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Effects of Packing Density on the Segregative Behaviors of Granular Systems
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We present results concerning the important role of system packing in the processes of density- and
inelasticity-induced segregation in vibrofluidized binary granular beds. Data are acquired through a
combination of experimental results acquired from positron emission particle tracking and simulations
performed using the discrete particle method. It is found that segregation due to inelasticity differences
between particle species is most pronounced in moderately dense systems, yet still exerts a significant
effect in all but the highest density systems. Results concerning segregation due to disparities in particles’
material densities show that the maximal degree to which a system can achieve segregation is directly
related to the density of the system, while the rate at which segregation occurs shows an inverse relation.
Based on this observation, a method of minimizing the time and energy requirements associated with
producing a fully segregated system is proposed.
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PACS numbers: 45.70.Mg, 47.57.Gc, 81.05.Rm, 83.80.Fg

Introduction.—Granular materials, systems comprising
multiple macroscopic objects, display many phenomena
unobserved in “normal,” molecular materials [1]. For
instance, a mechanically excited granular system containing two or more distinct “species” of particle may spontaneously separate into its individual constituents [2]. This
granular segregation can be driven by various dissimilarities between particles, including differences in density
[3], size [4], shape [5], or inelasticity [6,7]. An understanding of granular segregation is of great importance, due
partly to its significant role in various industrial processes
[8]. This Letter examines the segregative processes of
particles differing in their densities and/or elastic properties
for a wide range of packing fractions, encompassing both
the high-density situation and the comparatively lessresearched highly fluidized regime. Analysis is performed
using a combination of experimental results obtained using
positron emission particle tracking (PEPT) and discrete
particle simulations [9–12].
Experimental details.—The experimental system comprises a granular bed of N ¼ 1000 spherical particles of
diameter d ¼ 5 mm, housed in a square-based cuboidal
container. The large d means that interstitial air effects,
previously shown to influence segregation [13–15], may be
neglected [16,17]. Particles with various densities ρ and
elasticities ϵ are combined to give a variety of bidisperse
systems. For each system, N α ¼ N β ¼ 500, where α and β
denote individual particle species. The system is vibrated
sinusoidally in the vertical direction, exciting the particles.
The amplitude A and frequency f of oscillations are,
respectively, 0.862 mm and 70 Hz, giving a dimensionless
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acceleration Γ ¼ ðð4π 2 f 2 AÞ=gÞ ¼ 17 and shaking strength
parameter S ¼ ðA2 ω2 =dgÞ, where g is the acceleration due
to gravity. Although the current work explores the high
shaking strength limit, making S the relevant energy-input
control parameter, the use of fixed driving parameters
ensures that both Γ and S are held constant [18,19]. The
appropriate control parameter for dissipation is Fd ¼
Hð1 − ϵÞ [20], where H is the static bed height normalized
by d. Containers of width W ∈ (40 mm, 140 mm) are used,
producing variation in H, specifically H ∈ (1.3,15.6).
Thus, the system’s bulk packing fraction η can be altered
while maintaining constant driving and a consistent N. η is
defined as the average packing fraction calculated over a
~
vertical height corresponding to the dynamic bed height H,
equal to twice the vertical center of mass of the excited bed.
For binary systems, ϵ is taken as the geometric average of
the species’ individual values. The relationship is found to
hold over the entire range of H, ϵ, and ρ discussed in this
Letter. Interestingly, the relation shows no significant ρ
dependence, as illustrated in Fig. 1(b), which shows
simulational data alongside curves corresponding to the
proposed empirical relation. This independence is thought
to be due to the large Γ values used. The system is
lubricated by 0.5 g of graphite powder [21,22]. The
corresponding reduction in friction isolates, as far as
possible, behaviors associated solely with density and
elasticity and also frustrates convection in denser systems
[23]. Data are extracted using PEPT, whereby the timeaveraged behavior of a single tracer particle can, for an
ergodic system, be used to extrapolate a variety of timeaveraged quantities pertaining to the system as a whole.
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a series of N c equally sized cells in all spatial dimensions.
For each cell, the local number fraction of a single
component φi ¼ ηi =ðηi þ ηj Þ is calculated and compared
to the system mean φm ¼ 0.5 and I s determined as
Is ¼
FIG. 1 (color online). (a) Segregation intensity I s as a function
of density ratio ρH =ρL for H ¼ 2.5. Definitions of the symbols
used are given in the main text. (b) Variation of packing fraction
with H for ϵ and ρ values corresponding to glass (circles and
dashed line), brass (triangles and solid line), and binary brass or
glass (squares and dotted line) systems. Crosses represent
simulations implementing the elasticity of brass with a reduced
density (ρ ¼ 2500 kg m−3 ), demonstrating a seeming mass
independence.

PEPT is nonintrusive, and images in three dimensions, to a
spatial resolution of 1 mm and a temporal resolution of the
order of milliseconds. For full information regarding PEPT
and its application to bidisperse systems, please refer to
Refs. [24,25] and [26,27], respectively.
Simulation details.—Simulations are performed using
the MERCURYDPM code, implementing the experimental
values of f, A, N, d, H, and ρ. Values of the interparticle
coefficient of restitution for single species collisions ϵαα are
extrapolated from values determined experimentally by
Feitosa and Menon [28]. Specific values of ρ and ϵαα can be
seen in Table I. Since these effective elasticities [28]
account for translational energy losses to all sources,
including conversion of translational to rotational kinetic
energy, the frictional coefficient μ is set to 0. As with the
addition of a lubricant in the experimental system, the
suppression of specific frictional effects allows the role of
inelasticity to be more clearly examined. For interspecies
collisions, the dissipative coefficient ϵαβ is taken simply as
the geometric average of the relevant single-species values
[29]. Particle-wall collisions are modeled as inelastic, with
coefficient of restitution ϵw ¼ 0.59 [33]. For full details
regarding MERCURYDPM, please see the Supplemental
Material [35].
Results and discussion.—The extent of segregation can
be quantified using the steady-state segregation intensity I s,
as defined in [36]. For the system under investigation, I s
can be calculated by dividing the experimental volume into
TABLE I. Effective elasticities ϵαα and material densities ρ for
the various particles used in experiment.
Particle material

ρ (kg m−3 )

ϵαα

Glass (G)
Aluminum (A)
Steel (S)
Brass (B)

2500
2700
7850
8500

0.83
0.69
0.79
0.61

Pi¼N c
i¼1

ðφi − φm Þ2
Nc

1=2
:

(1)

I s ¼ 0 for a perfectly mixed system and 0.5 for a complete
segregation. Figure 1 shows experimental (triangles) and
simulational (squares) values of I s for various material
combinations in a system of H ¼ 2.5. Specific combinations are denoted using the abbreviations given in Table I.
Although strong agreement between experiment and simulation is observed, the simultaneous variation of elasticity
and density prevents the observation of individual trends.
Shown also is the expected trend for segregation driven
purely density differences (ϵαα ¼ ϵββ ¼ 0.91). For the data
sets represented by open circles, the density of the light
component is fixed at 2500 kg m−3 and that of the heavy
component varied. Filled circles represent the experimental
values of density, as given in Table I. The collapse of these
points onto a single trend implies that the average material
density of a system does not significantly influence its
segregative behavior. The divergence from this trend for the
case of differing elasticities illustrates the profound impact
of inelasticity effects on the segregation of highly fluidized
systems. This pronounced impact of ϵαα =ϵββ persists even
at large values of ρH =ρL , the ratio of densities for the light
and heavy components of the system, where one might
expect density effects to dwarf those due to inelasticity—a
noteworthy observation. The magnitude of the effect of
ϵαα =ϵββ on segregative behavior is perhaps best illustrated
by comparing a system of steel and glass spheres to a
system of steel and aluminum spheres. If we consider only
segregation driven by differences in particle density, then
simulations predict I s to vary by a factor of 1.01 between
the two cases. When inelasticity is considered, however,
this variation increases to more than a factor of 2. The
reasoning behind this significant discrepancy is simple— in
the steel and glass case, the heavier component is also more
dissipative, so the two segregative processes act in unison,
creating greater segregation than would be expected due to
density differences alone. For the steel and aluminum case,
however, the processes act in opposition, resulting in an
overall decrease in the degree of segregation.
A second notable feature of Fig. 1 is, for solely densitydriven segregation, an apparent tendency toward an asymptotic value at large ρH =ρL that is considerably below
I s ¼ 0.5. The implication here of a maximal I s for
relatively dilute systems is understandable—the presence
of voids between particles introduces a probability of light
particles “falling through” the system, preventing complete
segregation [37,38]. It is interesting to note that the
introduction of elasticity differences allows the system to
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FIG. 2 (color online). (a) I s as a function of ρH =ρL for H ¼ 10.
Definitions of the symbols used are given in the main text.
(b) Simulational data showing the variation of I s with packing
fraction η for purely inelasticity-driven segregation. Here, ρα ¼
ρβ ¼ 2500 kg m−3 and values of ϵαα =ϵββ are 4 (triangles),
2 (circles), and 1.5 (diamonds). In each case, ϵαα ¼ 0.95.

FIG. 3 (color online). (a) Variation with ϵH of the average void
fraction (black circles) for the lower half of a system with H ¼
2.5 and ρH =ρL ¼ 4 alongside the corresponding variation in I s
(red triangles). (b) Typical lifespan (red triangles) and relative
density (black circles) of “cold droplets” at varying packing
fractions for ρα ¼ ρβ ¼ 2500 and ϵα ¼ 3ϵβ ¼ 0.9.

exceed the plateau value of I s . This may be explained by a
reduced void space [39] in the lower bed for the case of
more dissipative heavy particles, which will be more prone
to condensation [40]. An example of the reduction in void
space for increasingly dissipative particles—and the
corresponding increase in segregation—may be seen in
Fig. 3(a). Figure 2(a) shows data for a bed of resting height
H ¼ 10. The increased packing fraction η impacts the
system in several noteworthy ways. First, the influence of
the differing elasticities, although still present, is significantly reduced. Second, for purely density-driven segregation, we find an increased maximal I s . Finally, the time
taken for the system to attain its final segregated state is
also found to increase. Having established that simulations
provide an accurate representation of the experimental
system, we now proceed to provide a more detailed analysis
of these effects arising from variations in η. Simulational
and experimental results show that, for a fixed excitation,
η varies with H following the approximate form
η ¼ ηmax ½1 − expð−ðkH=ϵÞÞ, where ηmax is the packing
fraction at rest and k is a constant (k ≈ 16 for the current
setup), allowing a range of η to be investigated. Figure 2(b)
illustrates the effect of η on purely inelasticity-driven
segregation. Significant segregation is observed over a
wide range of η, implying that ϵ plays an important role
in segregative processes for both dilute and moderately
dense systems. Simulations using a variety of elasticity
ratios demonstrate a similar trend in all cases, only differing
significantly in the magnitudes of the observed I s values. In
all cases, I s initially increases with η, before reaching a
maximum and decreasing sharply. This behavior can be
understood in terms of the theory of Brito et al. [41]
regarding inelasticity-induced segregation. It is hypothesized in [41] that inelasticity-induced segregation occurs
due to the formation of “cold droplets,” regions of high
density and low temperature around inelastic particles. The
presence of such droplets is confirmed in our simulations.
The excess
mass surrounding a particle is defined as
R
δm ¼ d∞ dr2πr½~ρβ − ρ~ α , where ρ~ X is the density surrounding a particle of species X. The increased effective
weight of an inelastic particle allows it to overcome
buoyancy forces and “sink” downwards, creating a degree

of segregation. However, as can be seen in Fig. 3(b), as
η → ηmax ; δm → 0, explaining the decrease in I s at large η.
This also explains the absence of significant inelasticity
effects on segregation observed in previous studies concerning high-density systems [42]. Conversely, as η → 0,
the droplets’ typical lifespan tends to 0 as energy-injecting
interactions with the system’s base become increasingly
prevalent [43,44] and more free space becomes available
for individual beads to separate from the clusters [45]. The
combination of these factors gives an increased rate of
droplet dispersal [45–48], hence the observed decrease
in I s .
In Fig. 4(a) we compare, for a range of packing fractions,
the maximal degree of segregation achievable due solely to
density differences (i.e., ϵαα =ϵββ ¼ 1) with the average time
required for the system to achieve this value of I s . Data

FIG. 4 (color online). (a) Variation with η of the asymptotic
upper limit of I s (circles) alongside the time taken for the system
to reach this limit (triangles). Data correspond to simulations of
purely density-driven segregation (ϵαα =ϵββ ¼ 1). (b) Time taken
for a simulated system to achieve steady-state segregation
(triangles) and experimental single-particle rise time (circles)
as a function of system density. (c) Time-evolving ratio of the
centers of mass of light (ZL ) and heavy (ZH ) particles. ZL =ZS
gives an indication of the degree to which a system is segregated.
The red line corresponds to a system with resting bed height
H ¼ 24.4 driven with constant acceleration Γ ¼ 17. The black
line represents a similar system whose driving varies as described
in the main text.
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shown correspond to the case ρH =ρL ¼ 5, adequately high
to ensure that the plateau value of I s is attained for all
systems. As η increases, segregation becomes more complete, but the rate at which this segregation occurs decreases
considerably. The general increase in maximal I s with
system density can be simply explained by the corresponding decrease in void space and increased dominance of
buoyancy forces over diffusive processes within the system
[49]. It is interesting to note that the sudden downturn in the
trend at low densities occurs at the point where the system’s
mean free path is approximately equal to the particle
diameter. Figure 4(b) shows the segregation rate data
replotted on a logarithmic scale. In order to verify these
results, additional experiments were conducted to measure
the rise time [50], Δtrise , of a single glass “intruder” in a bed
of N ¼ 500 steel spheres. Δtrise is defined as the time taken
for the intruder to travel from the base of the system to its
free surface. The values shown correspond to the average
over a number of such transits and are normalized by the
~
dimensionless dynamic bed height H=d.
Although Δtseg
and Δtrise are not directly equivalent, the similarity of their
general trends supports the validity of the simulational
model. For relatively dilute systems, the final segregated
state is achieved extremely rapidly, with Δtseg ≲ 1 s [51].
As η increases, however, Δtseg increases exponentially.
Specifically, an increase of the form C1 expðC2 ηÞ is
observed, with C2 ≈ 28 for the case of the simulated
Δtseg and C2 ≈ 24 for the experimental Δtrise . The fact
that, as η increases, the maximal I s increases yet the rate of
segregation decreases raises an interesting question: could a
fully segregated system be produced in a less timeconsuming and more energy efficient manner by varying
driving of the system? To test this hypothesis, simulations
were conducted using an initial high-A driving to rapidly
produce partial segregation, before reducing A, allowing
the system to relax into a denser state in which more
complete segregation is achievable. Figure 4(c) shows
examples of the time evolution of the relative positions
of the vertical centers of mass of heavy and light species for
the case of ρH =ρL ¼ 5 and ϵαα =ϵββ ¼ 1. The plots correspond to identical systems, differing only in their initial
driving: the red line shows the case of a system driven
uniformly at f ¼ 70 Hz and A1 ¼ 0.862 mm, the black
line a system driven at the same frequency, but with an
initial amplitude A2 ¼ 2A1 which, after a period of 2 sec, is
reduced to A1 , where it is held for the remainder of the run.
This latter method of driving allows the system to reach
maximal segregation considerably more rapidly than the
former. The initial strong driving produces a relatively
highly fluidized system allowing the rapid accession of a
partially segregated state. Analysis of mean squared displacement also implies that the initially increased A results
in a relatively disordered, loose packing even after being
reduced to A1 , allowing greater mobility [52] and hence a
continued increase in segregation rate. This hypothesis may
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also explain why the steplike rise in ZL =ZH , for the singleA system is not observed in the varied-A system; for the
latter system, where a degree of fluidization is maintained,
segregation is buoyancy driven, giving a relatively rapid,
smooth increase in I s . For the former system, a lack of
fluidization means the condition for buoyancy is not
fulfilled [53], segregation instead occurring through particle rearrangement, resulting in the sudden, discrete
increases in ZL =ZH observed. Although this steplike
behavior is not particularly surprising [54,55], the strongly
hysteretic nature of the system, and the resulting ability to
exploit this hysteresis in order to produce markedly different segregative behaviors in identical systems, is striking.
This observation is potentially of significance to industry—
for industrial processes which require segregation, the
use of varied driving may result in considerable savings
in both time and energy. Although the evolution of the
fixed-A system is nondeterministic, repeated simulations
show Δtseg to be consistently greater for this system than
for the varied-A system. On average, the time required
to achieve maximal segregation is reduced by ≈80%,
while the necessary energy input to give the required I s
is reduced by approximately a factor of 4. Through further
alterations to the manner of driving, it should be possible
to produce even greater reductions in time and energy
expenditure, making this a subject worthy of further
research.
Conclusions.—The influence of system density on segregation due to differences in material density and inelasticity has been studied, producing the following key results:
first, it is demonstrated that the effects of particle inelasticity persist to a significant degree over a wide range of
system densities, becoming negligible only as the system
approaches a nonfluidized state. This observation illustrates
the importance of considering these effects both in industry
and future research. Second, the maximal level of densitydriven segregation achievable is found to be limited by a
system’s void fraction. It is also demonstrated that the
introduction of inelasticity effects can allow this upper limit
to be exceeded. Third, it is found that increasing packing
fraction leads to an exponential increase in the time
required for a system to reach its maximally segregated
state. Finally, and perhaps most strikingly, it is demonstrated that through adjustment driving strength, it is
possible to significantly decrease the time and energy
required to separate a binary system into its individual
constituents. Such a finding clearly has potential industrial
applications.
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