , (ratio of pre-collisional to post-collisional relative velocity between col-
liding particles in the normal impact direction), and are listed in Table 5.1.

Table 5.1: List of coefficients as introduced in the constitutive relations of SKT (standard kinetic theory).

f1 = 4νGF

f2 = 8J

5π1/2
νG

f3 = 12

π1/2
(1−e2

n)νG

G = ν
(2−ν)

2(1−ν)3

F = (1+en)

2
+ 1

4G

J = (1+en)

2
+ π

32

[5+2(1+en)(3en −1)G][5+4(1+en)G]

[24−6(1+en)2 −5(1−e2
n)]G2

Further, by substituting the constitutive relations for τ and Γ into the energy balance,
the granular temperature drops out, so that the pressure becomes proportional to the
square of the strain rate (Bagnold scaling [9]):

p = ρp d 2 f1γ̇
2 (5.3)
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SKT was rigorously derived under very restrictive assumptions. In particular, the granu-
lar system is assumed to be mono-disperse and composed of spherical, frictionless and
rigid particles, interacting only through binary and uncorrelated collisions [8, 41, 42].
Several modifications to the SKT have been introduced in the literature accounting for
different effects: inter-particle friction [5, 8, 43–45], non-sphericity [46], or polydisper-
sity [47]. As one example, Jenkins [48, 49] extended the kinetic theory to account for the
existence of correlated motion among particles at high concentration.

TRADITIONAL μ(I )-RHEOLOGY

A convincing, yet simple phenomenological model that predicts the flow behavior in
moderate-to-dense regime is the μ(I )-rheology. Once again, this rheological law is based
on the assumption of homogeneous flow of idealized rigid, mono-disperse particles,
though the extra constraint of frictionless particles can be dropped. According to this
empirical model, only three dimensionless variables are relevant for steady shear flows
of granular materials: the volume fraction , the shear stress to normal stress ratio μ= τ/p
and the inertial number I [10, 24, 29]. The collaborative study GDR-Midi showed the data
collapse for various shear geometries such as inclined plane, rotating drum and annular
shear when analyzed in terms of the inertial number. μ(I )-rheology in the standard form
is given by

μ=μ0 + (μ∞−μ0)

1+ I0/I
(5.4)

with μ0, μ, and I0 being dimensionless, material parameters which are affected by the
micro-mechanical properties of the grains [50].

To account for the polydispersity of particles, the generalized inertial number taking into
account the average diameters of the particles was introduced by [51]. Traditional μ(I )-
rheology had been successful in describing the flow behavior of homogeneous flows
(both dense and fast). But it has failed to capture the slow, inhomogeneous flow, where a
shear rate gradient is present. Researchers have made significant efforts into developing
non-local models for granular flows [52].

SOFT μ(I )-RHEOLOGY

When particles are not perfectly rigid, instead they have a finite stiffness (or softness),
the binary collision time is nonzero and hence presents an additional timescale, which
is ignored in the standard inertial number phenomenology. A dimensionless number
signifying the finite softness of the particles is the dimensionless pressure p∗ = pd/kn ,
which is needed to describe the flow behavior, as proposed recently in [31–33]:

μ(I , p∗) =μ(I )

(
1− (

p∗

p∗
0

)1/2
)

(5.5)

with the dimensionless pressure p∗ being the characteristic pressure at which this cor-
rection becomes considerable.

The other dimensionless number needed for the full flow characterization is the volume
fraction ν. In case of rigid particles under shear, the packing will dilate and hence ν
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depends only on the inertial number I . On the other hand, a packing made up of soft
particles will dilate due to shear, at the same time pressure will lead the compression of
the particles. Hence ν depends on both I and p∗ as:

ν(I , p∗) = νc

(
1− (

I

Ic
)

)(
1+ (

p∗

p∗
c

)

)
(5.6)

where Ic , and p∗
c are material dependent dimensionless quantities [50, 53] and νc is the

critical volume fraction, governing the fluid-solid transitions introduced in the previous
section. Its dependence on the polydispersity of the system will be discussed in Section
5.4.

5.3. NUMERICAL SIMULATIONS

Since a few decades, dynamic particle simulations have been a strong tool to tackle many
challenging issues related to understanding the flow behavior of particulate systems.
The Molecular Dynamics or Discrete Element Methods (DEM) is the term given to the
numerical procedure, which is used to simulate assemblies of discrete particles. Molec-
ular Dynamics (MD) was originally introduced to simulate the motion of molecules [54–
56]. It is essentially the simultaneous numerical solution of Newton’s equation for the
motion of individual particles, for which the position, velocity and acceleration are com-
puted at each time step. Through averaging of positions, velocities and forces of the par-
ticles, the macroscopic fields of the whole system, such as the density, mean velocity
and stresses can be obtained in terms of the micro-mechanical properties. This helps in
revealing insights of the behavior of granular materials, which cannot be captured by ex-
periments. In particular, with MD methods, the role of micro-mechanical properties of
the grains on the macroscopic collective behavior of the system can be analyzed. Particle
simulation methods include three different techniques: The Discrete Element Method
(DEM), the Event-Driven (ED), and the Contact Dynamics method (CD). All these meth-
ods simulate the inelastic and frictional nature of the contacts among grains through
microscopic coefficients (i.e., the coefficients of restitution and the inter-particle fric-
tion coefficient). In DEM, deformations of particles during contacts are modeled allow-
ing a finite overlap between grains, whereas in the other two methods, the particles are
assumed to be infinitely rigid. Since the results presented in this chapter are obtained
by using DEM simulations, below we briefly present an overview of DEM. Readers inter-
ested in the latter two methods are referred to [57–59].

5.3.1. DISCRETE ELEMENT METHOD (DEM)

The Discrete Element Method (DEM) is a family of numerical methods for simulating
the motion of large numbers of particles. In DEM, the material is modeled as consisting
of finite number of discrete particles, with given micro-mechanical properties. The in-
teractions between particles are treated as dynamic processes with states of equilibrium
developing when the internal forces balance. As previously stated, the granular mate-
rial is considered as a collection of discrete particles interacting through contact forces.
Since the realistic modeling of the deformations of the particles is extremely compli-
cated, the grains are assumed to be non-deformable spheres which are allowed to over-
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lap [59]. The general DEM approach involves three stages: (i) detecting the contacts
between elements; (ii) calculating the interaction forces among grains; (iii) computing
the acceleration of each particle by numerically integrating the Newton’s equations of
motion while combining all interaction forces. This three-stage process is repeated un-
til the entire simulation is complete. Based on the fundamental simulation flow, a large
variety of modified codes exist and often differ only in terms of the contact model and
some techniques used in the interaction force calculations or the contact detection.

In this Subsection, we focus on the standard linear spring-dashpot (LSD) model. Consid-
ering two particles, i and j , of diameter d and density ρp (i.e. mass m = ρpπd 3/6), their
contact leads to the normal (in the direction connecting the centers of the two particles
in contact) and tangential components of forces as

F n
i j =−knδ

n
i j −ηn δ̇

n
i j

F t
i j =−ktδ

t
i j −ηt δ̇

t
i j (5.7)

where δn
i j and δt

i j are the normal and tangential component of the overlap at the contact

among particle i and particle j , kn and kt the spring stiffness constants, and ηn and ηt

the viscous damping coefficients, representing the energy dissipation at the contact, and
dots stand for the time derivative. Tangential force is bounded by the Coulomb criterion
|F t

i j | < μp F n
i j with particle friction coefficient μp . The resulting contact force vector is

then F i j = F n
i j n +F t

i j t , being n and t the normal and tangential unit vectors at the con-
tact.

Collisions may be described using the coefficients of normal and tangential restitution,
en and et , respectively, relating the pre-collisional and post-collisional relative veloci-
ties. For the spring-dashpot model, the following relations between the coefficients of
restitution, the spring constants and the damping coefficients hold [60]:

γn =
√

4mkn(logen)2

π2 + (logen)2

γt =
√

8mkt (loget )2

7[π2 + (loget )2]
(5.8)

kt = 2kn[π2 + (loget )2]

7[π2 + (logen)2]

5.3.2. MICRO-MACRO TRANSITION

A research goal in the granular community is to derive macroscopic continuum models
based on relevant micro-mechanical properties. This means to bridge the gap between
the microscopic properties and the macroscopic mechanical behavior. The methods
and tools for this so called micro-macro transition are often applied to small so-called
representative volume elements (RVEs), where all particles can be assumed to behave
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similarly. Note that both time- and space- averaging are required to obtain reasonable
statistics, the latter being appropriate in the case of steady states.

As previously introduced in Section 5.2.1, the average velocity of the N particles in the
RVE V gives the macroscopic velocity u, while the strain rate tensor involves the velocity
gradient of the particles:

ε̇= 1

2

N∑
i=1

(�v i +�T v i
)

(5.9)

being v i the velocity of particle i . For the particular case of granular systems with mean
flow in the x direction only and subjected to shear in the y direction, the shear rate is
introduced as γ̇= 2ε̇x y .

The stress tensor is of particular interest for the description of any continuum medium.
In the case of granular assemblies, previous studies have proposed stress-force relation-
ships for idealized granular systems that relate average stress in the assembly to funda-
mental parameters that are explicitly related to statistical averages of inter-particle load
transmission and geometrical arrangement. When referring to a homogeneous volume
element V , the macroscopic stress tensor σ can be calculated as

σ= 1

V

(
N∑

i=1
mi V i ⊗V i +

N∑
i=1

∑
i �= j

F i j ⊗ l i j

)
(5.10)

where F i j is the contact force and l i j the branch vector in between connecting the cen-
ters of particles i and j , and V i = v i −u is the velocity fluctuation of particle i . The first
and second terms in the previous equation represent the dynamic and static contribu-
tions respectively [7, 61]. The pressure and shear stress are finally defined as

p = σ1 +σ2 +σ3

3

τ=
√

(σ1 −σ2)2 + (σ1 −σ3)2 + (σ2 −σ3)2

2
(5.11)

where σ1,σ2,σ3 are the eigenvalues of the stress tensor in Eq. (5.10). With the develop-
ment of computational power, nowadays one can simulate reasonable number of parti-
cles in a granular system and retrieve good statistical information by micro-macro pro-
cedure. The simulations and coarse-graining presented in this section were undertaken
using the open-source code Mercury-DPM (www.mercurydpm.org).

5.3.3. SIMULATION SETUPS

There are two popular ways to extract continuum quantities relevant for flow descrip-
tion such as stress, density, shear rate from the discrete particle data. The traditional
one is ensemble averaging of “microscopic” simulations of homogeneous small sam-
ples, a set of independent RVEs. A recently developed alternative is to simulate a non-
homogeneous geometry where dynamic, flowing zones and static, high-density zones
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coexist. By using adequate local averaging over equivalent volume (inside which all par-
ticles can be assumed to behave similarly), continuum descriptions in a certain param-
eter range can be obtained from a single simulation.

Figure 5.1: Simulation setups: (a) RVE of mono-disperse spheres subjected to constant volume simple shear.
Different colors represent different kinetic energies of each particle with low in blue and high in red; (b) RVE of
poly-dispersed particles subjected to constant normal stress simple shear; (c) split-bottom shear cell consist-
ing of a fixed inner part (light blue shade) and a rotating outer part (white).

In Section 5.4, we will combine results from, (a) simple shear RVE and (b) split bottom
shear cell. The setups are briefly introduced below and shown in Figure 5.1 (see Ref.
[31, 50] for more details) and relevant numerical parameters are reported in Table 5.2.
When dimensionless quantities (see Section 5.2.1) are matched and averaging zones are
properly selected, the behaviors from different setups are comparable and a wide flow
range can be explored.

Table 5.2: Numerical parameters for the three simulation setups.

Parameter Symbol Constant Volume Constant Pressure Split Bottom

Setup Simple Shear Simple Shear Shear Cell

Geometry

LxH xL, LxLxL, Rs = 40d,

LxH xL, L = var , Ri = 0.2Rs ,

H = 20d , Ro = 1.3Rs ,

L = var y , H = 0.4Rs ,

Boundary periodic periodic azimuthal

Conditions periodic

Particle Number N 2000 4096 37000

Polydispersity w 1 2 and 3 2

Restitution Coeff. en 0.7 0.8 0.8

Volume Fraction ν 0.2-0.68 [-] [-]

Dimensionless Stress σy y d/kn [-] 10−3 - 10−1 10−8 - 10−2

Dimensionless Shear Rate γ̇(ρp d 3/kn)0.5 3x10−4 - 3x10−2 10−5 - 1 10−5 - 10−2
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SIMPLE SHEAR RVE

A collection of spheres of mean diameter d and density ρp , sheared under steady con-
ditions, is considered. Here and in the following, x and y are taken to be the flow and
the shearing directions, respectively, and variations along the transversal direction z are
ignored. We also introduce the polydispersity w as the ratio between the maximum and
the minimum particle diameter. In this simple configuration, the flow is assumed to be
one-dimensional such that the horizontal velocity ux is the only non-zero component,
and the stress tensor reduces to two scalars; the pressure p and the shear stress τ. In
the steady state, the mass balance equation is automatically satisfied and the divergence
of the velocity is zero. The momentum balance equation, in absence of external forces,
indicate that both pressure p and shear stress τ are constant. Simple shear flows are
homogeneous if the horizontal velocity of the medium varies linearly along the gradi-
ent direction and the dominant kinematic variable is its first spatial derivative, the shear
rate, γ̇= ∂ux /∂y , which is kept constant along the flow depth. The shear is applied using
Lees-Edwards periodic boundary conditions in the y direction and periodic boundary
conditions are employed in the x and z directions.

Variables governing the problem are the volume fraction ν (also known as density con-
centration defined as the fraction of volume occupied by the spheres), the pressure p
and the shear stress τ. Using DEM simulations, we have performed simulations by using
two types of simple shear experiments, that is (i) constant pressure (here refers to normal
stress) or, (ii) constant volume boundary conditions. In the former (Figure 5.1b), pres-
sure and strain rate are held constant, hence density and shear stress are outputs and
the system is free to dilate/compact based on the initial volume fraction of the packing.
In case of constant volume (Figure 5.1a), volume fraction and shear strain rate are held
constant, so that pressure and shear stress are the outputs. Constant pressure is one of
the traditional methods used in the soil mechanics to estimate the shear strength of the
material, while constant volume method is used often to understand the flow behavior
close to the jamming transition. Shearing under constant-volume conditions is diffi-
cult to realize experimentally due to the fundamental characteristic of the behavior of
granular materials, however, a pertinent experiment would be the undrained shear test
on water-saturated sand where the volume of the whole specimen can be kept constant
within the range of experimental error [19]. On the other hand, dense granular flows
under constant stress are present under experimental or natural conditions, e.g., sand
or/and powders sheared in different shear cells [62] or in an avalanche [63].

Constant-volume steady simple shear samples are placed in a cuboid box (Figure 5.1a).
The height of the computational domain as H = 20d , with d particle diameter, is fixed
before we compute the x- and z-size L according to the chosen, fixed, volume fraction.
Simulations have been performed using a monodisperse system (w = 1) by systemati-
cally changing both the volume fraction ν, ranging from dilute-to-dense regime and the
particle stiffness kn such that the dimensionless shear rate γ̇(ρp d 3/kn)0.5 ranges from
3x10−4 to 3x10−2.

In the case of RVE under constant normal stress condition (Figure 5.1b), granular sys-
tems with polydispersity w = 2 and w = 3 are considered. The initial length of side
is set to L, along with the center point in x-y-plane (marked as O), where one always
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has zero mean field velocity in shear direction during the whole simulation. The nor-
mal stress σy y is kept constant along y direction. In this way, the sample is free to di-
late/compact along y direction and smoothly reaches its steady state. In order to inves-
tigate the sheared granular flow behavior with different inertia and particle stiffness, we
systematically vary the both the confined normal stress σy y and shear strain-rate γ̇ such
that the dimensionless stress/softness σy y d/kn ranges between 10−3 and 10−1 and the
dimensionless shear strain-rate is between 10−5 and 1.

SPLIT-BOTTOM RING SHEAR CELL

A common feature of natural slow granular flows is the localization of strain in shear
bands, which are typically of few particle diameters width. A specialized geometry pro-
posed recently which allows one to impose an external deformation at constant rate is
the so-called split-bottom geometry (Figure 5.1c). In this geometry, stable shear bands
of arbitrary width can be achieved allowing for a detailed study of microstructure asso-
ciated with flow of granular materials in the steady state. Unlike the previous setups, in
the split-bottom geometry, the granular material is not sheared directly from the walls,
but from the bottom. The bottom of the setup that supports the weight of material above
it is split in two parts, the two parts move relative to each other and creates a wide shear
band away from sidewalls. The resulting shear band is robust, as its location exhibits
simple, mostly grain independent properties.

In this geometry, due to inhomogeneous flow, granular packings with contrasting prop-
erties and behavior co-exist, i.e., high density static to quasi-static areas and dilated dy-
namic flowing zones are found in the same system. A superimposed grid meshes the
granular bed and averaging is performed within each grid volume. Inside a grid volume
all particles are assumed to behave similarly and information for a wide parameter range
can be obtained using a single numerical experiment, for example at increasing pressure
levels along the depth of the cell. In the following sections, when presenting data from
split bottom cell simulations, only grid-points in the center of the shear band will be con-
sidered, where the shear rate γ̇ is higher than a given threshold (see references [31–33, 64]
for details on the data processing). Data in center of the shear band are not affected by
boundary effects, so that flow gradients can be neglected and the system can be consid-
ered as locally homogeneous. In the split-bottom geometry, the shear rate is computed
as function of the relative angular velocity Ω between inner and outer cylinders. Details
on the geometry setup and numerical parameters adopted for the simulations described
in the following section are reported in Table 5.2.

5.4. RHEOLOGICAL FLOW BEHAVIOR

In this section, we compare the results from various flow setups discussed above for low-
to-high volume fractions. We vary various particle and contact properties to understand
how the particle micro-mechanical properties influence the macroscopic flow behavior.
We have compared different datasets from different setups and/or authors, and num-
bered as following: [A] Peyneau et al. (Ref. [65]); [B] Chialvo and Sundaresan (Ref. [66]);
[C] Shi et al. (unpublished); [D] Singh et al. (Ref. [31, 64]) and [E] Vescovi and Luding
(Ref. [50]).Unless specified, we will only use the data labels in the following discussion
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for the sake of brevity.

5.4.1. INFLUENCE OF COEFFICIENT OF RESTITUTION

Figure 5.2 presents a data collection from two different setups and plots the dimension-
less pressure against volume fraction. It shows data with constant pressure simulations
from data [A] together with the constant volume simulation results of data [B], for fric-
tionless monodisperse rigid particles. As expected, the data from the two setups are in
good agreement. We observe that the restitution coefficient en affects the dimension-
less pressure strongly for volume fractions ν < 0.6, which increases with increase in en .
However, in the high volume fraction limit, the data for different en collapse on the limit
curve diverging at νc , i.e., ν ranging between 0.6 and the critical volume fraction νc .

Figure 5.2: Steady state dimensionless pressure as a function of volume fraction for a simple shear flow of fric-
tionless monodisperse rigid particles. Stars and circles represent simple shear simulations at constant pressure
simulations for en = 0 from data [A] and constant volume fraction for different en from data [B], respectively.
Different colors refer to different coefficient of restitution as shown in the legend. Different lines are prediction
using standard kinetic theory (SKT) as in Eq. (5.1) - (5.3).

For the dilute case, a granular gas with high restitution coefficient, e.g. en = 0.99 will
behave like a nearly like an ideal gas i.e., almost no energy loss during each particle-
particle collision. Hence the system will reach an equilibrium with higher fluctuation
velocity (proportional to the dimensionless pressure) for each particle. In the other ex-
treme, for a restitution coefficient equal to 0, the particles loose all their energy at one
collision. Such strong dissipation leads to a rather small pressure in the system. As ν

approaches the critical volume fraction, for rigid spheres, the mean free path available
for particles decreases, making it more difficult to move the particles by imposing shear.
The frequency of the collisions and thus the pressure both increase since the free path
decreases, diverging in the limit case. Once one reaches the critical volume fraction limit,
the system is jammed, hence shear movement of particles without further deformation
is not possible. The increase of the pressure for decreasing volume fraction (below 0.1),
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as the probability of collisions is reduced in the dilute case, is due to the collisional en-
ergy loss, with a higher steady state pressure. As for the standard kinetic theory predic-
tion, it captures the behavior well below volume fractions 0.5, but fails for higher volume
fractions. This is expected because the standard kinetic theory (SKT) does not take the
critical volume fraction into account and thus leads to an underestimation of the pres-
sure for high volume fractions.

5.4.2. INFLUENCE OF POLYDISPERSITY

Figure 5.3 shows the variation of the non-dimensional pressure with volume fraction for
different polydispersity for constant pressure (data [A] and [C]), constant volume (data
[B]) homogeneous shear flow simulations, together with the local shear band data from
non-homogeneous shear flows (data [D]). We observe that for low-to-moderate volume
fractions, pressure is weakly increasing with volume fraction. The data from different
shear setups and different polydispersity collapse and agree with the predictions of SKT.
However, for higher volume fractions (ν > 0.55), pressure increases when approaching
νc . However, different polydispersity yields different νc [67], so that the pressure de-
creases with increase in polydispersity, due to the increase in free space available for
particle movement for higher polydispersity (in the cases studied here). In some cases,
the small particles can move into the gaps between larger particles and form rattlers (rat-
tlers do not contribute to the pressure as for mechanically stable contacts). Therefore,
the critical volume fraction νc increases with increase in polydispersity as shown by the
vertical dashed lines, consistent with previous studies [67–69].

Figure 5.3: Steady state dimensionless pressure as a function of volume fraction for shear flow simulations of
frictionless rigid particles with the same coefficient of restitution (en = 0.8) but different polydispersity and
different setups (data [A-D]) as shown in the legend. The solid line is the prediction of standard kinetic theory
and the vertical dashed lines are the predictions of the critical volume fraction with different polydispersity as
proposed in Ref. [67–69].

Note that the shear band data from non-homogeneous split bottom setup (data [D]) has
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more scatter than the others, due to the fluctuations of the local averaging over small vol-
umes. But most of the data still follow exactly the same trend as the homogeneous shear
data for same polydispersity. We also note that some data points, e.g., for polydispersity
w = 3, go beyond the critical volume fraction due to the fact that DEM particles are not
infinitely rigid (they have large but finite stiffness). This softness (and hence possibility
of deformation) leads to flow above νc and will be elaborated next.

5.4.3. EFFECT OF PARTICLE STIFFNESS

In Figure 5.4, we show the dimensionless pressure as a function of volume fraction for
various values of dimensionless particle stiffness, ranging from 103 to 107. The verti-
cal dashed line shows the monodispersed critical volume fraction as in Figure 5.3. For
the sake of comparison, rigid cases (data [A] and [B]) are also plotted. As expected, for
the rigid case, pressure diverges close to the critical volume fraction. For soft particles,
the deviation from the rigid case is a function of particle stiffness and depending on the
system volume fractions (even for the softest particles the deviation from the rigid limit
is small for volume fractions smaller than 0.55). When decreasing the volume fraction
below 0.5, all different stiffness data tend to collapse. The solid line is the same stan-
dard kinetic theory as in Figure 3 where the assumption of rigid particle breaks down for
volume fractions ν > 0.5. And the dashed line is the prediction from extended rheolog-
ical model in Eq. (5.6) using the fitting parameters taken from [50] for the data with di-
mensionless particle stiffness 105. Our new extended dense rheological model smoothly
captures the soft particles behavior even beyond the critical volume fraction and works
perfectly between volume fraction 0.3 and 0.7.

Figure 5.4: Steady state dimensionless pressure as a function of volume fraction for different values of di-
mensionless particle stiffness, using monodisperse particles, with restitution coefficient en = 0.7. Diamonds
represent the data from constant volume simulations with data [A], [B] and [E] as suitable for monodisperse,
frictionless spheres. The solid line is the prediction of standard kinetic theory and the dashed line is the critical
volume fraction as also shown in Figure 5.3. The new dashed line is the prediction using Eq. (5.6) with Ic = 3.28,
and p∗

c = 0.33 and νc = 0.636.
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5.4.4. COMBINING BOTH PARTICLE STIFFNESS AND POLYDISPERSITY IN THE

DENSE REGIME

Figure 5.5 displays dimensionless pressure plotted against volume fraction for both con-
stant volume (data [E]) and normal stress (data [C]) setups with three polydispersities
and dimensionless contact stiffnesses, in the moderate to dense volume fraction regime.
Diamonds represent constant volume simulation for monodisperse particles, while stars
and triangles refer to the constant pressure simulation data for polydispersity 2 and 3 re-
spectively and different color represent different particle stiffness. For ν< 0.55, the data
points from the two setups collapse and following the same trend as for the rigid case
(Figure 5.3, data [A]). Interestingly, for the data above the critical volume fraction νc , the
pressure data for different polydispersity are found to collapse with a given dimension-
less stiffness (both for 105 and 107). This indicates that once the system is jammed, the
particle stiffness (deformation) determines the pressure without much effect of the poly-
dispersity of particles. The solid and dashed lines are the same lines as in Figure 5.4, but
is given there as a guidance to the eye representing a reference to the connections. We
observe the SKT solid line is not predicting the behavior at all while the extended dense
rheology dashed line is qualitatively capturing the behavior even for volume fractions
ν> 0.7, but with considerable deviations. Note that there are small differences between
the data from two setups and it is due to the small differences in the particles stiffness,
and this will be elaborated in the next.

Figure 5.5: Steady state dimensionless pressure as a function of volume fraction in moderate to dense regime
for simulations with different polydispersity and different particle stiffness as given in the legend. The lines are
the same as in Figure 5.4.

5.4.5. FROM DILUTE TO DENSE, FROM “LIQUID” TO “SOLID”, UNIVERSAL

SCALING

Figure 5.6 shows the pressure non-dimensionalized in two possible ways (a) using shear
rate and (b) using particle stiffness (as introduce in Section 5.2.1) plotted against the
distance from the critical volume fraction for the data from different simulations using
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(a)

(b)

Figure 5.6: Steady state pressure, as non-dimensionalized by (a) shear rate, and (b) particle stiffness plotted
as a function of distance from the critical volume fraction, ν−νc , for frictionless particles in different shear
setups with different polydispersity and stiffness as shown in the legend. The lines are the same as in Figure
5.4.

frictionless particles. Figure. 5.6(a) shows a good data collapse for the volume fractions
below the critical volume fraction (unjammed regime), or the so-called fluid regime. In
the special case of nearly rigid particles or small confining stress, the scaled pressure di-
verges at the critical volume fraction, which indicates that the granular fluid composed
of rigid particles under shear cannot reach a denser shear jammed state. For the data
with softer particles, flow is possible even above the critical volume fraction. For low to
moderate volume fractions, the agreement of our data with the rigid case is excellent,
while for high volume fractions (especially close to the critical volume fraction) devia-
tions are considerable. The data collapse in the low volume fraction regime shows that
the Bagnold scaling relationship between pressure and volume fraction is not strongly
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affected by particle stiffness, polydispersity and shear setups, but was influenced by
the restitution coefficient (see Figure 5.2). The “fluid” experiences the energy loss more
prominent due to collisions.

For larger volume fractions, the scaling does not collapse the data Note the deviation
between constant volume (data [E]) and constant pressure (data [C]) due to the small
difference in the dimensionless stiffness as shown in the legend.

Figure 5.6(b) shows the same data but only the soft particle simulations ([C] and [E])
with pressure non-dimensionalized by the particle stiffness. In this way, we observe a
data collapse for high volume fractions, ν> νc , in agreement with the rate independent
behavior as observed in other studies. This collapse of data for ν > νc indicates that
above the critical volume fraction the steady state rheological behavior of soft granu-
lar media under shear is dominated mostly by particle stiffness, while the influences of
polydispersity and restitution coefficient (en = 0.8 in data [C] and en = 0.7 in data [E])
are of minor importance. In this regime, the higher the volume fraction, the more solid
like the behavior, and hence the less influences come from other micro-parameters than
stiffness. It is also important to mention that even though we presented the analysis for
pressure only, the shear stress shows a similar quantitative behavior [50].

5.4.6. SO MUCH FOR THE GRANULAR RHEOLOGY

While up to now, the focus was on understanding the relation between pressure and
volume fraction, a granular rheology also must consider the shear stress.

Figure 5.7: Steady state stress ratio (shear stress divided by pressure) versus inertial number, I , for data from
different numerical setups as introduced in the legend of Figure 5.6, with different polydispersity, restitution
coefficient, and particle stiffness. The black solid line shows the traditional μ(I )-rheology from Eq. (5.4) with
the fitting parameters μ0 = 0.12, μ = 0.55 and I0 = 0.2 for frictionless rigid particles (black symbols) [65]. The
dashed line represents the prediction of the extended rheology from Eq. (5.5) using (data [E]) with p∗

0 = 0.9
[50].
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Figure 5.7 shows the steady state shear stress ratio, μ = τ/p (scaled by pressure, mostly
referred as macroscopic friction), against inertial number for all the data discussed from
Figure 5.6(a) (with different polydispersity, restitution coefficient, particle stiffness, as
simulated in diverse numerical setups). It is important to realize that though both shear
stress and pressure diverge close to the critical volume fraction point, their ratio does
not. We observe the traditional μ(I )-rheology as a basic trend. For low inertial number,
μ is almost independent of I , and increases with increasing I , for intermediate to large
I . Interestingly, although the qualitative trend of all the data is predicted by the tradi-
tional rheology, we still observe the deviations from the prediction in Figure 5.7. There
are still many unveiled folders in the granular rheology like non-local behaviors, small
shear rates diffusion, particle softness influence, etc., not to mention the complexity of
including the frictional and cohesive granular media or/and with liquid bridges and sus-
pensions. And also, the missing link between the dilute and dense granular rheological
models is still a great challenge in the future.

5.5. CONCLUSION

This chapter gives an overview of recent progress in understanding and theoretically de-
scribing the collective mechanical behavior of dissipative, deformable particles in differ-
ent states, both fluid-like and solid-like. Particulate systems and granular matter display
collisional, dilute and solid, mechanically stable states - either switching forth and back,
or both at the same time. In which state the system resides depends on material prop-
erties like, e.g., their discrete nature (elastic stiffness), the dissipation (restitution coef-
ficient) or the size distribution (polydispersity) of the particles. But also on the density
of the system and balance between the energy input by (shear) stress or strain-rate and
the energy dissipation by collisions or plastic deformations. Realistic material properties
like friction and cohesion as well as non-spherical particles go beyond the scope of this
chapter.

One extreme case of low and moderate density collisional flows (for weak to moder-
ate dissipation & arbitrary polydispersity) is well described by standard kinetic theory
(SKT) up to system volume fractions about 0.5, beyond which the elastic behavior of
longer-lasting contacts becomes dominant. Open challenges involve very soft particles
for which basic theoretical assumptions of kinetic theory fail, e.g., due to multiple con-
tacting particles.

The other extreme case of quasi-static flow of elastic, mechanically stable solid-like struc-
tures are approximately described by the classical μ(I )-rheology in the limit of rigid par-
ticles, but require a softness correction for comparatively large confining stresses. Re-
markably, dissipation – as quantified by the coefficient of restitution – dominates the
collisional flows in the dilute regime, while the particle stiffness, the polydispersity and
the friction (data not shown here) are the controlling micro-parameters for denser quasi-
static and jammed flows.

The mystery of bridging the gap between the collisional, dilute and the denser quasi-
static, elastic solid-like regimes is not completely solved yet. The particulate, micro-
scopic states are well understood by particle simulations that via a so-called micro-macro
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transition can guide the development of macroscopic, continuum constitutive relations
that allow to predict the state and characteristics where a granular system resides in.
A unified description that ranges from dilute to dense, from rapid to slow, from soft to
rigid, etc., is still one of the great challenges of today’s research.

This chapter provided a few methods and some phenomenology, as well as an overview
of recent literature in this field, with theories that can describe the extremes. Various
recent works attempted to combine those limit-cases and provide first combined, gen-
eralized theories that go beyond the classical states. However, due to dissipation, fric-
tion, cohesion, non-sphericity of realistic materials, this poses still plenty of challenges
for today’s research. Our own ongoing research focuses on providing simple generalized
theories, also for systems with attractive forces and with anisotropic microstructures,
which were not addressed in this chapter.
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6
STEADY STATE RHEOLOGY OF

HOMOGENEOUS AND

INHOMOGENEOUS COHESIVE

GRANULAR MATERIALS

This chapter aims at understanding the effect of different particle/contact properties like
friction, softness and cohesion on the compression/dilation of sheared granular materials.
We focus on the local volume fraction in steady state of various non-cohesive, dry cohe-
sive and wet moderately-to-strongly cohesive frictionless-to-frictional soft granular mate-
rials. The results from (i) an inhomogeneous, slowly sheared split-bottom ring shear cell
and (ii) a homogeneous, stress-controlled simple shear box with periodic boundaries are
compared. The steady state volume fractions agree between the two geometries for a wide
range of particle properties. While increasing inter-particle friction systematically leads to
decreasing volume fractions, the inter-particle cohesion causes two opposing effects. With
increasing strength of cohesion for both soft and stiff particles, we report an enhancement
of the effect of contact friction by cohesion. For soft granular materials, strong cohesion
causes an increase in volume fraction due to significant attractive forces, not visible for stiff
particles. This behaviour is condensed into a particle friction – Bond number phase dia-
gram, which can be used to predict non-monotonic sample relative dilation/compression
due to the opposing effects.

6.1. INTRODUCTION

Granular materials are omnipresent in our daily life and widely used in various industries
such as food, pharmaceutical, agriculture and mining. Interesting granular phenomena

Shi, H., Roy, S., Weinhart, T., Magnanimo, V., Luding, S. Steady State Rheology of Homogeneous and inhomo-
geneous cohesive granular materials, submitted.
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like yielding and flowing [1–5], jamming [6–9], dilatancy [10–12], shear-band localiza-
tion [13–16], history-dependence [17], and anisotropy [18–21] have attracted significant
scientific interest over the past decades. When subjected to external shearing, granular
systems exhibit a non-equilibrium transition (jammed/unjammed) from a static solid-
like to a dynamic, liquid-like state [6, 7] and finally to a steady state [22]. This particu-
lar transition drew much attention for dry and wet granular systems in both dilute and
dense regimes [23–34].

Material’s bulk responses like density/shear resistance are influenced strongly by dif-
ferent particle properties such as frictional forces, as well as dry or wet capillary cohe-
sion. How the microscopic particle properties influence the granular rheological flow
behaviour is still a mystery and thus attracted more attention in the last few decades
[35–44]. Although the influence from single particle property is better understood now,
there is still very little known about the combined effect of particle friction and cohesion
on the rheological behaviour of granular flows [45].

For dry cohesive granular media, one needs to account for the dominant van der Waals
force between particles when they are not in contact. This attractive force can be mod-
eled by a reversible linear long range interaction [46], if the interaction energy and dissi-
pation are matched with the true non-linear force.

In contrast, in wet granular media, particles attract each other as liquid bridges cause
capillary forces [47–49]. The capillary bridge force becomes active at first contact, but
then is active up to a certain cut-off distance where the bridge ruptures. This gives asym-
metric loading/unloading behaviour. Recent studies based on Discrete Element Method
(DEM) confirmed that the specific choice of the capillary bridge models (CBMs) has no
marked influence on the hydrodynamics of granular flow [50, 51] for small volumes of
interstitial liquids. In the present paper, our focus is thus to investigate the effect of two
qualitatively different cohesion mechanisms, dry vs. wet, on the bulk density of cohesive
granular materials. We quantify the cohesion associated with different contact models
by the dimensionless Bond number, Bo, which is defined as the ratio of time scales re-
lated to confining stress and adhesive force. In this way, we generalize the existing rheo-
logical models with cohesion dependencies.

For dry, non-cohesive but frictional granular materials, the bulk density decreases with
increasing the particle friction [39], which is shear dilatancy. Cohesive grains are more
sensitive to stress intensity as well as direction, and exhibit much larger variations in
their bulk densities [52]. Dry granular media with median particle size below 30 μm flow
less easily and show a certain bulk cohesion due to strong van der Waals interactions be-
tween particle pairs [53]. Unsaturated granular media with interstitial liquid in the form
of liquid bridges between particle pairs can also display bulk cohesion which can be
strongly influenced by the flow or redistribution of the liquid [54, 55]. Fournier et al. [56]
observed that wet systems are significantly less dense than dry granular materials even
for rather large particles. The packing density is only weakly dependent on the amount
of wetting liquid, because the forces exerted by the liquid bridges are very weakly de-
pendent on the bridge volume [47]. In general, one expects that the steady state local
volume fraction decreases with increasing either particle friction or cohesion [38, 57].
This decrease of volume fraction is related to both structural changes and increasing
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bulk friction of the materials [16]. However, Roy et al. [42] reported an opposing increase
of local steady state volume fraction proportional with cohesive strength. Whether the
particle cohesion enhances or suppresses the frictional effects that causes dilatancy or
compression remains still a debate. Therefore, the second focus of this paper is to un-
derstand the interplay between particle friction and cohesion on the steady state volume
fraction of the granular systems under shear.

Dilatancy or shear dilatancy in classical plasticity and soil mechanics has a specific defi-
nition as the ratio of incremental volumetric strain to the shear strain. While the “relative
dilatancy” discussed in this work is a dynamic effect that is distinct from the classical di-
latancy since in the steady simple shear flow the volumetric strain is zero. Choosing
different dynamic steady states based on different inter-particle cohesion, it represents
the bulk density change between two different steady states.

The work is structured as follows: in section 6.2.1, we provide information on the two
simulation geometries; in section 6.2.2, the two cohesive contact models are introduced;
in section 6.2.3 the important dimensionless number and their related time scales are
elaborated; and in section 6.2.4, the input parameters are given. Section 6.3 is devoted to
the discussion of major findings of rheological modelling with a focus on the combined
influences of several particle parameters, while conclusions and outlook are presented
in section 6.4.

6.2. SIMULATION METHODS

Discrete Particle Method (DPM) or Discrete Element Method (DEM) is a family of nu-
merical methods for simulating the motion of large numbers of particles. In DPM, the
material is modeled as consisting of finite number of discrete particles, with given micro-
mechanical properties. The interactions between particles are treated as dynamic pro-
cesses with states of equilibrium developing when the internal forces balance. As previ-
ously stated, granular material is considered as a collection of discrete particles interact-
ing through contact forces. Since the realistic modeling of the deformations of the par-
ticles is extremely complicated, the grains are assumed to be non-deformable spheres
which are allowed to overlap [58]. The general DPM approach involves three stages: (i)
detecting the contacts between elements; (ii) calculating the interaction forces among
grains; (iii) computing the acceleration of each particle by numerically integrating the
Newton’s equations of motion while combining all interaction forces. This three-stage
process is repeated until the entire simulation is complete. Based on the fundamental
simulation flow, a large variety of modified codes exist and often differ only in terms of
the contact model and some techniques used in the interaction force calculations or the
contact detection. After the discrete simulations are finished, there are two popular ways
to extract continuum relevant quantities for flow description such as stress, density from
discrete particle data. The traditional one is ensemble averaging of “microscopic” sim-
ulations of homogeneous small samples, a set of independent RVEs [59–61]. A recently
developed alternative is to simulate a inhomogeneous geometry where dynamic, flow-
ing zones and static, high-density zones coexist. By using adequate local averaging over
equivalent volume (inside which all particles can be assumed to behave similarly), con-
tinuum descriptions in a certain parameter range can be obtained from a single set-up
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[16, 32, 37, 62].

6.2.1. GEOMETRIES

In this study, we use MercuryDPM [63–65], an open-source implementation of the Dis-
crete Particle Method (DPM) to simulate granular flow in two geometries: homogeneous
stress controlled simple shear box (RVEs) and inhomogeneous split bottom shear cell,
where the local stress is given by the weight of particles above.

STRESS CONTROLLED SIMPLE SHEAR BOX (SS)

Figure 6.1: Simulation of a 3D system of polydisperse particles simple shear using Lees-Edwards periodic
boundary conditions, with Ly controlled to keep the normal stress σy y constant.

The first simple geometry is a cuboid shear volume with Lees-Edwards periodic bound-
aries in x and y directions [66] and normal periodic boundaries in z direction as shown
in Figure 6.1. The initial length of each box side is set to L, but the box side length in
y-direction, Ly , can vary in time. The polydispersed granular sample contains 4096 soft
particles. The system is sheared along x direction with a constant velocity Vx by moving
all the particles at each time-step to achieve the homogeneous shearing. Meanwhile, the
normal stress along y direction, σy y is kept constant by allowing Ly to dilate/compact,
so that it smoothly reaches its steady state [67, 68]. Using this setup, one can keep both
shear rate and normal stress constant while measuring the shear stress responses in both
transient and steady state. Although this setup is not achievable in reality, it still repre-
sents typical lab experiments, sand or/and powders sheared in different shear cells. This
setup allows the user to explore two variables (shear rate and stress) independently with
low computational cost. Therefore, in the current study, we systematically vary the shear
rate γ̇ = ∂Vx /∂y and confining stress σy y to understand the shear flow in both quasi-
static and dynamic regimes, as well as the influence of particle softness.
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Figure 6.2: 3D Schematic representation of split bottom ring shear cell (top) and side view, showing shear band
formation in the simulation (bottom) [69].

SPLIT-BOTTOM RING SHEAR CELL (SB)

In our present study, we also simulate a shear cell with annular geometry and a split
bottom, as described in detail in [16, 69]. The geometry of the system consists of an
outer cylinder (radius Ro = 110 mm) rotating around a fixed inner cylinder (radius Ri

= 14.7 mm). We vary the rotation frequency from Ω = 0.06 to 4.71 rad/s (0.01 to 0.75
rotation/s). The granular material is confined by gravity between the two concentric
cylinders, the bottom plate, and a free top surface. The gravity varies from 1 ms−2 to 50
ms−2. The bottom plate is split at radius Rs = 85 mm. Due to the split at the bottom, a
narrow shear band is formed. It moves inwards and widens towards the free surface. The
filling height (H ≈ 40 mm) is chosen such that the shear band does not reach the inner
wall. Figure 6.2 shows the 3D schematic presentation and side view of the split bottom
shear cell geometry with colors blue to red indicating low to high kinetic energy of the
particles. It is visible that a wide shear band is formed away from the walls, which is thus
free from boundary effects.

In earlier studies [16, 32], a quarter of this system (0◦ ≤φ≤ 90◦) was simulated using peri-
odic boundary conditions. All the data corresponding to different gravities and different
rotation rates belong to this system. In order to save computation time, we simulate
only a smaller section of the system (0◦ ≤ φ ≤ 30◦) with appropriate periodic bound-
ary conditions in the angular coordinate. No noticeable differences in the macroscopic
flow behavior were observed between simulations performed using a smaller (30◦) and
a larger (90◦) section.

6.2.2. FORCE MODELS

In our non-cohesive simulations, we use the linear visco-elastic frictional contact model
between particle contacts in both geometries we mentioned above: Simple Shear Box
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(SS) and Split Bottom Shear Cell (SB) [70].

The dry cohesive particles are simulated in the geometry SS using a linear reversible
visco-elastic adhesive contact model as shown in Figure 6.3(a) , where we combine an at-
tractive non-contact force with a linear visco-elastic frictional contact force [70]. This re-
versible attractive model is chosen as a (linearized) representation of the van-der-Waals
attractive non-contact force.

And in the geometry SB, we simulate wet cohesive particles using an irreversible ad-
hesive non-contact force with a linear visco-elastic frictional contact force as shown in
Figure 6.3(b), which only differs in the attractive non-contact part compared to the dry
cohesive simulations.

CLASSICAL LINEAR CONTACT FORCE

When two particles are in contact, the overlap δ can be computed as,

δ= (ai +a j )− (ri − r j ) ·n (6.1)

with radii ai and a j , for the two primary particles, respectively and the unit vector n =
ni j = (ri − r j )/|ri − r j | pointing from j to i .

Thus the normal force fn between two particles is simply computed when δ > 0 (Fig.
6.3),

fn = knδ+γn vn (6.2)

with a normal stiffness kn , a normal viscosity γn and the relative velocity in normal di-
rection vn [70].

On top of this simple elastic contact force law, we separately add two types of adhesive
forces: reversible adhesive force and jump-in liquid bridge capillary force. The details of
these two adhesive forces are elaborated in the following.

(a) (b)

Figure 6.3: a) Reversible adhesive force with linear contact model; b) jump-in (irreversible) adhesive capillary
force, combined with a linear visco-elastic contact force as in Eq. (6.2).
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REVERSIBLE ADHESIVE FORCE

For the dry granular material, we assume a (linear) van-der-Waals type long-range ad-
hesive force, fa, as shown in Fig. 6.3(a). The adhesive force law between two primary
particles i and j can be written as,

fa =

⎧⎪⎨
⎪⎩

0 if δ≤−δa ;

−ka
c δ− f max

a if −δa ≤ δ≤ 0;

− f max
a if δ> 0

(6.3)

with the range of interaction δa := fa/ka
c , where ka

c is the adhesive strength of the mate-
rial and f max

a is the (constant) adhesive force magnitude, active for the overlap δ> 0 in
addition to the contact force.

When δ = 0, the force is − f max
a . The adhesive force fa is active when particle overlap

is greater than −δa , when it starts increase/decrease linearly along ka
c , for two particles

approaching and separation respectively. In the current study, this contact model is ap-
plied in the case of homogeneous stress controlled simple shear box simulations.

JUMP-IN LIQUID BRIDGE CAPILLARY FORCE

The capillary attractive force between two particles in a wet granular bulk is modeled
with a discontinuous (irreversible) attractive law as shown in Fig 6.3(b). The jump-in
capillary force can be simply written as:

fa =

⎧⎪⎪⎨
⎪⎪⎩

0 if δ< 0, approaching;
− f max

a

(1+1.05S̄+2.5S̄2)
if −Sc ≤ δ< 0, separation;

− f max
a if δ≥ 0

(6.4)

where S̄ = S
√

(r /Vb) is the normalized the separation distance , S =−δ being the separa-
tion distance, r the reduced radius and Vb the volume of liquid bridges. The maximum
capillary force at contact (S = 0) is given by f max

a = 2πrγs cosθ, with the surface tension
of the liquid, γs , and the contact angle, θ [46].

There is no attractive force before the particles come first into contact; the adhesive force
becomes active and suddenly drops to a negative value, − f max

a , when δ = 0 (the liquid
bridge is formed). Note that this behavior is defined here only during first approach
of the particles. We assume the model to be irreversible: the forces will not follow the
same path, i.e., the attractive force is active until the liquid bridge ruptures at δ = −Sc .
This attractive force is following Willet’s capillary bridge model [47], as explained in [46].
Similar to the reversible model, we combine the attractive capillary adhesive model with
the linear visco-elastic contact model defined in Sec. 6.2.2 and use this combined model
to simulate wet granular materials under shear in the split bottom shear cell.

FRICTION

Introducing the additional cohesive force in the normal direction between the two par-
ticles also influences the frictional force in the tangential direction. The tangential force
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is calculated in a similar fashion like normal force through a “spring-dashpot” model
( ft = ktδt ) and coupled to the normal force through Coulomb’s law, ft ≤ f C

s := μs f r ep ,
where for the sliding case one has dynamic friction with ft ≤ f C

t :=μd f r ep . In this study,
we use μp = μs = μd . If a purely repulsive contact is established, f r ep = fn > 0, and the
tangential force is active and calculated based on the history in tangential direction. For
an adhesive contact, Coulomb’s law has to be modified in so far that f r ep is replaced by
fn + f max

a . In the current model, the reference for a contact is no longer the zero force
level, but it is the adhesive, attractive force level [58, 70].

6.2.3. TIME SCALES AND DIMENSIONLESS NUMBERS

Dimensional analysis is often used to define the characteristic time scales for different
physical phenomena that the system involves. Even in a homogeneously deforming
granular system, the deformation of individual grains is not homogeneous. Due to geo-
metrical and local parametric constraints at grain scale, grains are not able to displace as
affine continuum mechanics dictates they should. The flow or displacement of granular
materials on the grain scale depends on the timescales for the local phenomena and in-
teractions. Each time scale can be obtained by scaling the associated parameter with a
combination of particle diameter dp and material/particle density ρp . While some of the
time scales are globally invariant, others are varying locally. The dynamics of the gran-
ular flow can be characterized based on different time scales depending on local and
global variables. First, we define the time scale related to contact duration of particles
which depends on the contact stiffness kn as given by [32]:

tk =
√

ρp dp
3

kn
. (6.5)

In the special case of a linear contact model, this is invariant and thus represents a global
time scale too. Two other time scales are globally invariant, the cohesive time scale tc ,
i.e., the time required for a single particle to traverse a length scale of dp /2 under the
action of an attractive capillary force and the gravitational time scale tg , i.e., the elapsed
time for a single particle to fall through half its diameter dp under the influence of the
gravitational force. The time scale tc could vary locally depending on the local capillary
force fc . However, the capillary force is weakly affected by the liquid bridge volume while
it strongly depends on the surface tension of the liquid γs . This leads to the cohesion
time scale as a global parameter given by:

tc =
√

ρp dp
4

fc
∝

√
ρp dp

3

γs
, (6.6)

with surface tension γs and capillary force fc ≈πγs dp .

The global time scales for granular flow are complemented by locally varying time scales.
Granular materials subjected to strain undergo constant rearrangement and thus the
contact network re-arranges (by extension and compression and by rotation) with a shear
rate time scale related to the local strain rate field:
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tγ̇ = 1

γ̇
. (6.7)

The time for rearrangement of the particles under a certain pressure constraint is driven
by the local pressure p. This microscopic local time scale based on pressure is:

tp = dp

√
ρp

p
. (6.8)

As the shear cell has an unconfined top surface, where the pressure vanishes, this time
scale varies locally from very low (at the base) to very high (at the surface). Likewise, the
strain rate is high in the shear band and low outside, so that also this time scale varies
between low and high, respectively.

Finally, one has to also look at the granular temperature time scale due to the velocity
fluctuations among all the particles which is of significance of determining how “hot”
the system is [33, 71, 72]:

tT = dp√
Tg

. (6.9)

Dimensionless numbers in fluid and granular mechanics are a set of dimensionless quan-
tities that have a dominant role in describing the flow behavior. These dimensionless
numbers are often defined as the ratio of different time scales or forces, thus signifying
the relative dominance of one phenomenon over another. In general, we expect five time
scales (tg , tp , tc , tγ̇ and tk ) to influence the rheology of our system. Note that among the
five time scales discussed here, there are ten possible dimensionless ratios of different
time scales. We propose three of them that are sufficient to define the rheology that de-
scribes our results.

The first dimensionless number is Inertial Number, which is the ratio between tp and tγ̇,

I = γ̇dp /
√

p/ρp (6.10)

The second Softness characterizes how “soft” the system is and is the square of the ratio
between contact collision timescale tk and pressure timescale tp ,

p∗ = pdp /kn (6.11)

The last one which is important to characterize the cohesiveness in the whole system
is Bond Number. It is also the square of the ratio between pressure timescale tp and
cohesion timescale tc ,

Bo = f max
a /pd 2

p (6.12)

Interestingly, all these three dimensionless ratios are based on the common time scale
tp . Thus, the time scale related to confining pressure is important in every aspect of the
granular flow [32, 43].
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6.2.4. SIMULATION PARAMETERS

FIXED PARTICLE PARAMETERS

The fixed input parameters for the two different simulation set-ups are summarized in
Table 6.1. In the liquid bridge capillary contact model, there are two extra input parame-
ters compared to the dry adhesive model: contact angle and liquid bridge volume. These
two parameters are kept constant for all the simulations. Apart from that, the only dif-
ference in the inputs is that we use restitution coefficient, e = 0.8 to compute the normal
viscosity in the dry adhesive model but directly input the normal viscosity in the liquid
bridge capillary contact model.

Table 6.1: Summary and numerical values of fixed input particle parameters used in the DPM simulations.

Parameter Symbol Simple Shear (dry) Split-Bottom (wet)
Average Diameter dp 2.2 mm 2.2 mm
Polydispersity w = rmax /rmi n 2 and 3 2
Particle Density ρp 2000 kg/m3 2000 kg/m3

Normal stiffness kn 100 kg/s2 100 kg/s2

Tangential stiffness kt /kn 2/7 2/7
Rolling/torsion stiffness kr /kn 2/7 2/7
Coulomb friction static μs 0 to 1 0.01
Coulomb friction dynamic μd 0 to 1 0.01
Rolling friction μr 0 0
Torsion friction μt 0 0
Restitution coefficient e 0.8 0.8
Normal Viscosity γn 0.002 kg/s 0.002 kg/s
Friction Viscosity γ f r /γn 2/7 2/7
Rolling Viscosity γr o/γn 2/7 2/7
Torsion Viscosity γto/γn 2/7 2/7
Adhesion stiffness kadh/kn 1 [−]
Contact angle θ [−] 20◦
Liquid bridge volume Vb [−] 75 nl

CONTROL PARAMETERS

Apart from the fixed particle parameters, there are also several control parameters which
we vary and explore the influences of those variables, for instance, shear rate, pressure,
gravity and cohesion, in which we could explore also our rheology towards different in-
ertia, softness and cohesion regimes. The details of parameter ranges are summarized
in Table 6.2.

To study the effect of inertia and contact stiffness on the dry-non-cohesive materials
rheology in the geometry SS, we vary the shear rate, γ̇, between 0.0001 and 1 s−1 , as
well as the pressure, p, between 125 and 4000 Pa. Thus, we obtain inertial numbers, I ,
between 0.001 and 1; softness, p∗, between 0.001 and 0.1. While for the dry-cohesive
simulations in the same set-up, we keep the shear rate, γ̇ = 0.005 s−1, pressure, p = 500
Pa, and vary only the maximum adhesion force, f max

a , between 0 and 0.01 N. This leads
to the range of Bond number, Bo, between 0 and 5.
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Table 6.2: Summary of variable control parameters used in two geometries: Simple Shear Box (SS) and Split
Bottom Shear Cell (SB).

SS SB
γ̇ [s−1] p [Pa] f max

a [N] Ω [rad/s] g [ms−2] γs [Nm−1]
Input range 0.0001-1 125-4000 0-0.01 0.063-4.712 1-50 0-0.3
Dimensionless
numbers range

I : 0.001-1 p∗: 0.001-0.1 Bo: 0-5 I : 0.001-0.1 p∗: 0.002-0.05 Bo: 0-4

For the dry non-cohesive simulations using the geometry SB, we vary the rotation rate,
f , between 0.063 to 4.712 rad/s (0.01 and 0.75 rotation/s), of the outer wall to vary the
system inertia and therefore match the case of the simple shear box. And to change
the pressure in this free surface system, we achieve low or high pressure by varying the
gravity, g , between 1 and 50 ms−2. In the case of wet granular material in SB, we vary
the intensity of the maximum capillary force f max

a = 2πrγs cosθ, by varying the surface
tension of the liquid γs , while keeping the volume of liquid bridges Vb constant at 75
nl, corresponding to a liquid saturation of 8% of the volume of the pores and the contact
angle θ is fixed at 20◦. The chosen values of surface tensions are between 0 and 0.3 Nm−1.
The rotation rate, f = 0.01 rps and the gravity, g = 9.81 ms−2 are kept constant for all the
wet cohesive simulations.

Note that for all the simulations performed using geometry SB, the inter-particle friction
is kept constant at μp = 0.01, while for the simulations performed in geometry SS, we
vary μp between 0 and 1. Therefore, for the comparison between the two geometries, we
choose only the data with μp = 0.01, and in each simulation performed, the Coulomb
friction static and dynamic are always kept the same and referred to by the inter-particle
friction, μp =μs =μd .

6.3. RHEOLOGY

Our first goal is to check the consistency of bulk densities from two different geometries:
SS and SB when using the same non-cohesive contact model. And the second goal is to
investigate how different cohesive contact models influence the bulk density at steady
state. Therefore, in Sec. 6.3.1, we check whether the shear behaviour of the non-cohesive
granular media is the same in the two different geometries, by comparing the steady
state volume fractions. And then in Sec. 6.3.2, we compare the rheological behaviours
of cohesive granular materials using the reversible adhesive contact model (stress con-
trolled simple shear box) and irreversible liquid bridge capillary contact model (split bot-
tom shear cell). In addition, we also check the validity of existing frictional rheology and
consummate it towards cohesive materials. Finally, in order to achieve our second goal,
we explain the interplay between particle friction and cohesion in Sec. 6.3.3.

6.3.1. NON-COHESIVE GRANULAR MATERIALS

For dry granular materials, which have large particle size and negligible attractive forces
(Bo ≈ 0), the rheology (i.e., the equations of state for volume fraction and macroscopic
friction) depends mainly on the inertial number, I , and the particle softness, p∗, which
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are the competition between the time scales tp /tγ̇ and tk /tp , respectively. The depen-
dence of the macroscopic friction coefficient μ= τ/p on p∗ and I has been studied ear-
lier [32, 43]. In order to complete the rheology for soft, compressible particles, a relation
for the volume fraction, φ, as function of pressure and shear rate is still missing for dry
non-cohesive materials. In previous work [62], the following dependency was reported:

φ(I , p∗) =φ0gI (I )gp (p∗) (6.13)

with the critical or steady state volume fraction under shear, i.e., the limit for vanish-
ing pressure and inertial number, φ0(μp = 0.01) = 0.64, and gI (I ) = (1− I /Iφ), gp (p∗) =
(1+p∗/pφ

∗). The typical strain rate for which shear dilation would turn to extreme flu-
idization is Iφ = 0.85 , and the typical pressure level for which softness leads to huge
densities is pφ

∗ = 0.33 [62]. Note that both correction functions are given first order with
respect to their higher order Taylor expansions, i.e., they are valid only for sufficiently
small arguments. In slow, quasi-static flows in the split bottom shear cell simulations,
weak dilation is observed, i.e., no strong dependence of φ on the local shear rate [62].
On the other hand, large inertial numbers fully fluidize the system so that the rheol-
ogy should be that of a granular fluid, for which kinetic theory applies. Small pressure,
i.e., small overlaps have little effect, while too large pressure would lead to enormous
overlaps, for which the contact model and the particle simulation with pair forces be-
come questionable. Therefore, we focus on the quasi-static to moderate inertial regime
(I < 0.2 ≈ Iφ/4) and low to moderate overlaps between particles (p∗ < 0.08 ≈ pφ

∗/4) with
only a few data outside this regime [62, 68].

Note that in Eq. (6.13), although the volume fraction depends on inter-particle friction,
μp , here we do not include μp as functional variable. We consider inter-particle fric-
tion as a micro-parameter like polydispersity or restitution coefficient, which is different
from the state variables in our functions, e.g. shear rate and pressure. However, we did
explore this dependency in detail, as explained in Appendix B.

In Fig. 6.4, we plot the volume fraction in steady state as a function of inertial number for
both the stress controlled simple shear box (SS) as well as the split bottom shear cell (SB)
with the same friction coefficient μp = 0.01. For the case of SS, when we we keep softness
p∗ constant and vary only shear rate (black squares and dashed lines), the volume frac-
tions decrease with inertial number, the increase of inertia (shear rate) leading to higher
collisional/dynamic pressure. Correspondingly in the case of SB, when we vary the rota-
tion velocity (red triangles), the volume fraction follows the same trend and data collapse
well with the data from SS but with slightly more scatter due to the local, small volumes
used for averaging. The red triangles are not following any single of the dashed lines
since p∗ is small but not constant. When we fix shear rate and vary only pressure (blue
circles and solid lines), the large pressure leads to considerable compaction at small I .

In order to focus on the dependency of softness p∗, in Fig. 6.5, we plot the same data
as in Fig. 6.4 against softness. For the case of SS, when the shear rate γ̇ is kept constant
while softness p∗ is varying (blue circles), we observe an increase of volume fraction with
softness. For the corresponding case in SB, when we keep the rotation velocity constant
and vary gravity (brown crosses), the volume fractions follow the same trend as in the
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Figure 6.4: Volume fraction, φ, plotted against inertial number, I , using stress controlled simple shear box (SS)
and split bottom shear cell (SB) with μp = 0.01. For SS, two sets of parameters are chosen: i). fix softness at p∗ =
[0.0025, 0.005, 0.01], vary shear rate γ̇ between 0.0001 and 1 (black); ii) fix shear rate at γ̇ = [0.0005, 0.005 ,0.05],
vary softness p∗ between 0.001 and 0.1 (blue). For SB, the range of values of gravity g and rotation frequency
Ω are given in Table 6.2 and the cloud of points represent center of shear band data from 12 SB simulations.
The lines are the predictions Eq. (6.13), fitted using SS data, with φ0 = 0.65, Iφ = 2.77 and p∗

φ
= 0.30. Solid and

dashed lines represent constant γ̇ and p∗, respectively.

case of SS and increase with softness in a linear relation as specified in [32]. Different
gravity data from the split bottom shear cell collapse also well with the simple shear box
data but with slightly more scatter. The increase in softness p∗ can be due to the pressure
increase in the system or the particles becoming softer; in either case the particles will
overlap more thus leading to an increase in the volume fraction.

In the same Figs. 6.4 and 6.5, we also plot the prediction of Eq. (6.13) fitted using data
from SS and with the details of fitting parameters summarized in Table 6.3. Since the two
systems have similar rheological behaviour, one would expect the rheological model de-
veloped from SB should capture also the behaviour of SS and vice versa. The prediction
of fitted function looks promising and it captures well both the dependencies of system
inertia and softness as shown in dashed and solid lines, respectively. All the fitting devia-
tions are within 5%, even for data with relatively high inertia (I > 0.2). However, when the
volume fraction gets low (below 0.5), the predictions of our rheological model deviates
from the simulation data, because the system goes from the dense state towards a loose
granular fluid, where our model does not take this into account. Alternative rheologi-
cal models for the jamming transition are reviewed in [33], while the appropriate model
for the fluid/gas state is standard kinetic theory as studied in [73–76]. This indicates the
limits of using the rheological model Eq. (6.13); it predicts well moderate to dense gran-
ular flows with finite contact stresses, but not dynamic, less dense granular gases. Note
that here we have also included the Iφ = 0.85 from [43, 62, 72], which is different from
Iφ = 2.7699 obtained from SS setup. This difference is caused by different granular tem-
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Figure 6.5: Volume fraction, φ, plotted against softness, p∗, for the same data as in Fig. 6.4.

peratures inside the two geometries at relatively high Inertial numbers (I > 0.05), which
is still an ongoing research and will be addressed in a separate study.

Table 6.3: The fitting coefficients of the non-cohesive rheological model for φ in Eq. (6.13) for various μp . Note
that in this study, we use particle density ρp in the Inertial number. While bulk density ρb = ρp ∗φ0 is used
in different literature [43, 62, 72] and leads to the confusing Iφ values (details in the table below) due to this
alternative definitions of Inertial number.

μp φ0 Iφ p∗
φ

0.00 0.6549 2.5806 0.3044
0.01 0.6535 2.7699 0.3049

0.01 in Ref. [43, 62, 72] 0.65 0.85 0.33
0.05 0.6462 2.9652 0.3016
0.10 0.6372 3.2105 0.2975
0.20 0.6220 3.6174 0.2884
0.30 0.6111 4.1916 0.2809
0.40 0.6027 4.6543 0.2724
0.50 0.5962 5.1727 0.2640
0.70 0.5895 5.5727 0.2594
0.90 0.5845 5.9727 0.2547
1.00 0.5838 6.1727 0.2524

6.3.2. COHESIVE GRANULAR MATERIALS

For cohesive granular materials, attractive forces enhance the local compressive stresses
acting on the particles, thus leading to an increase in the volume fraction. On the other
hand, rough and frictional particles will display a strong dilatancy, i.e., a reduced volume
fraction under shear at steady state, compared to their initial (over-consolidated) volume
fraction. We systematically vary the inter-particle friction (μp from 0 to 1) and then for
each inter-particle friction value we vary cohesion (Bo from 0 to 5) to study the volume
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fraction variations in steady state. Then we introduce a generalized rheological model
involving cohesion, as based on evidence from the simulations.

The Bond number represents the competition between pressure time scale tp and cohe-
sion time scale tc . Low bond number refers to tp � tc while high Bond number indicates
tp 
 tc . The variation of Bond number in the current study provides a wide estimate of
the cohesion intensity by comparing the maximum pressure allowed by the cohesion
f max

a /d 2
p to the actual pressure from the particle contacts.

EFFECTS OF COHESION FOR DIFFERENT PARTICLE FRICTION

In Fig. 6.6, we plot the steady state volume fraction against the Bond number for samples
with different inter-particle friction using the SS geometry. For very low inter-particle
friction (μp � 0.01), we observe an overall continuous increase in the volume fraction
with Bo. For higher inter-particle friction (μp � 0.05), dilatancy is observed with in-
creasing Bo up to values above 1. When the Bond number becomes larger, the volume
fraction increases with increasing Bo. When we fix the cohesion (Bo ≈ const.) and vary
the particle friction, we always see the volume fraction decrease with increasing particle
friction; this indicates the particle friction will always lead to shear dilation not the com-
pression. Thus, we assume that the change in volume fraction is due to the compression
of soft cohesive particles and the dilatancy due to structural changes in the presence of
friction. We also added here the predictions of our proposed rheological models as in
Eq. (6.16) and Eq. (6.18) with solid and dashed lines, respectively. The predictions of Eq.
(6.16) are in very good agreements with the actual data, but the lines of including Eq.
(6.18) over-predict the volume fractions at the steady state and deviate more towards
higher Bond numbers. The details of how the rheological model is modified/generalized
will be discussed in the following.

In cohesive flows, attractive forces enhance the compressive pressure acting on the par-
ticles. This can be quantified as follows: the net pressure can be split into two compo-
nents, p = prep − pcoh, denoting the respective contributions of repulsive and cohesive
contact forces. The ratio between the total cohesive contribution and the total pressure
is given by the local Bond number, Bo = pcoh/p, and thus prep = (1+Bo)p. As the geo-
metrical compression (deformation at each contact) is related to the repulsive stress, it
is the repulsive pressure prep that has to be considered in the softness factor gp to cor-
rect this cohesion induced bulk density change. However, this (1+Bo) correction is not
considered inside the Inertial number I , because the dominating timescale here is the
pressure time scale tp that correlated to the total pressure ptot al in the system not the
repulsive part pr ep . Thus, using Eq. (6.13), the modified softness correction for cohesive
systems is given as:

gp = gp (p∗,Bo) = gp (p∗
rep) = gp ((1+Bo)p∗) (6.14)

For non-cohesive systems, Bo = 0, gp is consistent with the non-cohesive rheological
functions. This modified pressure is similar in spirit with the modified inertial number as
presented in [77], which takes into account the cohesive contribution in stress. A similar
modification of pressure in the Inertial number is also required in the inertial regime
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Figure 6.6: The SS volume fraction φ as a function of the Bond number Bo for different inter-particle friction
coefficients μp . The shear rate γ̇= 0.005 s−1 and pressure p = 500 Pa are kept constant for all the simulations
shown here, so that I = 0.02 and p∗ = 0.01. The solid lines are the predictions of Eq. (6.16) while the dashed
lines are the predictions including the μp dependency as in Eq. (6.18).

but only weakly affects in the quasi-static regime. In other words, the modification of
using p∗

rep will only make the unmodified situation going towards lower inertia regime,
in which no obvious trend of volume fraction φ is observed.

In Fig. 6.7, we plot the same data as in Fig. 6.6 to obtain the functional format of the
correction gc : the normalized volume fraction, gc =φ/[φ0gI (I )gp (p∗,Bo)] as function of
the Bond number, Bo, in order to confirm the effect of cohesion on the dilatancy of soft
particles. From low to moderate Bo, the correction gc decreases with increase of Bo. The
increase of the repulsive force between two contacting particles leads also to an increase
of the limit to sliding and thus increase the non-mobilized tangential force, resulting in
an enhancement of the role of friction. For Bo � 3, the gc increases from its minimum
at Bo ≈ 3. For even larger Bond number (data not shown), the attractive force is so high
that sample dilation is suppressed by compression. Note that compression is prevailing
for soft particles but is negligible when p∗ ≈ 0, in the limits of low confining stress or
infinite stiffness, when the local volume fraction is expected to monotonically decrease
with Bo. Some previous studies have confirmed the negligible effect of confining stress
p∗ when using stiff particles [77, 78].

Here we assume that the frictional contributions are same for both cohesive and non-
cohesive materials. Therefore, we use the coefficients of the non-cohesive material:
φ0, Iφ and p∗

φ from Table 6.3. The local volume fraction φ is scaled/divided by gI as in
Eq. (6.13) and gp as modified in Eq. (6.14). In such a way, we hope to remove the effect
of particle inertia as well as particle softness.

Thus, cohesion contributes to the initial decrease and subsequent increase in the vol-
ume fraction correction of gc for sheared materials, and depends on the inter-particle
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friction. In order to quantify this dependence, the correction function gc of the Bond
number, Bo, is given by a fourth degree polynomial function:

gc (Bo) = p4Bo4 +p3Bo3 +p2Bo2 +p1Bo +p0 (6.15)

where, p4, p3, p2 and p1 are constants depending on μp and p0 = 1. The actual fitted
values for gc with different inter-particle friction, μp , are summarized in Table 6.4. With
increasing μp , the polynomial constants p1, p3 decrease, but p2, p4 increase.

Table 6.4: The fitting coefficients of 4th degree polynomial.

μp p4 p3 p2 p1 p0

0.00 -0.000476 0.00489 -0.01260 -0.00634 1
0.01 -0.000444 0.00430 -0.00855 -0.01691 1
0.05 0.000011 -0.00046 0.00874 -0.04262 1
0.10 0.000212 -0.00288 0.01881 -0.06059 1
0.20 0.000640 -0.00743 0.03593 -0.08948 1
0.30 0.001113 -0.01229 0.05300 -0.11510 1
0.40 0.001433 -0.01543 0.06374 -0.13178 1
0.50 0.001615 -0.01733 0.07046 -0.14242 1
0.70 0.001866 -0.01988 0.07944 -0.15629 1
0.90 0.001565 -0.01728 0.07274 -0.15257 1
1.00 0.001626 -0.01771 0.07366 -0.15412 1

The lines in Fig. 6.7 represent Eq. (6.15), where a promising collapse between this pre-
diction and the simulation data is observed. For low particle friction, e.g. μp = 0.01,
the volume fraction decreases gradually with Bo; while for higher particle friction, e.g.
μp = 0.5, the volume fraction decreases more sharply with Bo. We note that for friction-
less particles (μp = 0) under shear, the correction gc decreases with increasing Bo, which
suggests that cohesion contributes to the structural changes that relate to shear dilation.
In other words, on top of the effect in gp , cohesion could make frictionless particles stick
together and form clusters, that result in an increase of the bulk shear resistance (data
not shown here). The sample has to dilate to reduce its shear resistance to compensate
this effect. Thus the role of contact friction in enhancing dilation is not a solitary ef-
fect, also cohesion is affecting the system behaviour: one should not neglect the role of
either. Frictional particles need at least four mechanical contacts to form a stable struc-
ture while frictionless particles need six contacts. The higher the friction, the higher the
probability that a stable packing can be formed in lower volume fractions with less aver-
age contacts/coordination number. In Fig. 6.6, we observe the steady state volume frac-
tion decreases with increase of the inter-particle friction at fixed cohesion/Bond num-
ber, which indicates that the sample with higher inter-particle friction can reach steady
state or form stable structure resisting the shear with a much lower volume fraction.

Comparing to the previous works [32, 43], a more complete rheology including the co-
hesion/Bond number influences on the volume fraction is introduced:

φ(I , p∗,Bo) =φ0gI (I )gp ((1+Bo)p∗)gc (Bo) (6.16)
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Table 6.5: List of rheological correction functions on φ for application in a continuum model, see Eq. (6.16).

Dimensionless numbers Corrections
Inertial number (I ) gI = 1− I /Iφ

Softness (p∗) gp = 1+ (1+Bo)p∗/p∗
φ

Bond number (Bo) gc = p4Bo4 +p3Bo3 +p2Bo2

+p1Bo +1
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Figure 6.7: The scaled volume fraction gc = φ/(φ0gI gp ) as a function of the Bond number Bo for different
inter-particle friction coefficients as shown in the legend. The lines are the predictions of the fitted Eq. (6.15)
and the data are the same as in Fig. 6.6.

In case of rigid particles, p∗ → 0, Eq. (6.16) reduces to φstiff = φ(I ,0,Bo) = φ0gI gc . The
details of each contribution are summarized in Table 6.5.

GENERALIZED RHEOLOGY

Now we go further and include data from SB with a different contact model to compare
with the data from SS. As discussed earlier in Sec. 6.2.2, we use two different contact
models for the attractive forces in the two systems, SS and SB. Thus, the question arises
whether the two models are influencing the systems in the same way. Since we discuss
the granular rheology for soft particles, our second focus would be the effects of cohe-
sion (Bond number) on the volume fraction, which are the increase due to the compres-
sion and decrease due to the structural change enhanced by friction. First, we illustrate
our data in a slightly different way in Figure 6.8(a), plotting the scaled volume fraction
φ/[φ0gI (I )gc (Bo)] as a function of the repulsive pressure (1+Bo)p∗. Unlike the previ-
ous section, here we use the function gc from Eq. (6.15) for the scaling. In such a way,
the dilation due to increase in Bond number and inertial effect due to increase in shear
rate are isolated. For the case of SS, the scaled volume fraction increases with softness,
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the same trend is also observed for the case of SB, regardless of non-cohesive or cohesive
data.

The scaled local volume fractions φ/[φ0gI (I )gc (Bo)] increase with the repulsive pressure
(1+Bo)p∗, and all the data are found to collapse on a single increasing trend that is gp .
Therefore we plot the predictions of our rheological functions as red and black solid lines
in Figure 6.8(a). We see the two lines differ slightly from each other and we associate this
to the small difference in the particle size distributions used in the two geometries, the
simple shear box has a sample with polydispersity 3 while the split bottom shear cell has
a value of 2. Nevertheless, this difference is minimal and the global trend is well captured
using our new proposed rheological model. Note here, for the cohesive data of SB, the
inertial number I ranges from 0.0004 to 0.0013 and the softness p∗ ranges from 0.002 to
0.012, which differ from the cohesive SS data with constant I and p∗. If one expects the
correction function gc is strongly affected by different I and p∗, then these influences
would show up in the data of SB where a wide range of inertial number and softness
is covered. However, the influence/difference is not observed, therefore, the correction
function gc is not or maybe only very weakly affected by the dimensionless numbers I
and p∗, apart from the Bond number Bo.
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Figure 6.8: (a) The scaled volume fraction gp = φ/(φ0gI gc ) as a function of the softness p∗(1+Bo) and (b)
zoom in to the simple shear data with different inter-particle friction coefficients and Bond numbers. Different
symbols represent different particle friction, where small black diamonds represent local data from the split
bottom shear cell (SB) for different Bond numbers using wet cohesive capillary bridge force contact model (Fig.
6.3(b)) while all other are from homogeneous stress controlled simple shear box (SS). The red circles are the
simple shear data using the normal visco-elastic contact model with no cohesive forces involved but varying
shear rate and confining stress. The rest of the SS data are performed with different inter-particle friction
coefficients and Bond number using the aforementioned linear reversible adhesive contact model (Fig. 6.3(a)).
The black solid and dashed lines are the predictions of our rheological model Eq. (6.14) fitted using SS data
with μp = 0.01 and 1, respectively. While the red line is using SB data with the same inter-particle friction as
reported in [62].

When we look closer at the cohesive data of SS as shown in Figure 6.8(b), we observe that
the data deviate more from the black prediction line with increase in p∗(1+Bo). As we
control all the samples having the same p∗ for the data shown here, the cause of increase
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in volume fraction can only be from the increase of cohesion (Bo), which is the increase
of the attractive forces among the soft particles and thus leads to compression. The re-
pulsive component of pressure is solely contributed by p∗ for non-cohesive materials.
For cohesive material, the net repulsive contribution is due to the cohesive (tensile) as
well as the pressure (compressive) forces, and this effect is found to be independent of
inter-particle friction. For the Bond number up to 2, all the data are collapsing on the
single trend with less than 2% deviations, while the high Bond number data are deviat-
ing more from this trend, but still within 5% deviations up to Bond number 5. Here, the
model predictions from this work are given as lines for two values of friction: black solid
line for μp = 0.01 and black dashed line for μp = 1. Both lines predict the corresponding
dataset very well. The red line is slightly off the data points due to a small difference in
the polydispersity.

6.3.3. THE COMBINED EFFECT OF INTER-PARTICLE FRICTION AND COHE-
SION

As mentioned earlier, cohesion among particles can lead to either compression or dila-
tion in steady granular flow relative to its non-cohesive situations. Which mechanism
dominates strongly depends on the interplay between inter-particle friction and cohe-
sion. In order to investigate how the cohesion works with friction and influences the
bulk behaviour, we choose the SS set-up and systematically vary both inter-particle fric-
tion and cohesion to check their combined influences. For each inter-particle friction,
we use the steady state volume fraction φ(μp , I , p∗,Bo = 0) as reference, and subtract it
from the steady state volume fraction of other Bond numbers, Δφ = φ(μp , I , p∗,Bo)−
φ(μp , I , p∗,0), defining the cohesive effect on the change of steady state volume fraction.
The positive Δφ indicates compression, while negative indicates dilation of the sample.
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Figure 6.9: (a) The Bond number Bo plotted against inter-particle friction μp for change of steady state volume
fractionΔφ=φ(μp , I , p∗,Bo)−φ(μp , I , p∗,0) as shown in the color bar and (b) The phase diagram created from
same data as in (a) with red and blue indicating relative compression and dilation, respectively. The Inertial
number I = 0.016 and softness p∗ = 0.01 are kept constant for all the simulations shown here.
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In Figure 6.9(a), we plot the dependence of Δφ on both inter-particle friction and Bond
number. Using all points with existing colors indicating relative compression and di-
lation, we further calculate the isolines of Δφ, and obtain the phase diagram as shown
in Figure 6.9(b). For low to moderate cohesion, Bo < 0.1, volume fraction changes are
inconspicuous (Δφ ≈ 0). For moderate to high cohesion range, Bo > 0.1, a clear com-
pression is observed (Δφ> 0) while relative dilation is observed (Δφ< 0) at intermediate
Bond numbers and strong inter-particle friction. However, for close to frictionless parti-
cles, when the role of friction is almost negligible, we observe a pure compression effect
of the material with increasing Bo. This further confirms that sufficient inter-particle
friction leads to relative dilation of cohesive flow, where cohesion plays an important
role in enhancing the dilation effect.
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Figure 6.10: The differences of the steady state volume fractions Δφ plotted against (a) Bond number, Bo, for
datasets with fixed inter-particle friction, μp , and (b) inter-particle friction, μp , for datasets with fixed Bond
number, Bo, as shown in the legend. Lines are the predictions of our proposed model in Eq. (6.16).

Although the phase diagram offers us a nice overview of the relative compression and
dilation behaviour, we further study the data by fixing one parameter and looking at the
influence of the second parameter. Therefore, in Fig. 6.10(a) and Fig. 6.10(b), we plot
the volume fraction for constant inter-particle friction and Bond number, respectively.
When we fix the inter-particle friction and increase Bo, we observe negligible volume
fraction change (Δφ ≈ 0) up to Bo = 0.01. If we increase the Bond number further, for
low inter-particle friction (μp = 0.01), we see a monotonically increasing trend, while for
moderate to high inter-particle friction (μp > 0.01), we get first a decrease then an in-
crease, where the point of inflection depends on the inter-particle friction: higher inter-
particle friction moves this point towards higher Bond number. This could be explained
by the influence of friction: higher inter-particle friction with moderate cohesion leads
to stronger dilation, but one needs even stronger cohesion to compensate the dilation
effect and turn the bulk back into compression. The predictions of the rheological model
are plotted as lines. Instead of using the coefficients from μp dependency fitting, here
the actual fitted model parameters (Tables 6.3 and 6.4) from the actual data fitting are
used. For all the inter-particle frictions presented here, the predictions of the model are
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quite good up to Bond number around 1, then the model over predicts the difference
of the volume fractions. And the over-prediction increases with the inter-particle fric-
tion. Nevertheless, our model still predicts the volume fraction values at steady state
quite well, the highest deviation between the model prediction and the actual data point
is around 0.02, which is roughly 4% of the error in total. Because we focus at a much
smaller scale of the volume fraction here (-0.06 to 0.08), the differences between the line
and the actual data points look large.

When we fix the Bond number and increase the inter-particle friction as shown in Fig.
6.10(b), we observe the turning point more clearly. If the cohesion between particles
is very small (Bo = 0.01), the volume fraction is not changing much with inter-particle
friction (relative to the Bo = 0 case). However, for stronger cohesion between particles
(Bo = 0.1,1 and 2), we see relative compression (positive values) for low inter-particle
friction, which turns into relative dilation (negative values) with increasing inter-particle
friction. Similarly, the predictions of the rheological model are also plotted here. As we
pointed out earlier, for large Bond number, the prediction quality gets lower. Our model
tends to over-predict the steady state volume fraction at higher Bond numbers, which
results in large Δφ. Note that here we focus on a even smaller scale of volume fraction
(−0.04 <Δφ< 0.02) and thus the prediction deviations are acceptable.

10-2 10-1 100
10-3

10-2

10-1

100

-0.01

-0.005

0

0.005

0.01

(a) (b)

Figure 6.11: (a) The same data as in Figure 6.9(a) plotted with a different color-bar and (b) the phase diagram
with a sharp red/blue-relative compression/dilation transition. The vertical lines are the boundaries between
zones i-ii and ii-iii, at μp = 0.027 and 0.4, respectively.

Although we have shown our data in the above mentioned two possible ways, it is still
interesting to look further in this inconspicuous volume fraction change (green) region
in Figure 6.9(b) and find out where the transition between relative compression and
dilation happens. In Figure 6.11, we narrow down this transition color area between
−2×10−10 and 2×10−10 and apply a two-color map. Using the data shown in Figure
6.11(a), a sharp transition line between relative compression and dilation is reconstructed
and highlighted in Figure 6.11(b). In the parameter range (0 � μp � 1 and 0 � Bo � 5),
three regimes can be identified: i) pure compression or compression for μp � 0.027;
ii) relative compression followed by relative dilation for increasing Bo and then com-
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pression again for 0.03 � μp � 0.40; iii) pure relative dilation for μp � 0.40 (this value
depends on the reference Bo ≈ 5 chosen here). In regime i), the friction effect is al-
most negligible such that cohesion dominates the flow behaviour leading only to relative
compression. In regime ii), both friction and cohesion affect the flow behaviour. When
cohesion is low, it has a almost negligible relative compression effect, while increasing
cohesion, the relative dilation from friction enhanced by cohesion increases. But when
cohesion is stronger (Bo > 1), the relative compression effect dominates again. In regime
iii), the flow shows almost only relative dilation which is mostly contributed by friction,
up to Bo � 5. If the cohesion is extremely strong, (Bo > 5), we expect that relative com-
pression contributed by cohesion dominates the system again. However, this is beyond
the scope of this study and whether our simulations are homogeneous or not with such
high cohesion is an open issue.

6.4. CONCLUSION AND OUTLOOK

In this study, we have extended an existing rheological model that predicts the relation
between volume fraction, inertial number and softness [43], including friction and cohe-
sion dependencies. We have calibrated this extended model without/with cohesion us-
ing two different simulation geometries: a homogeneous stress controlled simple shear
box and an inhomogeneous split bottom shear cell. Furthermore, data from two geome-
tries using two different cohesive contact models (dry, reversible vs. wet, irreversible)
were compared. We systematically varied the inter-particle friction and cohesion in the
stress controlled simple shear box with fixed shear rate and normal stress. We report an
interesting interplay between the inter-particle friction and cohesion, as represented in
phase diagrams. This allows the prediction of compression-dilation behaviour relative
to non-cohesive reference steady states for various inter-particle friction coefficients.

Besides extending the rheological model towards cohesive-frictional granular media,
there are two main goals here: i) to understand the relation between microscopic prop-
erties such as inter-particle friction or/and cohesion and macroscopic, bulk properties
such as volume fraction; ii) to check the validity of our rheological model in both systems
i.e., to confirm if the representative element volumes (REVs) could represent the center
of a shear band in an inhomogeneous system. For completeness, the rheological model
for the macroscopic friction is given in an appendix.

The steady state volume fraction from a homogeneous stress controlled simple shear
box and an inhomogeneous split bottom shear cell (local data) in the shear band cen-
ter collapse well and the rheological model captures their behaviour with varying sys-
tem inertia, softness [43] and the inter-particle friction. Furthermore, we introduce a
reversible van der Waals type cohesive force in the simple shear box and an irreversible
liquid bridge type cohesive force in the split bottom shear cell. Independent of the type
of cohesive model, if the two systems are in same steady state, e.g., same Inertial number,
softness, friction and Bond number, the steady state volume fractions from the two ge-
ometries agree well in the range of parameters studied. Our extended rheological model
is thus applicable in different systems. The fact that different contact models can be uni-
fied by the Bond number indicates that the macroscopic rheological behaviour of the
steady state volume fraction depends on cohesion intensity but not on the microscopic
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origin of cohesion between particles.

Interestingly, when investigating the effects of cohesive models, we discovered that co-
hesion can either contribute to a decrease or an increase of the steady state volume frac-
tion of sheared materials, relative to the non-cohesive reference case, depending also
on the inter-particle friction of materials. Using the extended rheological model, we can
successfully distinguish the two contributions of cohesion: compression from the in-
crease in the normal contact forces and relative dilation from enhancing both frictional
forces as well as structural stability.

A phase diagram reveals how the combinations of these two particle parameters lead to
sample compression or dilation in steady state shear, relative to a non-cohesive case.
In addition, a sharp interface between compression and dilation on our phase diagram
allows to categorize the explored parameter space into three regimes: i) pure relative
compression for μp � 0.027; ii) non-monotonic behaviours with Bo: relative compres-
sion followed by relative dilation for higher Bo and then relative compression again, for
0.03�μp � 0.40; and iii) pure relative dilation for μp � 0.40.

The present paper is an extension of former works [32, 43] on rheological modeling, but
with a deeper insight on the influence of friction and cohesion. It could be enriched by
exploring more closely how the micro-structure [16] is influenced by the combination
of inter-particle friction and cohesion. Furthermore, extending the rheological model
towards the intermediate to low volume fraction regime, where most dense rheological
models fail but kinetic theory works well, is still a great challenge. This will involve the
granular temperature as at least one more relevant dimensionless number in the rheol-
ogy. Moreover, comparing the stress controlled system to a volume controlled system is
still ongoing research and will be addressed in the future.

APPENDIX A - MACROSCOPIC FRICTION COEFFICIENT

6.5. MACROSCOPIC FRICTION COEFFICIENT

For a full constitutive law, one also needs to take into account the shear resistance as
quantified by the macroscopic friction coefficient, μ. This has been already developed
in a previous work, in which the classical μ− I rheology on hard spheres was generalized
for soft, cohesive granular flow [43]. These authors also studied the rheology of both
dry [16] and wet [32, 43] granular materials and the trends are combined and shown to
collectively contribute to the rheology [43]as multiplicative functions given by:

μ :=μ(μp , I , p∗,Bo) =μ(I ) fp (p∗) fBo(Bo) (6.17)

where μ(I ) = μ0 fI (I ) (see Table 6.6 or [43]) and all functions depend on one dimension-
less number while their coefficients depend on particle friction, see Table 6.7.

The rheological function Eq. (6.17) presented here is slightly different from the more gen-
eral form in previous work [43], since we have taken out the contributions of fg and fq

due to absences of gravity and very small inertial numbers in the simple shear box. In
particular, they found that the macroscopic friction increases linearly to first order with
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Table 6.6: List of rheological correction functions on μ for application in a continuum model, see Eq. (6.17).

Dimensionless numbers Corrections

Inertial number (I ) fI = 1+ μ∞/μ0−1
1+Iμ/I

Softness (p∗) fp = 1− [(1+Bo)p∗/pμ
∗]0.5

Bond number (Bo) fBo = 1+α1Boβ1

Bond number (Bo) in [43] fc = 1+aBo

Bond number. However, we propose here a new modification for the Bond number con-
tribution with fBo = 1+α1Boβ1 , where we claim the increase of macroscopic friction is
ruled by a power law. The details of each contribution are explained in Table 6.6.

6.5.1. NON-COHESIVE SLIGHTLY FRICTIONAL MATERIAL
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Figure 6.12: The macroscopic friction coefficient, μ, plotted against inertial number, I , using the stress con-
trolled simple shear box and the split bottom shear cell from the same simulations as shown in Fig. 6.4. The
lines are the prediction of Eq. (6.17) fitted using SS data, with μ0 = 0.16, μinf = 0.34, Iμ = 0.06 and p∗

μ = 0.44.

First we compare the data for non-cohesive slightly frictional material using the two
above mentioned two shear cell setups and the results are shown in Fig. 6.12. We see
an inverse trend of macroscopic friction compared to the trend of volume fraction. The
macroscopic friction increases with Inertial number but decreases with softness. The
lines are the prediction of Eq. (6.17) with Bond number equals to zero. The prediction
is accurate when the Inertial number I is less than 0.2, but deviating with large I num-
bers. This could be explained by the dilation of our constant stress shear box setup.
When the system goes to very high inertial regime, the stress contribution from kinetic
part increase substantially and the granular bulk has to dilate in order to keep the stress
constant, therefore a reduce in bulk density. Furthermore, we also compare the results
between the two different setups: SS and SB, the center of shear band data of SB agrees
very well with SS data, this further confirms that the shear stress responses are also the
same when using the same material (same contact model) excluding the boundary ef-
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fects.

6.5.2. COHESIVE MATERIALS
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Figure 6.13: The macroscopic friction coefficient μ as a function of Bond number Bo for inter-particle friction
coefficient μp = 0,0.01 and 0.5. The Inertial number I = 0.001 and softness p∗ = 0.01 are kept constant for all
the simulations shown here. Solid line is the prediction of Eq. (6.17) while dashed lines are prediction using
the linear form from [43].

In Figure 6.13, we plot the macroscopic friction, μ, against Bond number, Bo, with also
the predictions of our proposed rheological model. For the sake of clearness, we only
plot data of three inter-particle friction coefficients instead of all the data we have. With
increase the cohesion in the system, the macroscopic friction stay almost constant when
Bo < 0.2, but increase rapidly when the cohesion gets stronger (Bo > 0.2). The high at-
tractive force between particles leads to a more stable packing, thus higher resistance
to the shear. We have also included the predictions from both our modified rheolog-
ical model and the model from previous work [43], shown as solid and dashed lines,
respectively. The model from previous work can only capture the behaviour at low Bond
number (Bo < 0.1), while our modified model agree very well with the DPM data. A pos-
sible reason that previous model agree well with split bottom shear cell data is they were
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fitting the data though a data cloud, which could introduce higher deviations. While the
data from simple shear box are cleaner and allow us to take close look at the influence of
cohesion more accurately. All the model parameters are summarized in Table 6.7.

If we look at all the friction data (data not shown), we observe that the macroscopic fric-
tion increases first with inter-particle friction coefficient, but then decreases again for
μp > 0.3. This non-monotonic trend might be caused by the friction induced, cohe-
sion enhanced micro-structural anisotropy. The shear stress also shows similar trend as
macroscopic friction while the pressure is changing continuously.

The granular temperature time scale, tT is comparable to the shear time scale tγ̇ but
slightly smaller, while they are both much larger than the pressure time scale tp , which
indicates that neither granular temperature nor shear are the dominating mechanisms
for the friction trend.

Table 6.7: The fitting coefficients of rheological model on macroscopic friction.

μp μ0 μinf Iμ p∗
μ α1 β1 a (this work) a (in [43])

0.00 (SS) 0.1342 0.3163 0.0445 0.3662 0.3136 1.6475 0.2820 [-]
0.01(SS) 0.1622 0.3363 0.0621 0.4360 0.4490 1.5218 0.4280 [-]
0.01(SB) 0.16 0.40 0.07 0.9 [-] [-] [-] 1.47
0.50 (SS) 0.3549 0.6333 0.5301 0.4037 0.2551 1.5125 0.2496 [-]

APPENDIX B - THE INFLUENCE OF INTER-PARTICLE FRICTION

ON THE COEFFICIENTS IN THE RHEOLOGICAL MODEL OF VOL-
UME FRACTION

For the completeness, one has to also look at the dependency of the inter-particle fric-
tion μp on the fitting coefficients obtained in our proposed rheological model as pre-
sented in Table 6.3 and 6.4. The function used to describe this dependency is as follows:

Q =Q∞+ (Q0 −Q∞)e(−μp /μ0
p ) (6.18)

where Q represents the coefficients obtained from the rheological model, Q∞ and Q0

represent the values of the coefficient at zero and infinite μp limits, respectively. While
μ0

p refers to the inter-particle friction at which the change of coefficient is saturating with
the increase of μp .

For all the model coefficients, our proposed dependency law fit well on most of the data
points with very small values of Root-Mean-Square (RMS) Residuals, see the summa-
rized details in Table 6.8. For the sake of brevity, we only plot here two coefficients out of
seven due to the similar behaviour among all the coefficients. The results are shown in
Figure 6.14 with the dependencies of μp on φ0 and p1 in (a) and (b), respectively. In the
case of φ0, it decrease quickly up to μp around 0.34, then the decrease becomes weaker
and saturates towards large μp . While for the cohesive coefficient p1, the decrease be-
comes weaker at μp around 0.23, and this saturation turning points are very similar for
all the other cohesive coefficients p3, p2 and p1 (see Table 6.8).
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Table 6.8: The summary of fitting coefficients in Eq. (6.18)

Coefficients Q∞ Q0 μ0
p RMS Residuals

φ0 0.5792 0.6558 0.3428 0.00063
Iφ 7.3644 2.6130 0.7169 0.09224
p∗
φ 0.2404 0.3065 0.5663 0.00189

p4 0.0018 -0.0005 0.2354 0.00013
p3 -0.0191 0.0051 0.2323 0.00120
p2 0.0779 -0.0121 0.2291 0.00345
p1 -0.1588 -0.0096 0.2390 0.00367
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Figure 6.14: The dependency of inter-particle friction, μp , on (a) the fitting coefficient from dry cohesive
model, φ0, in Eq. (6.13); (b) the fitting coefficient from cohesive model, p1, in Eq. (6.15). The lines are the
prediction of Eq. (6.18) and the details are explained in the legend.
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7
CONCLUSIONS AND OUTLOOK

The general focus of this thesis is to study the deformation behaviour of a wide range
of granular materials from free flowing to cohesive under different stress, strain and dy-
namic conditions. Main goal is to bridge the gap between the micro-mechanical pa-
rameters and macroscopic bulk mechanical responses, for granular flow in a rotating
drum/shear cell or during tabletting. This interesting, complex challenge is approached
both by experimental laboratory tests and numerical investigation using discrete ele-
ment method.

The mechanical properties of dry cohesive powders are important both for practical and
fundamental reasons. Bulk flow/failure behaviour of powders are quantified by bulk
friction/cohesion, which are intrinsically connected to the micro-mechanical proper-
ties, i.e., inter-particle friction/cohesion. Powders have been studied since decades with
many different tests, from low to high stress regime and from slow to high deformation
rates. Most of these studies are either material specific in order to compare different
devices or device specific in order to compare sample differences. In the latter case,
most samples are having very different chemical compositions and thus different micro-
mechanical properties, which makes it impossible to isolate single physical influencing
factors. Given that very little was explored focusing on both influence from devices and
materials together, the first part of this thesis focuses on the shear flow behaviour of a
wide size range of limestone powders with the same chemical composition in various
experimental devices, in order to access also a wide confining pressure range which can
not be realized in a single device.

In Chapter 2 of this thesis, we have systematically examined the flow behaviour of lime-
stone powder samples with varying median particle sizes in different shear testers at dif-
ferent confining pressure levels. Both factors, median particle size and confining pres-
sure, are found to influence the bulk flow significantly. When we look at the dependence
of the macroscopic flow on the median particle size, two regimes can be distinguished,
above and below about 150 μm. The competition between contact cohesion and ge-
ometrical effects can explain the transition between the two regimes. The interlocking

141
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between particles due to the surface roughness and shape dominates the bulk behaviour
of coarse samples, while cohesion is the key contribution that governs the shear strength
of fine powders.

Using the same set of the limestone powders, we have further investigated the micro-
macro link of the powder deformations towards either very high or very low confining
pressures, or even free surface conditions. In Chapters 3 and 4, we have showcased how
our powders behave in high load compaction/tabletting process and low stress rotat-
ing drum/angle of repose, respectively. With increasing the pressure to very high levels
during compaction, the powder bed experienced tremendous deformations with reduc-
ing the free space between primary particles, the volume of each particle due to contact
plastic deformation and fractures (particle’s shape becomes irrelevant). This results in
a huge increase in the bulk density, the smaller the particle size, the larger the increase.
After tablets are formed by compaction, their tensile strengths follow a monotonic de-
creasing trend with median particle size, but not for powders with very small particle
sizes. This indicates that the microscopic cohesion between primary particles does not
always lead to an increase in the bulk strength; in other words, microscopic cohesion for
small particles will weaken the strength of the tablet at a given compaction pressure.

When we look at very low confining pressure using same cohesive powder in Chapter
4, the static angle of repose and dynamic friction angle both increase with decrease in
median particle size. The macroscopic friction of powder bed is dominated by the mi-
croscopic cohesion. The increase in the cohesion results also an increase in the shear re-
sistance, thus macroscopic friction. Choosing the low speed limit of a dynamic drum test
and the low stress limit for quasi-static shear test, the drum flowing angle and the shear
cell friction angle are converging for both free flowing and cohesive limestone powders.
This connection between different tests opens new perspectives in the field of powder
flow characterization for measurement interpretation and also for a better link with pow-
der behavior in industrial process lines. Furthermore, the geometrical interlocking effect
we found in Chapter 2 for intermediate confining pressure seems to become irrelevant
in both very high and very low confining pressure regimes.

Using the same spirit of micro-macro mapping, we focus on the numerical study of dry,
cohesive granular flows in the second part of this thesis. Instead of trying a classical
calibration-validation approach to match our numerical results to real experiment case-
wisely, we choose to investigate the influences from both micro-mechanical particle
properties and state variables systematically to get a better understanding of how they
cross-correlate to each other. As a result, we propose a generalized rheological model to
describe the density and macroscopic friction of granular flow in a wide range of varying
system inertia, pressure, microscopic inter-particle friction and cohesion.

Chapter 5 provides a few methods and some phenomenology with two popular theo-
ries that can describe well dilute and dense granular flow respectively. Various recent
works attempted to combine those limit-cases and provide first combined, generalized
theories that go beyond the classical states. However, due to dissipation, friction, co-
hesion, non-sphericity of realistic materials, this poses still plenty of challenges. There-
fore, in Chapter 6, we extended an existing rheological model that predicts the volume
fraction depending on the inter-particle friction and the softness of materials and cali-
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brated with/without cohesion using two different simulation geometries: homogeneous
stress controlled simple shear box and inhomogeneous split bottom shear cell. In addi-
tion, two adhesion contact models representing van der Waal’s force and liquid bridge
force are also compared. The maximum adhesive force associated with the confining
stress is found to be one key parameter that determines the steady state volume fraction,
while the shape of the force-displacement curve determines the qualitative behaviour of
the final shear resistance at the steady state. Furthermore, the interplay between inter-
particle friction and cohesion can either cause a decrease or an increase in the steady
state volume fraction of sheared materials relative to the non-cohesive reference case.
This interesting effect is summarized by plotting the change of steady state volume frac-
tions on a phase diagram and gives a further insight into the role of cohesion and geo-
metrical interlocking that we found in Chapter 2.

Finally, some important messages and conclusions from this thesis:

1. The median particle size pre-determines the microscopic cohesion and geomet-
rical interlocking, which are the key dominating elements to the bulk density and
bulk friction of powder flow at intermediate confining stress.

2. At high pressure, the geometrical interlocking effect becomes irrelevant due to
high plastic deformation indicating possibly fracture of primary particles so that
microscopic cohesion becomes the dominating factor to the stress-strain responses.

3. In very low to almost zero confining pressure situations, the microscopic cohesion
dominates again the bulk flow behaviour, whereas the geometrical interlocking
effect is negligible because primary particles have large free space to move.

4. Good agreement is found among static angle of repose tests, quasi-static ring shear
tests and dynamic rotating drum tests, by stretching the rotating drum to low
speed limit and the ring shear test to low confining stress limit.

5. The existing constitutive model that includes shear rate, softness, and other di-
mensionless control parameters is further generalized including the influences of
micro-mechanical properties such as friction and cohesion on the local volume
fraction and bulk friction, which forms the basis of continuum modeling of gen-
eral granular flows.

OUTLOOK
1. The systematic shear tests over a wide range of limestone powders are the be-

ginning of a collection of experimental data that, in future, can be enriched with
more materials of both industrial and academic interest. Furthermore, this exper-
imental database can be used as a source for design (e.g. silo) procedures, as a
benchmark for further experimental studies, and for the calibration/validation of
the DEM contact models.

2. Our speculations on the interesting bulk cohesion and friction behaviour with in-
creasing particle size is only based on one type of material. This could be further
verified with additional materials.
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3. After the investigation of the high load compaction of our limestone powders,
we realized that there is still a gap to connect the macroscopic responses, e.g.
bulk density or tablet tensile strength to the micro-mechanical forces. Further
study focusing on the modeling of powder compaction and identifying the micro-
mechanical origins are still challenges to be addressed.

4. The connections among static, quasi-static and dynamic tests are based on em-
pirical relations and extrapolations. There is still a need to conduct more accurate
studies to find the true relations at and beyond the limits of different types of tests,
either directly or indirectly.

5. Our generalized phenomenological rheology takes into account the effect of differ-
ent micro-mechanical mechanisms via dimensionless numbers of the state vari-
ables and material properties, which can capture multiple effects of varying con-
fining pressure, flow inertia, particle softness and cohesion at the same time. How-
ever, the effect of kinetic energy of the particles’ random motion quantitatively by
the granular temperature is still missing and needs to be included.

6. The current general rheological model only focuses on dense granular flow with a
limited range of softness/pressure. A more generalized rheology towards the inter-
mediate to low volume fraction regime, where the standard kinetic theory rules, as
well as covering a wider range of shear rate and pressure is still a great challenge.

7. Another prospective domain that still lacks clarity is to study the combined ef-
fects of inter-particle friction and cohesion on the micro-structure inside granular
flows, such as the fabric and contact anisotropy.

8. Our goal here was to define the rheology of granular materials in a continuum
framework. Now, the overall constitutive relations mentioned above are to be im-
plemented in continuum solvers to recover or even predict flow phenomena such
as shear bands and patterns, allowing for the practically relevant simulation of
large systems where DEM simulations are no longer possible due to too large num-
ber of particles.
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